ANALYSE MATHEMATIQUE.. — Sur les zéros de la fonction {(s) de Riemann.
Note de M. G.-H. Hasbpy.

{. MM. H. Bohr et E. Landau ont donné tout récemment (') la démons-
tration que la plupart des zéros complexes de {(s) sont situés, quel que
soit & positif, dans le domaineé -8 o*<—; ~+¢. Je me propose main-
tenant de démontrer que, parmi les zéros de {(s), il y en a une infinité sur la

. _ l 2
drovte s = - (). .

Je pars d’une formule connue de M. Cahen (*), savoir

k+iom

Y= — T(u)y—"du [B(y)>o0, k>0];
2w, :

d’ou 'on déduit immédiatement
1 k+io w© ;
—_ —n — -nty , -
1+ T(u)y 'C(zu)du_l—i—aZe <k>2>
1

e k—iow

Je prends maintenant pour chemin d’intégralion la droite ¢ = -;: En

faisant application du théoréme de Cauchy et des formules de Riemann

2

S(S—I)I‘G) ﬂ—gg(s)___g(_s)-_—g(% +ti> =Z(¢t),

olt E(¢) est réelle pour ¢ réel, on est conduit a I’équation

1
© Tl : w
(1) l+\/§—%f <§> =(2¢) dt:l—i—QE e-ny,

-;;—i—[lt’ 1

' . . . . 1 1
Dans cetle équation, je pose y = me'*, ou — ST <l a< ST et

e~ — g—TCOSA —iNSINA — PTUT — qg= Peiq’;

() Comptes rendus, 12 janvier 1914.

(?) J'ai communiqué déja ce résultat a laSociété mathématique de Londres (séance
du 12 mars 1914).

(%) Thése (Annales Ecole Normale supérieure, 1894, p. 99). Cette formule a été
retrouvée par M. Mellin (Acta Soc. Fennicee, t. XX, n° 7, 1893, p. 6) qui en a fait
des applicalions intéressantes.

1914, 1 Comptes Rendus, 158, 1012—14.
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et j’obliens la formule

© (ol N 2
(2) f (X + e )"(N)dt:ncosloc—lﬁe‘al“(q),
0 i'ﬁ"(]f’ 4 2

4

F(g)=1+ 22 gt =3;3(o0, 1).
1

Enfin, en différentiant 2p fois par rapport a «, on a

T(eMemmyprE(at) ,  (—n0rm 1 (d\*[1 i
Z+q6‘

2. Je vais me servir maintenant d’un lemme tiré de la théorie des fonc-
. . . 1
tions elliptiques. Je suppose que « tende vers -w, de sorte que ¢ tende

vers — 1 suivant un chemin tangent au rayon ® = . Cela étant, je dis
que le dernier terme de I’équation (3) tend, quel que soit p, vers la limite
zéro. Pouar cela, il suffit évidemment que toutes les fonctions

d\?? vp nt
<2}—> F(q):zz n*fq
1

tendent vers zéro. Mais cette derniére proposition se déduit comme corol-
laire des théorémes généraux qu'on doit & MM. Bohr et Marcel Riesz, au
sujet de la sommabilité des séries de Dirichlet.
La serie
14+ 0+0—4"°+0+0+0+04+ g +0+...,

convergente pour g > o, représente la fonction

(1—2'72)(2s),

réguliére dans tout le plan et d’ordre fini dans tout demi-plan ¢ > 5. La
série est donc sommable, pour toute valeur de s, par les moyennes de
Cesaro d’ordre assez élevé; et pour s entier négatif, elle a la somme

(1 —2!'=%){(2s) = o.

3. 1l s’ensuit que, quand « tend vers %rc_, Uintégrale (3) tend vers la

C (=) . — :
limite (—[’Lzz,jcoséx. Supposons maintenant que E(2¢) garde un signe
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pour ¢ > T > 1, par exemple le signe positif. Alors on a, par un théoréme
connu,

(—1)Pm T
T - COS Z T

(4)

Soit p impair. On a

E T
(3) f <—f < KT?#,
T 0

ou K est indépendant de p. Mais cela est impossible. Il y a en effet,
d'aprés notre hypothése, un nombre & positif tel que Z(2:)>7,
pour 2T <t < 2T + 1. Donc

4 o0 2T +1
(6) f >f > 3K, (2T)"7,
T 2T ’

ou K, comme K, est positif et ne dépend nullement de p. Enfin, des in¢-
galités(5) et (6) je tire
oK, 2?7? < K;;

donc, pour p assez grand, une contradiction.

COMMENTS

See comments following 1921, 2.



NEW PROOFS OF THE PRIME-NUMBER
THEOREM AND SIMILAR THEOREMS.

By G. H. Harpy and J. E. LITTLEWOOD.

1. OUR object in writing this paper is to give a short
sketch of a new method which we have found for
the proof of certain fundamental theorems in the Analytic
Theory of Numbers. A fuller account of our researches will
be published elsewhere.*
Our method depends upon the use of the formula
1 K+1%0

-y __. ~ 7.
(1.1) =g | TE)ydst
where « and the real part of y are positive, and y™* has its
principal value, in connection with the “ Tauberian” theorems
proved by us in a recent paper in the Messenger of Mathe-
matics.} The theorems which we have principally in view
are those expressed by the formule

(121) M (z)=o (),
(1.22) 2’1%12:0,
(123) (@)~

* As part of a memoir, “ Contributions to the theory of the Riemann Zeta-
function and the theory of the distribution of primes”, to appear in'the Acta
Mathematica. .

t This formula was first given by Cahen (Annales de I Ecole Normale Supérieuve,
vol. xi, p. 75). It was found independently by Mellin (Acta Societatis Fennicae,
vol. xx., No. 7, p. 6), to whom the first rigorous proof is due.

I Vol xliii,, p. 134.

1915, 1 (with J. E. Littlewood) Quarterly Journal of Mathematics,
46, 215-19.
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where M(x), u(n), and ¢ (x) have their usual meanings. All
these theorems are known to be equivalent to* the “ Prime-.
Number Theorem”

(1.24) 0 () ~

logx
They will appear here as particular cases of general theorems
concerning Dirichlet’s series.

2. We begin by stating the following theorem, which is
equivalent to Theorems D, E, and F of our paper in the
Messenger of Mathematics already quoted.

THEOREM A. Suppose that

(1) Ny Mg Ay wee 95 a sequence of numbers satisfying the
conditions A, >0, A, >N, A,=>©, AN =13

(i) @ 0;
(i) a, is real and satisfies one or other of the conditions
0, >— KA (0, =2), @, <EANST(A =M,
or is complex and of the form
O (A (=2l

(iv) the series S (y) =Zae Ny

1s convergent for y >0, and
S(y) ~ Ay

as y tends to zero. Then

n—1?

a

An=al+ a,+...an ~ -I_,—(—l-+—a)‘

as n tends to infinity.t

3. We now prove
TrroreM B, If
(i) the series Sa N, is absolutely convergent for ¢>a,>0;
(il) the function F(s) defined by the series is regular for

o >c, where 0<c <o, and continuous throughout any finite
part of the plane for which o= c;

* By this we mean that, from any one of them, the rest can be deduced by
elementary reasoning which involves no appeal to the theory of functions of
a complex variable.

+ When 4=0, the last two formulee must be interpreted as f(y)=o (y ¢) and
Ay =0 (N\®) respectively.
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(iii) F(s)= 0 (eCltt),
where 0 < 3, uniformly for c>c:

then the series S (y) =Za ey
1s convergent for all positive values of y, and

F@)=o0(y™)

as y tends to zero.
Suppose that >0 and x>0,. Then

R I O O R Y

277 ) i

and it is easy to see that we may multiply by a, and sum
with respect to n. We thus obtain

(3.2) S(y)=

An application of Cauchy’s theorem enables us to replace this
equation by

1 K41

el B C(s) F(s)y™ds.

: 1 [e¥io
(33)  SW=g [ T FE)yds

271"’: Cc—1

—C

-L f“’ I (c+3t) Fc+10) ™ dt

_y( oy =it
=5 j_w@(c+1t)y dt,
say. But the integral
f" @ (c+it)| dt
is convergent, so that the integrals

jw ® (c+1t) :ions (tlogy) dt,

tend to zero as lo tends, positively or negatively, to
tend ¢ gY y P g )
infinity.* The theorem now follows from (3.3).

We have supposed A subject to the conditions (i) of
Theorem A. The condition

A Ay =1

is unnecessary here, but is necessary in the next theorem.

* Cf. Landau, Prace Matematyczno- Fizycznch, vol. xxi., pp. 173 et seq.

11
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Combining Theorems A and B, we obtain

‘TueoreMm C.  If the conditions of Theorem B are satisfied,
and a, s real and satisfies one or other of the inequalities

a, >~ K)\.nc—l ()\n - 7\‘"-1)7 a, < K?\,n”‘-l(?\." - )‘n—1)’
or 1s complex and of the form
0PN (A =M0h

then d,=a +a+..+a =0(Lf).

Suppose in particular that

A =n, a =u(n), c=1,

m m(n 1
T'hen F(s)=2—7—(l,-—>=m,
and all the conditions of Theorem C are satisfied. It follows
that

Mn)y=pn(1) t p(2)+..4 p(n) =0(n);
2.e. that (1.21) is true,

4. In ovder to obtain a direct proof of (1.22) we must
modify Theorem C in such a way that it shall apply to the
case in which ¢=0.

THEOREM D.  Suppose that

(1) the conditions of Theorem C are satisfied, except
that ¢=0;

(i1) F(s) is regular for s=0. ~

Then the series Sa, 1s convergent, and has the sum F(0).

The proof is very much the same as that of Theorem C.
. P Y : e :
Suppose that F(s) is regular for |s| <8. Then, instead of
73.3), we have

@) S@=F@) + 5[ D OF6) g ds,

the contour of integration consisting of the parts (— 100, —9)
and (48, 7o) of the imaginary axis, and a semicircle v
described on and to the left of the line (—13, ¢6). We show,
substantially as in the proof of Theorem C, that the rectilinear
parts of the integral tend to zero. Also

e g, D(i8) F(i8) y=8 — " (- 48) F' (—1d) y
LF@F(W b= log (1/3)

d
Ly"% (T (s) F(s)) ds

__
log(1/y)

= 0 {Eg(il/—yj} =0 (1).
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Thus [ ()= F(0)
as y—> 0, and so Sa,=F(0).

The conditions of this theorem are satisfied, for example,
when

w (1)

n

A =n, q,=

, ¢=0,

F(s)=§—(si+-1), F(0)=0;

and (1.22) is a corollary.

5. Inorder to prove (1.23), a slightly different modification
of Theorem C is required.

THEOREM E. Suppose that the conditions of Theorem C
are satisfied, except that F(s) is analytic neur s=c, and has
there a simple pole with residue g.  Then

A =a+a,+..+a,~(g/c)\'
The formula (3.3) is in this case replaced by

(61) S =gT@y "+ 5, [T F6)y™ds

the path of integration being a moditication of the line o =¢
similar to that of the imaginary axis used in the proof of
Theorem D. Practically the same argument as was used in
the last proof gives the result

J(@) ~gT()y™

and the theorem follows immediately. 1f we take

A, =mn, au=A<")a c=1, F(s):—gl(s)/é’(s), g=1,

we obtain (1.23).

We may add in conclusion that the truth of Theorem B
does not really depend on the condition C'< 4, which may be
removed by a modification of the argument. This is, however,
immaterial for the applications which we have had in view.

COMMENTS
See 1918, 1 (§ 2.1), and comments thereon.

13



14

MaxcHESTER, 1915.] [BriTisH ASSOCIATION.

Prime Numbers

By G. H. HARDY, F.R.S.

(Ordered by the General Committee to be printed in extenso.)

Tug Theory of Numbers has always been regarded as one of the most
obviously useless branches of Pure Mathematics. The accusation is one
against which there is no valid defence ; and it is never more just than
when directed against the parts of the theory which are more particularly
concerned with primes. A science is said to be useful if its development
tends to accentuate the existing inequalities in the distribution of wealth,
or more directly promotes the destruction of human life. The theory
of prime numbers satisfies no such criteria. Those who pursue it will,
if they are wise, make no attempt to justify their interest in a subject
so trivial and so remote, and will console themselves with the thought
that the greatest mathematicians of all ages have found in it a
mysterious attraction impossible to resist.

The foundations of the theory were laid by Euclid. Among Euclid’s
theorems two in particular are of fundamental importance. The first
(Euc. vii. 24) is that if a and b are both prime to ¢, then ab is also prime
to c. This theorem is the basis of the whole theory of the factorisation
of numbers, systematised later by Euler and by Gauss, and in particular
of the theorem that every number can be expressed in one and enly one way
as a product of primes. The second theorem (Euec. ix. 20) is that the
number of primes 1s infintte : to this theorem I shall return in a moment.

In modern times the theory has developed in two different directions.
In the first place there is what may be called roughly the theory of in-
dividual or 1solated primes, a theory which it is difficult to define precisely,
but of which a general idea may be formed by considering a few of its
characteristic problems. How can we determine whether a given number
is prime ! what conditions are necessary and what sufficient? Can
we define forms which represent prime numbers only ? Are there
infinitely many pairs of primes which differ by 2? Is (as Goldbach
asserted) every even number the sum of two primes ? This theory 1
shall dismiss very briefly. We know a number of very beautiful theorems
of this character. I need only mention Wilson’s theorem, Fermat’s
theorem, and the extensions of the latter by Lucas. But on the whole
the record of research in this direction is a record of failure. The diffi-
culties are too great for the methods of analysis at our command, and
the problems remain unsolved.

Very different results are revealed when we turn to the second
principal branch of the modern theory, the theory of the average or
asymptotic distribution of primes. This theory (though one of its most
famous problems is still unsolved) is in some ways almost complete, and
certainly represents one of the most remarkable triumphs of modern
analysis. The theory centres round one theorem, the Primzahlsatz or
Prime Number Theorem ; and it is to the history of this theorem, which
may almost be said to embody the history of the whole subject, that I
shall devote the remainder of this lecture.*

The problem may be stated crudely as follows : How many primes

* A full account of the history of the theorem will be found in Landau’s Hand-
buch der Lehrs von der Verteilung der Primzahlen (Teubner, 1909).

1915, 10 British Association Report, 350—4.
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are there less than a given number x? More precisely, let x(z) denote
the number of primes * not exceeding « : then what is the order of magna-
tude of w(xz) ? The Prime Number Theorem provides a complete answer
to this last question. It asserts that
T

log
that is to say, that =(2) and z/(log z) are asymptotically equivalent, or
that their ratio tends to 1 when z tends to infinity.

The first step towards the proof of this theorem was made by Euclid,
when he proved that the number of primes is infinite, or that

w(z) OO

H

w(%) > o0,
Euclid’s proof is classical, and can hardly be repeated too often. If
the number of primes is finite, let them be 2, 3,5, . . ., P. The number
2.3.5....P + 1is not divisible byany of 2, 3,5, . .. ., P. It is

therefore prime itself, or divisible by some prime greater than P; and
either alternative contradicts the hypothesis that P is the greatest prime.

It is worth remarking that Euclid’s reasoning may be used to prove-

rather more, viz. that the order of =(x) is at least as great as that of
log log =.}

The next advances were made by Euler, probably about 1740. It
was Kuler to whom we owe the introduction into analysis of the Zeta-
function, the function on whose properties, as later research has shown,
the whole theory depends.

Lets =0 + ¢¢. Then the function {(s) is defined, when o> 1, by the
equations

{(s) =3 =1"4+2 437+ ...;
and Euler’s fundamental contribution to the theory is the formula
1
=1(.--~- |},
£e) (1 —p‘*‘)
where the product extends over all prime values of p. Euler, it is true,
considered {(s) as a function of a real variable only. But his formula

at once indicates the existence of a deep-lying connection between the
theory of {(s) and the theory of primes.

Euler deduced from his formula that the series %P7, obviously
convergent when s> 1, is divergent when s =1; and from this it is
eagy to deduce important consequences as to the order of =(z). It is
evident that =(x) <, so that the order of =(z) certainly does not
exceed that of z, or, in the notation which is usual now, =(z) = O(x).1
It is an easy corollary of Euler’s result that the order of =(z) is mot
very much less than that of x; that, for example, =(z) % O(z*) for any
value of a less than 1 ; or again, more precisely, that

) 0 e |

-

for any value of a greater than 1.

* It proves most convenient not to count 1 as a prime.

t This was pointed out to me by Prof. H. Bohr of Copenhagen.

} f=0(¢) means that the absolute value of f is less than a constant multiple of ¢:
thus sin ¢ = O(1), 100 z = O(z).

15
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It is also easy to prove that the order of =(x) is definitely less than
that of x, or that, as we should express it now, w(z)=o(x).* This
theorem, when read in conjunction with those which precede, is, I think,
enough to suggest the Prime Number Theorem as a very plausible
conjecture, or at any rate to suggest that the true order is that of
z/(log ). The theorem was in fact conjectured first by Gauss (1793)
and by Legendre (1798); and it is in Legendre’s Essai sur la théorie des
nombres that the conjecture first appears 1n print.

In this state the problem remained for fifty years, until the publication
(1849-1852) of the researches of the Russian mathematician Tschebyschef.
I have no time to speak of Tschebyschef’s work as fully as it deserves, but
his chief results, in so far as they bear directly on the problem now before
us, were as follows :—

(1) Tschebyschef showed that the problem is simplified if we take
as fundamental not the function =(z) itself, but the closely
related function

b(x) = log p

p<%

(the sum of the logarithms of all primes not exceeding z). He
showed that the order of #(z) is the same as that of =(z) log =,
and that the Prime Number Theorem itself is equivalent to
the theorem that

6(z) cv .

(2) He showed that 6(x) is actually of order z, and =(z). of order
z/(log ), in fact that positive constants A and B exist such that

7
log x<7r(x)< Blog z

(3) He showed that if 8(z)/x tends to a limit, then that limit must be

unity.

What Ts}::hebyschef could not prove is that the limit does in fact
exist, and, as he failed to prove this, he failed to prove the Prime Number
Theorem. And about Tschebyschef’s methods (interesting as they are),
I shall say nothing ; for later research has shown that it was the essential
inadequacy of his methods which was responsible for his failure, and
that the theorem lies deeper in analysis than any of the ideas on which
he relied. o

The next great step was taken by Riemann in 1859. and it is in
Riemann’s famous memoir Ueber die Anzahl der Primzahlen unter evner
gegebenen Grosse that we first find the ideas upon which the theory has
now been shown really to rest. Riemann did not prove the Prime
Number Theorem : it is remarkable, indeed, that he never mentions it.
His object was a different one, that of finding an explicit expression
for =(z), or rather for another closely associated function, as a sum of
an ipfinite series. But it was Riemann who first recognised that, if
we are to solve any of these problems, we must study the Zeta-function
as a function of the complex variable s=o + ¢f, and in particular
study the distribution of its zeros.

* f=0(¢) means that f/¢p =~0. Thus sin z=o(z). This theorem also was stated
by Euler, but without satisfactory proof.
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Riemann proved

(1) that (s) is an analytic function of s, regular all over the plane
except for a simple pole at the point 1;

(2) that {(s) satisfies the functional equation

{1 — 8) = 2(27)*cos s sm T (s){(s) ;

(3) that {(s) has zeros at the points —2, —4, —6 ... ., and
no other zeros except possibly complex zeros whose real parts lie
between 0 and 1 inclusive.

To these propositions he added certain others of which he could
produce no satisfactory proof. In particular he asserted that there is
in fact an infinity of complex zeros, all naturally situated in the ‘ critical
strip” 0<o <1; an assertion now known to be correct. Finally he
asserted that it was ‘sehr wahrscheinlich ’ that all these zeros have
(tihe real part 4 : the notorious ‘ Riemann hypothesis’, unsettled to this

ay.

We come now to the time when, a hundred years after the conjectures
of Gauss and Legendre, the theorem was finally proved. The way was
opened by the work of Hadamard on integral transcendental functions.
In 1893 Hadamard proved that the complex zeros of Riemann actually
exist; and in 1896 he and de la Vallée-Poussin proved independently
that none of them have the real part 1, and deduced a proof of the Prime
Number Theorem.

It is not possible for me now to give an adequate account of the
intricate and difficult reasoning by which these theorems are established.
But the general ideas which underlie the proofs are, I think, such as
should be intelligible to any mathematician.

In the first place Euler’s formula shows that log {(s) behaves, through-
out the half-plane ¢>1, much like the series 3p7*. But {(s) has a

simple pole for s=1, and so the sum of the series 3 p~'~° tends

logarithmically to +co when 8->0 through positive values. Suppose
now that (if possible) (1 +2¢)=0. Then the real part of
log{(1 + 8 +t4), and therefore the real part of the series I p==°-t1,

tends, also logarithmically, to —co when 8>0. It follows that the
seTies

3 p, — 7 cos (¢ log 7)

tend to +oco with equal rapidity when 8 >0. As the first series is a
series of positive terms, while the signs of the terms in the second series
change with a certain regularity, it is natural to suppose that our last
conclusion is impossible ; and this is in fact not particularly difficult to
prove.

I come now to the proof of the Prime Number Theorem itself. If
we differentiate Euler’s formula logarithmically, we obtain

g(s) _ s (logp , logp _ s lgp,

{s) 2< p g +> E-i pm
{(s) _ < Alm)

or (1) &) = Z—n;

where p assumes all prime values, m and n all positive integral values,

17
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and A(n) is equal to log p if nis of the form p™ and to zero otherwise.
Let Y(z) = = A(n)
n<w

Then y(z) is, for our present purpose, equivalent to 6(z): it is easy to
show that the difference between the two functions is of order ~/z. We
have therefore to prove that y(z) o z.

The series on the right-hand side of the equation (1) is what is called
a ‘ Dirichlet’s series *; and the theory of such series resembles the more
familiar theory of Taylor’s series in one very important respect. We can
express the coefficients by contour integrals in which the function represented
by the series appears under the sign of integration. In particular we can

show that

1 [{(s)
where the path of integration is a line parallel to the imaginary axis
and passing to the right of the point s=1.

The general idea of the proof is now easy enough to grasp. Every
element of the integral (2) is of order z°, where ¢>1: we can therefore
draw no direct conclusion as to the behaviour of y(z) when = is large.
But it is at once suggested that we should try to make use of Cauchy’s
theorem. The subject of integration has a simple pole at the point 1,
corresponding to the pole of {(s) itself, and the residue at the pole is
precisely z; and there are no other singularities on the line ¢=1,
since {(s), as we have seen, has no poles orzeros on that line. Suppose
then that we can move the path of integration across to the left of the
line, introducing the appropriate correction due to the pole. Plainly
we shall then have an expression for y(z) — = in the form of an integral
wn which every element is of order less than that of ». And if we can
show that the same is true of the integral itself, we shall have proved
that Y(z)o, #, that is to say, we shall have proved the Prime Number
Theorem. It will be observed that, if {(s) had zeros whose real part
is equal to 1, then the result would be definitely false, since there would
be additional residues of order z. It thus becomes clear why the
older attempts to prove the theorem, without using the theory of func-
tions of a complex variable, were unsuccessful.

The arguments which I have advanced are not exact : I have merely
put forward a chain of reasoning which seems likely to lead to the desired
result. The achievement of Hadamard and de la Vallée-Poussin was
to replace these plausibilities by rigorous proofs. It might be difficult
for me to make clear to you how great this achievement was. Some
branches of pure mathematics have the pleasant characteristic that
what seems plausible at first sight is generally true. In this theory
anyone can make plausible conjectures, and they are almost always
false. Nothing short of absolute rigour counts ; and it is for this reason
that the Analytic Theory of Numbers, while hardly a subject for an
amateur, provides the finest possible discipline in accurate reasoning for
anyone who will make a real effort to understand its results.




COMMENTS

See 1918, 1 (§ 2.1), and comments thereon.
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ON THE DIFFERENCE nx(x)—1liz (II)

By S. SKEWES

[Received 31 December 1953.-—Read 21 January 1954]

INTRODUCTION

1. LT =(x) denote, as usual, the number of primes less than or equal to «
which we suppose always to be not less than 2, and let

1-—€ x
. . du
hx_1€1_1>1[1)<f ™ J)logu'
0

1+e

The difference d(x) = n(x)—lix is negative for all values of z up to 107,
and for all the special values of « for which m(x) has been calculated (e.g.
d(x) = —1757 for x = 10°). Littlewood (1) proved in 1914, however,
that d(x) changes sign infinitely often, and in particular there exists an X
such that d(x) > 0 for some z << X. This last result is our present subject.
Littlewood’s method depends on an ‘explicit formula’, as does all subse-
quent work, including the present paper.

If 6 is the upper bound of the real parts of the zeros p = B4y of the
Riemann zeta-function {(s), the ‘Riemann hypothesis’ [(RH) for short]
is that 6 = 1, if this is false, then 1 < 8 <{ 1. In this latter case it had
long been known that, for each positive ¢, d(x)/2x-< oscillates, as z tends
to infinity, over a range including +1. In proving the mere existence of
an X it is therefore permissible to assume (RH), and Littlewood naturally
did this.

Littlewood’s theorem is a ‘pure existence theorem’, and does not pro-
vide, even when (RH) is assumed, an explicit numerical X.

When we face the problem of a numerical X, free of hypotheses, the
argument falls naturally into three stages.

(i) Anew method is found which assumes (RH) and provides a numerical
X = X,. I gave such a method in 1933 (3). In the meantime Ingham (4)
has developed an alternative method (which he applies to the more general
problem of the infinity of changes of sign of d(x)). This, adapted to our more
special case (one change of sign) and with some further modifications, gives
a much better X, than my original paper did; the argument is given in full
in Part I. One of the advantages of the new method is that we can largely
eliminate the p’s beyond a given point; we operate in fact with the 269 p’s
with 0 << ¢ << 500, whose position is approximately known.

Proc. London Math. Soc. (3) 5 (1955)
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(ii) (This is easy.) The whole argument in (i) is based on the explicit
formula for yy(x) = {f(x+0)+(x—0)} (in the usual notation of the
subject) (2) This is

G- 32

In the course of the proof the terms of the series > xf/p with |y| > G = X}
can (roughly) be rejected as negligible, (RH) or not. It is enough, in other
words, to suppose, instead of (RH), only that § = } for those y’s satisfying
ly] < G. This hypothesis can in turn be weakened; for z < X, the |zf+7|
concerned differ from |z+%7| by something negligible, provided the B’s
concerned satisfy

/

——% og(l --;—2) forx > 1.

b=p—1 < B= X{3log2X,.
With minor adjustments, then, the proof in (i) can be made to provide
an X, [actual value expexpexp(7-703)] subject only to the double modi-
fication of (RH) explained above. This modification, which we will call (H),
is, to repeat,

(H) Every zero p = B-+1y for which |y| < G = X3 is such that

b=pB—1 < B=X{3?log2X,.

(iii) Since (H) leads to an X, it remains only to show that (NH), the
negation of (H), leads to an X,, i.e. that d(z) > 0 for some z < X,. Now
(NH) asserts the existence of a p = p, = B,+y, with

0 <y < G =Xj by =By—3% > B,
~ where B = X[ 3log—2X;
that is, it provides a more or less given p to the right of ¢ = 1. In par-
ticular, it asserts that § > 14 B, in which case an X, certainly exists in
virtue of the old theorem about d(z) > x?-¢. It is natural to expect further
that the proof of that theorem could use the existence of the special p, to
provide anumerical X,. But this turns out not to be so; the proofin question
; is another ‘pure existence’ one. Some further idea is called for, and I am
in fact indebted to Professor Littlewood for the sketch of a method for the
} simpler problem of finding an X such that, for a given A > 0 and for some
< X, f(x)—x > hva. :
\ There is now a last unexpected point. In the past it has always been
; possible to work with the function {(x) and its simpler explicit formula,
~ with only a last minute switch, on estabhshed lines, to m(x). But with
‘ (NH) thls is no longer possible, and it is necessary to work, in finding X,

Wlth y(x) = $H{II(x+0)41I(x—0)}, where
Bl
1 " y
- m M = .
pr — Z - (@ I = [log z/log 2]

5388.3.5 )

e it M=
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The explicit formula for 11 (z) is, for x > 1,

—log 2.

y(x) _hx—zhxp—f—f ulogu

In the actual working out of the paper stages (i) and (ii) are telescoped,
and (RH) never appears. In Part 1 we assume (H) from the first, and
arrive at an X, = expexpexp(7-703). Part II then assumes (NH) and
artives at an X, differing negligiblyt in expression from eX:: a (just) per-
missible X, is |

3
o100
10

I'wish in conclusion to express my humble thanks to Professor Littlewood,
but for whose patient profanity this paper could never have become fit for
publication.

Part I
2. We begin by collecting, in Lemma 1, some results about the zeros .
The fundamental theorem underlying all its results is as follows (5).
Let N(T) be the number of roots p = B-+iy of the {-function satisfying
0<B<l,0<y<<T. Then '

T
N(T) = 2—7;1082*7;5‘{— B(T), (1)
where [R(T)| < (0-137)log T'+-(0-443)loglog 7'+~ 4-350.

We make use also of the known values of y;, ys,..., ys9, that is, all the y’s
satisfying 0 << y <{ 100. We have now

Lemma 1. Forall T >y, = 14-13..

. 1
(1) z < Z—long

0lyLT Y
" 1 1 logT
(1) — < =
'yZT y2 " 27 T
(iii) < 0-0233.
For |h] < 2T,

(v) IN(T+B)—N(T)] < 5= (h|+1-77)log T+ 87,

We suppress throughout the details of purely numerical calculations.

T Xi% differs negligibly (in its top index) from X;. For this and similar reasons
some of our approximations can be very crude ; only in those bearing on a top index
Is refinement called for.
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We obtain (i) from (1) and the formulaf

. T |
1 1 N* N*(T
v }:"—_i_ f ac~‘(2%)d%Jr fl(’ )’

0<ynlT Yn n=1

where N*(T) = N(T)—29. Since Z 1 < 0-5925, this leads by straight-
’)/IL
n=1

forward calculation to

o1 1og2T——lOg 2m

y 4w 2
0<y<T

where |R,(T)] < 0-312. This leads at once to (i).

We obtain (ii) similarly, from (1) and the formulat

log T+ R(T"),

2N N(T)
Sk

Y’TV

Of the remaining results (iii) is known, and (iv) follows at once from (1).

3. LEmMA 2. Let () be defined, as usual, by
o(x) = Fh(x+0)+h(z—0)},
where Y(x) = 3 A(n). For x > 1, fy(x) is known to possess the explicit

dnla)— — — ;%—%~%log(l ~ ) @)

fofmulai

where Z ¥ is defined as the limit of Z al as T — 0. If
P
P lyl<T
T~ > Z1Re1),
p p T P

’ then
3 2
i) |Rx, T)| < 100096” llog T

+3logx (x =e, T = 9);
(i) |R(z,T)| < (0-0001)x* (x > exp(10%), T > 2%);
p )

(iii)

xP
z —, < 3xlogz (x = e).
p

The proof of (i) proceeds by straightforward calculation on the lines of the
proof of (2); (ii) follows from (i); and (iii) follows from (2) and the definitions
of y(x) and ¢(x), since

S A(n) <wloge and  |h(@)—h(x)| < $loga.

n<x

¥ (2), 18, Theorem A. I @), 77, Theorem 29.
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4. We shall for the present assume the following hypothesis, which we
call (H), about the zeros p = B-+iy.

(H) Let X, = expexpexp(7-703), G = X2, B = X{3log—2X,. Then for
every zero p such that |y| < G, B satisfies
b=p—} <B
For reference we shall prefix (H) to those results which depend on the
hypothesis (H).
(H) Lemma 3. Let (x) be defined, as usual, by
x
fg[; ydu = > (x—n)A(n).
i

nET

Then, on hypothesis (H),
i) @) —3? <8z (2 <z <€)
(i) fhy(r)—32?] < fat (P <z < X))

For z > 1 we have the formulaf

[se]

@) =i :“Z /:—11 ( Z x21r2—r ®)

From Lemma 1 (ii) and (iii), and assuming (H), we have, for x < X,

- xP+1 < xP—% |+ - xp—1
ZP(P-{—I) MZG p(p+1) | ,|Z>G p(p+1)

B y1log G

<XF > -+X —=

Iyl <@
< %
Substituting in (3) and noting that
C(O)E(0) =log2r and [{/(—1)JL~1) < 1,
we obtain both (i) and (ii).

5. LemMma 4.

(i) hw < (1-0004)u/logu (u = exp(4.103));
(1) bw < 2uflogu (u>2).
The value of 1i2 is 1-04... . For w > u, > 2, say,

1 <i U 1 1
logu ~ dul\logu ~ loguy)

T (), 73, Theorem 28.
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Hence liw = liwuy+ f %}
g - 1 v ¥
< %o 1—1/log uy|logv],,’

and the result (i) follows by taking u, = exp(3.103). By taking u, = €2,
we find that (ii) is valid for v > 8, say, and, for 2 < w << 8, (ii) is trivial.

6. We define Il(x), as usual, by
1

— - 1/m M = 1 21.
I(x) mzzlmw(x ), [log z/log 2]
LevMa 5. Forz > exp(4.103), either m(§) > L& for some £ of 2 << € < b,
or else 0 < II(x)—m(x) << (1-0005)xt/logx.

Supposing the former alternative to be false, we apply Lemma 4 (i) to
the first term on the right-hand side of

M
1
(z)—m(z) = §=(@)+ > —m(alm),
m=3
and Lemma 4 (ii) to the remainder. Then
M
[M(x)—m(x) < 3lixt+2 > a2¥mflogx
m=3
< (1-0004)zt/log 2+ (0-0001)x?/log x,
and the desired result follows. '

7. (H) Lemma 6. Let P(x) be defined by
P(x) = (Il(z)—liz)— (H(x)—z)/log .
Then, on hypothesis (H),
|P(x)| < (0-0005)zt/logz  (exp(10%) <z < X,).
We have [(2), 64]

T
[ hluw)—u 2 .
Px) = u log2u du log 2 —hz,

and therefore, after integrating by parts,

hi@) =t _gy@2)—2, 2
1P < xlog?x o élogz,‘z +10g2_—112 17 (4)
v 1
where J = ( Walw)— 3} d{ulogzu}'

2
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T 4 e8 x
Now 1< [ o)t oo du = [+ .
2 2 e8

Now apply Lemma 3. We have, on (H),

e8 x

32 ut \1
. — | du.
1< fulogzu At f(logzu)u% "

2
Since ut/log?u increases with u for v > €8, it follows that, for
" exp(10%) <z < X,
32 xt
] < 1@"‘@
Substituting this inequality in (4) and applying Lemma 3 (ii) to
(1()—12?) [z log™,
we obtain the required inequality.
(H) Lemma 7. Assume hypothesis (H). Then for any given x satisfying
exp(10%) <o < X, either : '
1) #(€)—L¢ > 0 for some & of 2 <L § < ot
or else
(i) ‘Yy(x)—a > (1-001)z¥’ wmplies ‘m(x)—lix > 0.
(i) is the first alternative of Lemma 5, and (ii) follows from the second
one and Lemma 6, since

(m(2)—liz)loga = {h(x) —o(%)}+{ho(x) —2}—
—{ipo(x) —2— ((x)—li z)log &} —{(II (x) —m(x) log x}
> 0+ (1-001)zt — (0-0005)x* — (1:0005)xt = 0.

4xt < 48--0-0004xt/log .

8. (H) Lemma 8. On hypothesis (H),

Pt

< 00234 (exp(10%) <z < X,).
p iy

Iyi<@
For brevity write the series on the left as S(x), and let, as usual,
p—% = B—3+1iy = b+1y.
Then
- S(x) =

iyl <@

2b+y oy
B+iy iy
Applying (H) and Lemma 1 (iii), we have therefore

S(x) < (0-0466)[G(2Blog X,)+4+ B]
< 0-0234.

<| S Lmax(iy(0— 1) 1.8,

T<G Yo/ Ivi<@G
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9. We now develop a modification of Ingham’s argument. Consider the
formula (see (4), 204 (6))
b

f (@) (olw) — ) da

a

== > [ e des [ x@ilog(l—a) OO} v, (5)
P Pa a

where 1 << a << b < o0, and x(«) is any function integrable in the sense of

Lebesgue. Let 1
K@) = (Y,
so that, for real «, i
L[ s 1—[af (la] <1),
— oy oy — 6
G fK(y)e Y { 0 (Jal > 1) ©®)

Let T = 500 and w be any number satisfying w > 2.10% In (5) substitute
xr = eY, x(e¥) = e " TK{T(u—w)}, a = etv, b = elw,

Then, writing for brevity
F(u) = {ipo(e") —evje?, N

we have
fw fw ‘

f TE{T(u—o)Fw) du=— > % J TE{T (u—w)}ee-b du + R, (8)

tw P tw
where, if we define r(u) by

r(w) = e~#*{}log(l—e=2*)"1—{'(0)/{(0)},
fw
Risgivenby R= f TE{T (u—cw)r(u) du.
iw

Since o < < $w and w > 2.10% we have
[r(u)| < 2e—t® < 0-00001;

hence [in virtue of (6), with « = 0]

jw
|R| < (0-00001) f TE{T(u—w)} du
tw

1Tw
= (0-00001) f K(y) dy < (0-00001)2. (9)
—37Tw
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Substituting v = w+y/T in (8), we have from (8) and (9)

3Tw Tw
| K@F@ryTyay = =2 | Kpe-senmay 4 R, ()
—3Tw P —iTw

where |R| < (0-00002)7.
For the infinite series on the right-hand side of (10) we shall substitute

the finite series
elyw

f K(y)eT dy,

!y(<G vy -

where G is the number defined in hypothesis (H), § 4. The total error
introduced will be the sum of three errors e,, e,, €5, where ¢; comes from
discarding those terms for which |y| > @, e, from replacing (el—Pw+viD)/,
by (e@+¥ID)/iy, and e, from extending the limits of integration from
+1Tw to 4+00. We shall deal with these errors in separate lemmas.

10. LemMMa 9. For 2.10* < w < $log G, the error

3T w
e, = Z _1_ f K(y)e(P—%)(w'HIIT) dy
=6 £ _ g,
satisfies leq] << (0-0002)7.
Since —37Tw <y < 3Tw, we have fw < w+y/T < 3w. Let
M = sup Leo-om|  for to <m < do.
MECRS
tTw 1
Then le ] = K(y)( Z _e(P—é)(wH/lT)) dy
—{Tw wsa P
Tw
<M f K(y) dy < 2nMM,
—3Tw

and this is less than (0-0001)27 by Lemma 2 (ii) applied to e~#™R(e™, (),
since (3w, Sw) is included in the appropriate range.

(H) LEMmma 10. On the hypothesis (H) and for w subject to
2.10* < w < 2logd,

the error .
3Tw 1 iTw
1 . ,
62 e Z _ f A(y)e(P"%)(w‘Hl/T) dy — Z 7]_ f K(y)e'b'y(w-i‘?l/T) dy
7<6 P _{re <G e

satisfies leg] << (0-0468)7.
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As in Lemma 9, we have 1o < w+y/T < 3w. Suppose here that m is
that value of w-+y/T for which the value of

_1_ elp—Nw+ylT) __ i eWlw+y/T)
yi<a P v
is greatest. On (H) and for 2.10* < w < §log G, the error e, satisfies
e 1 1
€] < f K(y) Z elp—Dw+yiT >—z—eW(w+y/T) dy
e
1 (p—-Hm i iym
< > [ e | K(y)dy

mi<a 1P 4 T

< (0-0234)27
by Lemma 3, since m again lies in the relevant range.

LemMA 11. For w > 2.10% and T = 500, the error

~—3Tw
iyw
ey = Z ¢ (J . f) y)eiT dy
vy
Iyl <@ 1Tw
satisfies les] << (0-00002)7.

Since K(y) is an even function of ¥ and the y’s are symmetrically dis-
tributed, we have

8

11

leg] < 4 K(y)eviT dy

Y
0<y<G 1Tw

=4 3 44 3

0<y<T  T<y<@
Now we have the two inequalitiest

[e]

< f4y‘2dy =Ti,

oo ‘ . w
f K (y)etrviT dy‘ Tw
e = | [ ey gy dy < 22 2
vy vl 3Tw
iTw
Using the former inequality in > and the latterin > , we have, from
0<y<T T<y<G

Lemma 1 (i) and (ii),
32 1, 64 1 32 1 64 1 logT
| —— - —— —log®T 4 — —-—=2—
el < Z 'y+w Z y2 Twﬂ’ o8 w 2r T
0<ly<T T<y<@
Since w > 2.10* and 7' = 500 the required result follows.

t We have K'(y) = 2siny/y®—8sin? {y/y* and |K'(y)| < 4/y? in the range con-
cerned.
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11. From Lemmas 9, 10, and 11 we may now replace (10), subject to

the condition 2.10¢ < w < 2log G, (11)
T o
Tyw
by | K@)F+y/T)dy = ‘ f eIt dy + B, (12)
|w<0 v
—3Tw
where |E| = |R—e;—ey+e5] < (0-0471)m.

Applying (6) to the series on the right-hand side of (12), we have, still
subject to (11),

Tw .
f K(y)F(w+y|T) dy = —2 z zwsmy‘“( _Q’T>+E
—4Tw 0<y<T Y
sin yw y
> —2 2m ( ——)—(0-0471)77. (13)
0<)Z<T Y T

Now let Fy; = Fy(w) be the upper bound of F(w-+y/T) for the range
—3iTw <y < {Tw. Since K(y) = 0, (13) gives

Tw 3Tw

1 1
Bl =Fys- [ K@y =g | K@Faty/T)dy
—3Tw —3Tw
sin yw v

9 Y\ _0-0236. (14
g Z 14 ( T) 5. 1

o<y <T

Now by the definition (7) of F we have |
Fyr = upper bound of (fo(x)—x)x—t for et Lo Lelo.  (15)

We are therefore in a position to establish the following lemma.
(H) Lemma 12. On the hypothesis (H) a suffictent condition that
m(x)—lix > 0,

Jor some x satisfying 2 < x < X,,T ts that, for some w subject to the
condition (11),

_ Z Syel Y ) > o-5128. (16)
Y 500
0<<y< 500

When (16) is true we have, by (14)f (and the fact that 7 = 500),

Fy J > 1-001, and a fortiori Fy; > 1-001 since J < — f = 1. Lemma 12

then follows from Lemma 7.

T We recall that Xj is the number concerned in (H), § 4, namely exp exp exp(7-703).
I Which is valid subject to (11).
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12. Our problem is now to find a suitable w. It must be chosen so that
the sines in (16) are predominantly negative, and such a choice is made
as follows.

The number IV of terms in the series on the left-hand side of (16) is equal
to the number of y’s satisfying 0 < y < 500; this is known to be

N = 269. (17)
Let w, and ¢ be the numbers
wy = 2.10%+1, ¢ = 3600. (18)
By Dirichlet’s theorem there is a number w’ satisfying
wy < ' L wyg? (19)
such that @ < 1 (n=1,2,.,N), (20)
27 q '

where r, is an integer. Now let

w = w'—Fk, (21)
where k= & (22)
Then, from (20) and (21),
siny, w = —sin(ky,—a,),

where |¢,| < 27/q = 0°6’. Now from (17), (18), (19), and (22),
2.10%8 < w < wygV = (2.10441)3600% = expexp(7-7021...) < Zlog G.

The condition (11) is therefore satisfied. Hence, by Lemma 12, we shall
have w(x)—liz > 0 for some x satisfying

2z < X,y
provided that
269
sin(k b "
S =73 ply,) = Z y” ( 57/00> > 0-5123. (23)

13. The inequality (23) is actually true. The right-hand side is what
determines the top index of X, and it is here that we try to refine. It will
suffice to sketch the numerical considerations involved.

The angles ky, —¢,, range from 6° to 215°, and the first 213 sines are
positive. In the case of the remaining negative terms, for which

180° < ky,—é, < 215°,
the y’s satisfy 420 <y, < 500.

Hence, in addition to the fact that 1/y,, is small, either the absolute value
of the sine or the factor (1—v,,/500) is small, and these negative terms prove
to be of little importance. For the rest, sufficient is known about the values
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of the y’st to enable us to obtain a lower bound to § by straightforward
calculation.

In this the first 29 terms are calculated separately, the remainder are
grouped in intervals (of the values of the y’s) of 10. For example, the first
group contains the 4 terms for which 100 < y < 110, and the last group
contains the 7 terms for which 490 << y < 500. We obtain a lower bound
to the contribution of each term, or group of terms, by making use of the
fact that the function p(y,), defined in (23), satisfies (whatever the parti-
cular values of ¢,,,é,,.1) P(v,) < P(yn+1) for v, < 457 (approximately), and
thereafter satisfies p(y,) > p(y,.;)- We may replace each of the first 29 y’s
by the upper bound to the interval in which it is known to lie, and for those
groups for which y < 450 we replace each of the y’s in the group by the
upper bound of the interval in which it lies. The same replacement applies
for the subgroup 450-457. For the subgroup 457-460 and the remaining
groups for which y > 460, since p(y,) is now increasing, we replace the y’s
in each group by the lower bound of the interval concerned. For example,
each of the 4 y’s between 100 and 110 is replaced by 110, while each of the
7y’s between 470 and 480 is replaced by 470. ¢, is replaced by +6" or —6’
according as vy, k < 90° or v, k > 90°.

We find that S > 0-5131 > 0-5123.
m(x)—liz is therefore positive for some x satisfying

2 < x < X; = expexpexp(7-703).

Part IT
14. Before we can begin developing the consequences of (NH), the
negation of (H), we need a number of preliminary results about the function
,(x)—liz = {(x+0)+I(z—0)}—lix,
where Il(x) is defined as in § 6. For x > 1 we have ((2), 81-82)
Hy(x)—lix = — > liar J‘——di_ —log 2 (24)
0 5 (u?—1)ulog u ’
the series being boundedly convergent in any finite interval 1 << a <z < b.
The li function for a complex argument is defined by

lize — lieprlos z, (‘

[
T
Sa—

and, for w = u-+v2 where v = 0,

-+l

.o e?
liew — f ~dz.

— 0+t
T (6), (7), (8), (9). In addition I have used some calculations performed by
Dr. Comrie, kindly lent to me by Professor Titchmarsh.
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We define the function L(t) for ¢ > 0 by the series

L) = —e ¥ > liert. (26)
P
From (25) and (26) we have, for ¢t > 0,
(B+iy)t © ~
= e‘”z f Cde — e(P—’-’”f-——e dv
pt—v
P — iyt 0

[¢9]

= Z elp=Ht) — f e dv
pt (pt—w)?
Z elo— Je)t+ Z elo— ;)tj .

both series being boundedly convergent in any interval of type

0 <a <t<¥

since the first is. So

P P
elp—i g e~ dv
— — olp—b) i
Uy P Uy = € f(pt'—v)z _ (28)
0
15. Lemma 13. |L(t)] < 4e¥t (t = 1).

By Lemma 2 (iii), if 7 = ¢! > e, |
|3 wy(p,t)| = |7Hlog 7)™t 3 7*[p} < 3+t
In uy(p,t) we have |pt—v|2 = |iyt|2 = y**
lug| << TH-2y—2, Iz Uy| L eHt22 z y=2 < et
y>0

since > y~% < 0-05. The result follows.

16. LEmma 14. A suffictent condition that =(x)—lLix > 0 for some x
of 2 < v < X is that, for some y satisfying 10* <y <log X,
L{y) = 1. (29)
Suppose the condition of the lemma is satisfied for a certain y, and let
x = e¥. Then, by Lemma 5, either n(§)—Ji& > 0 for some ¢ of 2 < & < a2,
or else
IMy(x)—m(x) < H(x)—m(x) < (1-0005)xt/logx < 2xt/log .
In the first alternative, we have what we want at once, and we have only
to consider the second. Now, from (24) and (26), the integral in (24) being

positive, My(x)—liz > 2 L(y)—log 2 > 2t —log 2,
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and so, from the second alternative,

m(x)—liz > zt—log 2—2xt/logx > 0,
as desired.
17. Let X, and G be, as in § 4,
| | X, = expexpexp(7-703), G = X3.
Since we cannot use O’s in connexion with numerical bounds, we shall
use #’s (¢, ¢, ete.) to denote numbers, possibly complex, satisfying
|#] << 1. They will in general not be the same from one occurrence to the
next, but where more than one occurs in the same expression we dis-
tinguish them.
Let y > G, and let A be any real number satisfyingt
A < G (<)
Consider} the function F(y, ) defined by

e ]

F(y,)) = J [— L(t)Jte® dt, (30)
1y '
E=E(y )= —t—3(t—y)*y. (31)
We have the following result.
Levma 15. Write b = f—1%, r = p—4—1A = b+i(y—A). Then, subject
oy = 6=, F(y.) = 3 Ulp), (32)
P
where Ulp) = <2wy>5e<"+“g’”(l+ 40203) +o (33)
P VY Y

The proof of this is rather long, and we break it up into two subsidiary
lemmas, A and B, and a short final deduction from them. We have among
other things to show that the series (27) for L can be integrated term by
term in (30): this involves a limit-process 7' — oo for fixed y, A. The parts
of Lemmas A, B dealing with this use O’s, which are accordingly uniform
in the p (or y), but not in the ‘fixed’ ¥, A; the K’s similarly are independent
of p, y, but not of y, A.

LeMyma A. For uq(p,t), defined by (28), we have

i e~K1*
J uy tef dt = 0( 5 ) (34)
2
T
< 2y )E S Vi 7
uyte® dt = ETY e 20 (35)
' P a

ty

T These conditions hold throughout the rest of the paper. Note that G is so large

that any inequalities like 100y%¥/® < ¢~¥/10 that occur in the run of our argu-
ment will be true when they are ‘true for large y’.

} The introduction of F(y,A) is the idea given me by Professor J. E. Littlewood.
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LemMa B. For uy(p,t), defined by (28), we have

e—AT'
fuzteE dt = 0( - ) (36)
7 Y
i 3949 r+3 9o’ ‘
[mte de = == @myp e, (37)

iy

18. In Lemmas A, B we may, by symmetry (since A can take either
sign), suppose without loss of generality that y > 0.
Proof of Lemma 4. We have

uyte? — Levif(t),  f(t) = eB-t-ie-se-vy, (38)
P
Fort > T,
t 1[evit b1 [ evdt
f uy tef dt = —[——, f(t)] —= f — fr(t) dt
; plye” Ty o) i
As T — oo we have, uniformly in ¢t > T, f(¢), f'(t) = O(e~5T%). It follows

that f u, te¥ dt exists, and that it is O(y‘ze—KT"‘); and this is (34).
7

(o]

- Q)
Next, f uy tef dt = 1 f et -V — Emy)” el iy, (39)
A P_ao P
Again,
1y . 1y
1Tevit 1y 1
f wy 16" df — _[_T f(t)] 1 f D) dt = J-d,, say.  (40)
R pLYY —w P__OO
We have f(—o0) = 0 and |f(1y)| < ePtv—%¥ < ¢—¥ 50 that
J, = Oyt

Also, for —oo < ¢ < 1y,

F(O] = [(B—3—id)—(t—y)ylen-t-v
< BRI+ rt—ynebt—%-“—w
Writing v = |t—y| = y—t, and observing that » > 3y and
Al < 2y < B,

we have If'] < duebW-0-3 < 12(by—+u)elVedu—tuily,
|y < 12y-2ebv f (by-+u)e= b=l dy = 12y -2yelb—3py

iy

< 12y~ 2ye—v5Y < y~2e3v,
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So J,+J, = 28y~2~#, which, combined with (39) and (40), gives (35) and
completes the proof of Lemma A.

19. Proof of Lemma B. Let t = T and T' — co. We have [pt—v[* = y%?,
and so, from (28),

t 0 ¢
J‘ Uy tel dtl < f eV dv.y? f t2¢pbt 31y ¢
T 0 T

= O(y~2-ET%),

and f exists and satisfies (36).
17

9] B
\
\
\
\\
\ /
\
\ D
\
\
\
Fic. L.
Next we have [ uy tef dt = f e"H(p,v) dv,
3y o
[ tdt
H = H(p,v) = ert—3t—y)ly ) 41
. o) = | o (@)

1y
We prove (37) of Lemma B by showing that for each v of (0,c0) H is of the

form of the right-hand side of (37) (noting that f e~ dv = 1).
0

We deform the ¢-contour 1y to oo, or 4 B, in a manner independent of v,
as follows. Let p = y—A, A = min(2, |x}). With ¢ = ¢44n we take a line
n = hysgnu (= —+hy), and replace the original path AB by ACD of
the figure (drawn for the worst case, namely sgn u = —1). First, the pole

t = v/p is outside the shaded area, so that{ H = f . For the poleison a
ACD

line (dotted in the figure) whose slope (tangent) is —y/8; this is downward]
and steeper absolutely than y, > 14, steeper, therefore, than OC in the
unfavourable case (of the figure) when C is below A.

t The integrand is uniformly O(e E%*) as ¢ - oo in the shaded area.
1 Recall that in this proof we have v > 0.
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Taking the integral for H along 4CD, then, we have
lpt—v| = [im(pt—v)| = [yé+Bn]

(since y > 14, £ > {y). So

H <9y [ |ePé2tdil, (42)
ACD
where By =rt—3(t—y?ly, r=>b+ip, (43)

and, as alternative forms,
By = —3y+(r+1)i—3Ply = (r+3?y—3[i—(r+1)yPly,  (44)
re By = —y+(b+1)§—pun—3€y+in*ly. (45)
On AC we have ¢ = 1y, n = chysgnu, 0 <o < 1,
re By = [—3+30b+1)ly—dy—ohy(n|—ioh),

and since the last term is non-positive and b+1 < §, re £}, << —1y, and

f |eBaé=2 dt| < e~ (1y)—20C.AC < %e-¥v, (46)
AC

For CD we have two cases.
Case (i). |n] < 2. Here n = py (= imr.y),

By = (r+3ry—3[§— 0+ D)y ly,
f |62 dt) < |er+ir| f e—HE-O+DUFIU{£-2(2 1 £)) 4,
cD £

The curly bracket is greatest for ¢ = 1y, and it is then 36y—1. Taking this

outside, and then the integral from —oo to co, we find that f is at most
cD

(2my)¥|er V| 36y -1, |
Combining this with (42) and (46) we have, in case (i),

|H| < 9y~?(e -+ (2my)t e+ |36y 1), (47)
Case (ii). |u| > 2. Here CD has n = 2ysgnpu. We have from (45)
re By = —fy+(b-+1)¢—2|ply—3&y+-2y
—3y+36—4&%y, since (u| > 2,
—1y—1&y—HE—3y)ly < —1y—1&y.
As before, [£-2%| < 36y-1, and so

N

o]
»

[ lemg-2 dt] < 36y~ f e--18I q¢ < 1o,
¢D s
5388.3.5 .
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From thisand (46), |H| < 9y~2%~#, and (47)is true alsoin case (ii). 4 fortior;
H is of the form of the right-hand side of (37), and, as we observed above,
this proves (37). This completes the proof of Lemma B.

20. We now have Lemmas A and B (in which y now is not restricted to
be positive), and can take up Lemma 15. By Lemma 13 and (30) we have

T

F = lim J [—L(t)Jte® dt,
=4y
T
since refl = —1(t—y)?/ly < —Kt* as t -co. In J we may substitute
1y
—L(t) = > uy + 2 u, from (27) and integrate term by term, since the two -

series are boundedly convergent. If we then replace 7' by oo in each term,
the error is

[ee]

2 J uyteF dt + 3 f Uy tef dt = O(eKT* Y o2
7

T

by (34) from Lemma A and (36) from Lemma B, and this tends to 0 as

T — o0. Hence Fly,)\) = E U(
where Ulp) = ful tef dt -+ f uy te dt,
ty iy

and when we substitute from (35) and (37) (and make a couple of small
adjustments) we arrive at Lemma 15. |

21. Lemma 16.7 Fory = G = X = 0 we have
Fly,)) = L (2myptetrir >-v(1 n 30&) ey
fy—Al<2 P Yy

Since 400|p|/(y%y) < 30/y << 1, Lemma 15 shows that F is equal to
something of the form of the  in the lemma, plus

r+3r?)

20, > Crp e g, e Z l (48)
|y ]

[y—Al>2

1

When |y—A| > 2 we have
re(r+-3r%) = b+30— ly— Nt < —Hy—N)P—

1 (i) From now on A is non-negative (we normalized in the proof above to y > 0
and A of both signs). (ii) The &, of course, varies with the term it occurs in.
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and also |y/(y—A)| < 142 < 2y. The first term in (48) is therefore

05 (omypliy— etV = 39, (49)
a4
gince the curly bracket is less than (say) 10. Lemma 16 follows.

22. We are now in a position to develop the consequences of (NH), the
negation of the hypothesis (H). To assume (NH) is to assume that a zero
B, 1ty, exists (with y, positive, by the symmetry) satisfying

by = Bo—} > Xi*log X, = B,
0 <y < X3 =0G.

We begin by supposing that (for an undetermined Y) the relation
‘L(y) > 1 for some y’ occurring in Lemma 14 is not satisfied for the range
G <y < 47; that is, we suppose that

Lin) <1 for G < n < 4Y. (50)
By arguing from the pair of hypotheses (NH) and (50) we find ourselves
able to produce a ¥ (actually G'°) such that, if the ¥ of (50) is ¥, there
is a contradiction. Then (NH) implies (i) that (50) is false for ¥ = ¥;
so (i) that for some y of the range G <Ly << 4Y, we must have L(y) > 1,
when Lemma 14 (with 4Y for log X) gives w(x) —liz > 0 for some «x of

2 <z < X = exp(4Y,) [= exp(4G19)].

This, then, is what results from (NH), and since the X is greater than the
X, derived from (H), it is our final number. ‘

(NH)

23. Lemma 17. If [tn accordance with (50)] L(n) < 1 for G < n < 47,

then for 4G <y <Y, 0 <A < G, we have
1F(y,0)| <1, (51)
| F(y,A)| < 6Yi4-4. (52)

When A = 0, the condition |y—A] < 2 is vacuous, and (51) is a case of
Lemma 186.

Next, since L(t) is real for t > 0, we have, for A of 0 <A << G, by
(30) and (31), ©
—F(y,\) = f t L(t)(cos Xt— i sin At)e—Ht-"v

ty

= R—iF, say. (53)

t This means ‘for all n of the range’, and similar interpretations are intended
wherever we do not explicitly have ‘some’. This being the usual interpretation, we
may seem to be labouring the obvious, but the distinctions of ‘all’ and ‘some’ are
very vital, and complicated by ranges (those in Lemma 17) that ‘look’ alike, but are
not quite so.
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Consider the four expressions

+% i 4cosAf) . .
— —_ 1 -y
£, O)if (j + f tL(t){ isin/\t;e dt
1y L34
= J;+s, say. (54)
In J, we substitute |L(t)| << 4¢¥ from Lemma 13, and, remembering that,

4G <y < Y, we obtain
2l < J £, 4ot 20~V g

4y
©

— S~ J te—t-a)-4e-20y Jf 1. (55)

4y
In J; we have G <t < 4Y, and so L({) < 1 by the hypothesis (50);
hence, the curly bracket in (54) being in all four cases non-negative, we have,

algebravcally,
iy

gy < f 2t e=¥=VIlY df < f (2y-+2]t—y|)e-H-2’w dt

- 2y(27-ry)’f—}—8y < 6yl <L 6%, C(56)
Since |F(y,A)| < |Z|+|F], from (53), and since |# |+ |.F| is, for each y, one
(varying with y) of the four combinations +%+.#, wehave, from (54)to (56),
[F(y, M| < GY%—I—H—?iF y,0)| < 6Y%+4,
the desired result.

24. We now combine Lemmas 16 and 17, and take ¥ = G0 (Y has this
meaning from now on). The upshot is that, subject to (NH), and to the
further ‘hypothesis’

(H,) Lin) <1 (G <7 <4Y),
we have, for A, y satisfying

0<ALG, (57)
4G <y <7, (58)
and for some set of &’s,
L1 20) < )T e <47, (69)
fy—Al<2 P

where r = b-+i(y—A).T
We now take A = y,, where y, is the number in (NH), § 22. [A duly

1t We go on to derive a contradiction from this state of things, as a result of which
one of (NH) and (H,) must be false.
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satisfies (57).] So from (59) with A = vy, and so 7 = b-Fi(y—y,),
309 . .
2 expl(b-+ 307y — Hy ity =) L] < 4T
(60)

We need to know an upper bound for the number N of terms in the sum;
Lemma 1 (iv) with h = 4, T = y,—2, gives

e > Z'(1+

[y—yol <2 P

N < ;logyo—l—S-’i < log@. (61)
ks

We proceed to choose, without violating (58), a y (= y,) for which the
real parts of the terms in the sum in (60) are all positive. In the first place,
gince y > 14, the argument of any factor ¢/p lies between 4-5°, and that
of any 14309y between -+-1°. Now by Dirichlet’s theorem there exists
a vy, satisfying Y <y, < Y5V, (62)
and such that, for each of the N y’s satisfying |y—y,| < 2,

[y —yo)(1+b)yy—2mk| < §.2m,
where k is an integer. Further, with ¥ = G and N satisfying (61), y = y,
[satisfying (62)] duly satisfies (58). With y = y, the arguments of all the
terms in the sum in (60) lie between 4-80°; hence the real parts of all the
terms are positive, and the sum of them is at least as great as any one
term. Choosing the one term to be that with y = vy,, we have

Yo __ <bo+ab3>yo{1_@} 1y
e < )
vo+Bs Yo ®
ehio < (vt 1/y{1—30/yo) 1T <y, YH < GY,
eBvo << YiG = G18.

With B = X{3log—%X,, X3 = @, this contradicts y, > Y* = G5 of (62).t
So either (NH) is false [and (H) true] or (H,) is false. In the first case
w(x)—liz > 0 for an x << X; in the second it happens for an x of

2 < x < X, = exp(4Y) = exp(4G1®) = exp(4X3).
- Since X, > X, = expexpexp(7-703), we conclude finally that #(x) —liz > 0

for some z < X, where
108
X = expexpexpexp(7:705) < 100"

T There is a great deal to spare at this point: see the footnote on p. 50.
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PAIR CORRELATION OF ZEROS AND PRIMES
IN SHORT INTERVALS

Daniel A. Goldston and Hugh L. Montgomery¥*

1. Statement of results.

In 1943, A. Selberg [15] deduced from the Riemann Hypothesis

(RH) that
X -2 '
[ (p(1 + 8&)x) - v(x) - 6x)2 x ~ dx < 8(log X)2 (1)
1
-1 -1/4
for X < § <X , X 3» 2, Selberg was concerned with small
values of &, and the constraint § < X-l/4 was Imposed more for
convenience than out of necessity. For larger § we have the
following result.
Theorem 1. Assume RH., Then
X -2
[ (w1 + &)%) - ¥(x) - 6x)2 x * dx < 8(log X)(log 2/6) (2)

1

fon 0 < 6§ <1, X 3 2.

In this estimate, the error term for the number of primes in
the interval (x, (1 + 8)x] 1is damped by the factor x_z, and the
length of the interval, 6x, varies with x. Saffari and Vaughan [14]
considered the undamped integral, and derived from RH the estimates

X

[ (w((1+8)x) = ¥(x) = 6x)2 dx < 6%2 (log 2/6)2 (3)
1

for 0 < § <1, and
X

[ (9(x +h) - ¥(x) - h)? dx < hX(log 2X/h)?2 (4)
1

*Research supported in part by NSF Grant MCS82-01602.
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for 0 < h <X . It may be similarly shown that RH gives the

estimate

X
[ (w(x) - x)2 dx < X2 . (5)
1

Gallagher and Mueller [5] showed that if one assumes not only RH but

also the pair correlation conjecture

# {(v,y7) :0<y<T, 0<y=~-y" < 2rma/log T}
(6)
a

2
= E% I §l%;££) du + o(1)) T log T
0

then it can be deduced that

X
[ (01 + 8)x) = 9(x) - 6x)2 x 2 dx ~ &(log 1/6)(log X/8)  (7)
1

for X_1 < § < X—E . Here Y denotes the ordinate of a non—-trivial

zero of the Riemann zeta function. Thus it seems likely that the

estimate of Theorem 1 is best possible.

In the course of formulating the conjecture (6), Montgomery

[13] also proposed a more precise estimate, namely that

F(X,T) ~-§% T log T (8)

uniformly for T < X < TA ,» for any fixed A > 1, where

F(X,T) = ) Xi(Y—Y’)W(Y‘Y') (9)

0 <v,v7 T

and w(u) = 4/(4 + u?). We now relate this conjecture to the size of

the integral in (3).

Theorem 2. Assume RH., T4 0 < B, <B, <1, then

2
X 1

J (@ + &) -y - 8x)? dx ~ 5 6X2 log 1/6 (10)
1

B,

undformby fon X52 ¢ 5 <X , provided that (8) holds uniformby
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gon )
— B
xBl (log X) 3 <T< X2 (log X). (1)

Convensely, 4f 1 <A <A, <=, then (8) holds unifonmly 4on

™1 < x < 12 | provided that (10) holds wniformly fon

XA (1og 17 < 5 < X A2 (10g 03 (12)

Previously Mueller {12] derived (10) from RH and a strong
quantitative form of (8). Heath-Brown and Goldstom [l11] showed that
RH and (8) for ™ < X < Tb ,a<2<b, imply

Yy,

b&
Pat1 ~ Pp © o(pn (log pn)
This esﬁimate follows easily from Theorem 2 by taking
- 1 Co
§ = eX /2 (log X) /2 in (10). 1In deriving (10) from (8) we also use
the weaker estimate (3). In the case of very small §, say

§ = (log X)/X , we can do better by appealing instead to the bound

X

[ (w1 + &)x) - p(x) - 6x)2 dx < 8X2 log X + 62x3 (13)
1 ‘

which follows from sieve estimates (see the proof of Lemma 7). In

this way we could show that

X
[ (m(x + h) - w(x) - h/log x)? dx ~ hX/log X (14)
1

for h =~ log X , given RH and (8) for T < X < £(T)T log T. Here f(T)
tends to infinity arbitrarily slowly with T. From this it follows

easily that
lim inf (pn+1 - pn) / log P, = 0.

Heath-Brown [10] derived this from a slightly stronger hypothesis.

In assessing the depth of the estimates (8) and (10), we note
that (10) is a logarithm sharper than (3), and that (8) is a

logarithm sharper than the trivial bound
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|F(X,T)| < F(1,T) ~-5% T(log T)2 . (15)

(See Lemma 8.) As in (4), we can relate (10) to primes in intervals

of constant length. In summary we have the following

Corollary. Assume.  RH. Then the following assentions ane
equivalent:
(a) Fon eveny fixed A > 1, (8) holds uniformly fon
A

T< X< T .,

(b) For eveny fdéxed € > 0, (10) holds uniformly fon

xlcs<xE.

(c) Fon every fixed € > 0,

X
[ (w(x + h) - ¢(x) - h)? dx ~ hX log X/h (16)
0

hotds uniformly for 1 < h < X' ° .

It is not hard to show that either (b) or (c) implies RH,
Gallagher [4] has shown that a weak quantitative form of the prime
k—-tuple hypothesis gives (16) when h = log X .

The path we take between (8) and (10) involves elementary
arguments of Abelian and Tauberian character; these are of two
sorts. First, we consider the connection between the assertion

20yl
[ e gy + ) dy =1 + o(1) (17)

—~0
as Y + +» | and the more general assertion

fb R(y) £(Y +y) dy = fb R(y) dy + o(1) (18)
a : a

as Y » +» where R is any Riemann-integrable function. (These two
statements are equivalent if f is bounded and non-negative.) This
interplay reflects the choice of the weighting function w(u) in the
definition (9) of F(X,T). Second, and more intrinsically, we

consider a question of Riemann summability (R2), namely the
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connection between the two assertions

oo

[ EREY2 f)au = (1/2 + o(1))x log 1/x (19)
0

+
as x + 0 , and

U

[ f£(u)du = (1 + o(1)) U log U (20)

0
as U > += . Because of the intricacies of the (RZ) method, neither
of these assertions implies the other, although they are equivalent
for non-negative functions f. The lemmas we formulate below are

complicated by the fact that we specify the relation between the

parameters « and U,

2. Lemmas of summability.

Lemma 1. 14

20yl
(Y) = e gy +y)ay = 1 + (V) ,
and 44 f£(y) > 0O gon all y, ZXnen gon any Riemann-integrable
gunction R(y),
b

b
[ Ry £X +y)dy = ([ Rydy) (1 +e(y)) . (21)
a a

If R 48 fixed then |e”(Y)| s small provided that |e(y)| 4s smatll
undigormly forn Y +a -1 <y<Y+b+1.,

In terms of Wiener”s general Tauberian theorem, the truth of
this lemma hinges on the fact that the Fourier transform of the

kernel k(y) = e—2 yf , namely the function
-~ +m 1 2 s
k(e) = [ k(y) e(-ty)dy = ———— , (e(u) = &™),
—co “2t2 + 1

never vanishes.

Proog. Let Kc(y) = max(0, ¢ = |y]) . By comparing Fourier
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transforms, or by direct calculation, we see that

_Ll - _ L =2|y=c| _ L -2|y+c|
Kc(y) = = ;e ;e

c
+ [ (e -z e—?'ly—Zl dz .

-c
Hence

[ K9 EX 4y dy =5 U0 - WX+ ) -7 WX - o)

c
+ (c - |zDIY + 2) dz
-c
= c? + sl(Y)
where lel| is small if ¢ > O is fixed and if |e(y)| is small for

Y-c<y<Y+ec . Since

1 1

(K () = R D] < X g < Ky () =R (D),
and since f > 0 , we deduce that (21) holds in the case of the step
function R(y) = x[_c C](y). Since the general R can be approximated
above and below by step functions, we obtain (21).
Lemma 2. Suppose zthat £(t) 48 a continuous non-negative function
defined fon atl t > 0 , with £(t) < log? (t + 2) . 14

T
J(T) = [ £(t)dt = (1 + e(T))T log T ,
then 0
{ (ﬂg—“lf £(uddu = (n/2 + €"(x))« log 1/x (22)

0

+
where | €7 ()| is small as x > O if 1e(T)| 48 small  uniformly
fon K—l (log K)_z < T < K_l(log K)Z .

PrOO 4o We divide the range of integration in (22) into four
. -1 -2 -
subintervals: 0 < u < ¢« (log k) = Ul’ Up S u<Ck . Uy

-1 2
U2 <u < x (log x) = U3 , and U3 <u < =,

Since f(t) <€ logz(t + 2), we see that
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[ 1 k2 log2u+ ) du < <2 UjLlog? U] €«

and similarly that

[ < [ v log?u du< Ugl log? Uy €k .
Y3 Us
By writing f(u) = log 1/« + 1log xu + (£{(u) - log u) , we express

the integral from U1 to U2 as a sum of three integrals. We note

that
U2 sin «u-2 % sin Ku,2 -2
[ (=) du= [ (=—=) du+ o k(log x) )
U u O u
1
b -2
= 3 (1 + 0(log x) “),
and that
U2 sin wxuy2 ® 2 -2
[ ( ——:r———] log xu du € [ min(x” , u °) log «u du < k .
U 0

1
Put r(u) = J(u) — u log u + u. Then by integrating by parts we see

that

U, 2
I si: Ku) (f(u)-log u)du < x(1+ (log %ﬁ max |e(u)|)log(C+2) .

U1 U1<u<U2

As for the range U2 < u < U3 , we see that if e(u) < 1  then

Us U3 - - -
/ < [ f(u)u 2 4u <<U21 log U, < C Le log 1/k .

U2 U2

We make this small by taking C large. Then the remaining error

terms are small if e(u) is small.

+o0
Lemma 3. 14 K 45 even, K" continuous, [ |K| <=, ;-

-0

K(x) >0 asa x >+ , K+ 0 g5 x + += and L4 K"(x) < x—3 ab

X+ + @, then

L=e]

K(t) = [ K'(x)( M)de . (23)
0 Tt
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Proof§. Integrate by parts twice.

Lemma 4. 14 § 4» a non-negative function degined on [0, +=) ,

£(t) € log2(t + 2), and 4§
100 = [ (S8 o) = (1/2 + c(0))x log 1/
0

then

T
J(T) = [ f(t)dt
0

(1 +€)T log T
whene |e”| 48 small if |e(x)| < e uniformly gor
T—l(log T)—1 < k < T—l(log T)2 .
Proof. Let K be a kernel with the properties specified in Lemma 3.

Replace t by t/T in (23), multiply by f(t) - log t, and integrate

over 0 < t ¢ », Then we find that

f: ( £(t) - log t) R(t/Tdt = v 2 T j: K"(x) R(mx/T)dx
where |
R(k) = I(x) - f;o ( ii—“t--K—t)zlog t dt
= 1<) - 5 ™ log 1/x + O(x).
Since

I(x) € f min(KZ, t-z)logz(t + 2)dt < « log?(2 + 1/x)
0

for all « > 0, on taking x; = (log )7l we see that

*1 1 -1 -1
i K'R € [ ~ xT = log? T/x dx €T .
0 0

On taking x, =1/, (log T)2 we find that

/ K"'R < | X (x/T) log? T dx < L,

X2 %2
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-1
Assuming, as we may, that & > (log T) , we have

R(mx/T) < ¢ xT_llog T for x; < x < x,. Hence

*2 -1 ” -3 -1
/ K'R €eT (log T) [ min(l, x °) xdx €e T log T.

X, 0

For n > 0 take

K(x) = Kn(x) = ( sin 2wx + sin 27n(1 +n)x)( 2mx(1l - l&nzxz))—1 ,

so that
1 if |e| <1,
K(t) = { cos?( n(|t] - 1)/(2n)) if 1 < e} <1+ n,
0 CAf el > 1+ 0.
Thus

=]

/ f(t)ﬁn(t/T)dt = (1 +0(n))T log T + 0.(T) + 0.(eTlogT) .
0

Since f is non-negative, we see that

o«

/ £(t)K (1 + t/T)dt < H(T) < | £(t)K (¢/T)de ,
0 i 0 i

and we obtain the desired result by taking n small.

In this argument we have made free use of existing treatments
of Riemann summability. We note especially Hardy [8, pp. 301, 316,
365] and Hardy and Rogosinski [9, Theorem III].

3. Lemmas of analytic number theory.
As is customary, we write s = o + it, and we let p = B + iy
be a typical non-trivial zero of the Riemann zeta function. We

first note a simple result of Gallagher [3]:

Lemma 5. Let s(t) = ] c(we(ut) where M i a countable set of
; u €
neal numbens and ) |e(w)| < = . Then
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T +oo
[ Is(e)|? at <12 [ | ) c(w)]? du.
=T —00 uE M

|umu] < (4T) 71

When a main term 1is desired, we use the following more

elaborate estimate.

-1
Lemma 6. [ot S(t) be as above. If & > T then

T
[ |s(t)]? dt = (T + o6y T Jew)]?
0 LeEM

+0(T ) fe(we(V)]) .
U,V €M
0 < Ju=v| <8

Prooge Selberg (see Vaaler[17]) has constructed functions F_(t) and

F (t) such that F_(T) < X[O,T](t) <F (), F (x) =0 for x| > ¢,

40 -
and | F (t)dt = T ¢+ 6_1. Hence
T oo

2 =
EETRUNNEERS

0

I elwelv) §+(v -w .
sV

u
=1
The terms p = v coatribute (T + § ) EU le(uw)|2 . Since
IF.| < [|F,| =T+ st <ot
+ + ’
the terms U # v contribute at most

2T ) leCu)e(v)
S0 < Jumvf <8

This gives an upper bound, and a corresponding lower bound is

derived similarly using F_.
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Lemma 7. Let C(x) > 0 be a continuous 4unction such that
C(x) = C(y) whenever x =~y . If |e(p)| < C(p) for all primes p,

and if &> T |, then

T
1T copt2 ar = (1 + 0os™H) T [e(p) |2
0 »p p

+ 0o ¢t | -1 C(u)? u(log u)—2 du)
$
Proog. We appeal to the previous lemma. In the second error term,

the primes p ¢ (X,2X] contribute

2
T ax)? T ) LCT a0 | 1,025,k
X<ps2X p<p <(1+28)p 1<k<4 68X
where ﬂz(x,k) denotes the number of primes p < x for which p + k is
also prime. It is well-known (see Halberstam and Richert {7, p.117])
that

1y(x,0) < ( k/6(k))x(log )

uniformly for x > 2, k # 0. Since ) k/¢(k) <K, it
k <K
follows that our upper bound is

2X
< T C(X)? %2 (log X% < T [ ¢(uw)? u(log w2 du .
X

We put X = 6—1 2" and sum over r > 0 to obtain the desired result.

We now present the main known properties of F(X,T).

Lemma 8. Assume RH, and fef F(X,T) be as 4in (9). Then F(X,T) > O,
F(X,T) = F(1/X,T), and

/

2 (loglog T)l/z))

F(X,T) = T(X—z(log T)? + log x)(E%-+ 0((log )L
(24)
unigormly fon 1l < X < T

Proof. The first assertion is an immediate consequence of either of

the two identities
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+o0

F(X,T) = 2m f e—Z”Tlul | Z XiYe(Yu) |2 du, (25)
—oo 0<y<T
or ,
+oo0 iy
2 X 2
Fx,m) == | I v rooz | odt.
T oyer BTV

The observation that F is non?negative has also been made by Mueller
(unpublished). The second assertion is obvious from the definition
of F. The estimate (24) is substantially due to Goldston [6, Lemma
B], and may be proved by substituting an appeal to Lemma 7 in the

argument of Montgomery [13].
Lemma 9. 14 0 < h < T zthen

)
#{(Y,Y’) c0<y<T, |y - Y| <h } € (1 +h log T)T log T .

(27)

Proof. We argue unconditionally, although if RH is assumed then the
above follows easily from Lemma 8 (see (6) of Montgomery {13]).
Let N(T) = #{y: 0 <y €« T} . Following Selberg, Fujii [2] showed
that

‘ T

[ ( N(t+h) - N(£) - E%-h log t)2 dt < T log(2 + h log T)
0

for 0 € h <1 . Hence
T
[ ( N(t+h) - N(£))? dt < b% T(log T)?
0

=1
for (log T) < hg<1l. This gives (27) in this case. To derive
(27) when 0 < h < (log T)_l, it suffices to consider h = (log T)_l.
As for the range 1 < h < T , it suffices to use the bound

N(T + 1) - N(T) € log T (28)

(see Titchmarch [16,p. 178]) .
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Lemma 10, Fon 0 < § <1 Lot
a(s) = ((1 + &% = 1)/s . (29)

1§ le(y)] <1 fon all y then

“4o00 +0 .
2 {(v) 2 - a(l/2 + iy)e(y),2
[ lao]” | % T aoyzl a - I llY%<Z T+ (eopZ |t
+ 0(82(log 2/8)3) + 0(Z *(log 2)3) (30)

provide that Z > 1/8 .

Proog. By (28), the sum that occurs in the integral on the left is
€ log (2 + |t]) . Since

a(s) € min(S§, Isl_l) (31)
in the strip |o| < 1/6 , it follows by Cauchy’s formula or by
direct calculation that

a“(s) € min(82 , &§/|s|) (32)
for |of < (26)_1 . Hence in particular,

a(it) - a(lp + it) < min (82, §/|t]) ,
and consequently
la(it)|2 = |a(lp+ it)|? < min(s3, §/t2) .

Let I denote the integral on the left in (30), and J the correspond-

ing integral with a(it) replaced by a(lk + it). Then
I-J <[ oin(s3, 6/t2)( log(2 + |t]))? dt € 62 (log 2/8)% .

Write J in the form J = [ |A|2 . From (28) and (31) we see that
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A < min(s, |e]™") Log(2 + |t (33)

Now let K be the integral with a( Vz + it) replaced by
a(ly + 1Y), and write K = [ |8}2. Then B also satisfies the

estimate (33). From (31) and (32) we see that
a(lp + 1y) - a(lp +i6) £ |t = v| min (8%, &/]t]) .
Thus

A - B <min(82, 8/|t])( log(2/8 + |t]))2,

so that
|a]2 - |B]? < min(s3, 6/t2)( log (2/8 + [t]))3 ,

and hence
J - K € §2(log 2/8)3 .

Finally, let L = | |c|?2 be the integral on the right in (30). We

note that C also satisfies the estimate (33). Since
-1 -1
B -c< mn(z -, |t] ) log(2z + |t]),
we find that
2 2 ¢ min(z ) -1 2 2
|B|2 - |c|? « min(Z (1 + le])™ 7, t ( 1og(2z + lt]))? .

Thus
-1 3
K-L €2 (log 22) ,

and the proof is complete.

4. Proof of Theorem l.
Although we arrange the technical details differently, the
ideas are entirely the same as in Selberg”s paper. If 6X < 1 then

there is at most one prime power in the interval (x, (1 + &)x], so
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that our integral is

€ & ) A2 /n+ 62 X € §(log X)2 ,
n<X

which suffices. We now suppose that 6X > 1 . By the above argument
we see that

1/é

/ cee € S8(log 2/8)2,

0
Thus it suffices to consider .the range 1/6 < x < X . Here we apply

the explicit formula for y(x) (see Davenport [l, 17]), which gives

W1+ &x) - 9x) - 8x=- T a(px’ (34)
ID|<Z . .

+ 0 (log x)min(l,-—Tf%:TT))
+ O( (log x)min(1, —_ﬂ_?iiagi:WT))

+ 0(x Z_l(log xZ)?2)

where a(s) is given in (29), and H 6|| = min || - nf is the
‘ n
distance from 6 to the nearest integer. The error terms contribute

a negligible amount if we take Z = X(log X)2 « Writing p = % + iy,

X = ey, Y = log X , we see that it remains to show that

Y . 2
a(p) ele[ dy € §Y log 2/6. (35)

log 1/8 |Y%<Z

By Lemma 5 we see that this integral is

a(p)2) du < Y % la(p)alo™)]| .
Y|<2Z

|Y—2nu|<2/Y ’Y’|<Z
Iy—y’|<4/Y

By (31) and Lemma 9 this gives (35), and the proof is complete.

5. Proof of Theorem 2.

We first assume (8) as needed, and derive (10). Let
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T xiY 9
I = 3x,m =4[ |13zl de -
0 Y

Montgomery [13] (see his (26), but beware of the changes in
notation) used (28) to show that

J(X,T) = 27 F(X,T) + 0((log T)?) .
Thus (8) is equivalent to
J(X,T) = (1L +o(1))T log T . (36)

With a(s) defined in (29), we note that

sin Kt)z

la(it)|? = 4( .

where « =1kzlog (1 + §) . Then by Lemma 2 we deduce that

” Y 2
fo la(it)|? |2 TF (-2 |© at = (nw/2 + o(1))«x log 1/x
Y
= 4 + .
(n/ o(1))68 log 1/8 (37)
The values of T for which we have used (8) lie in the range
sl (log 1/6)2 < T < 36 L(log 1/6)% . (38)

The integrand is even, so that the value is doubled if we integrate

over negative values of t as well. Then by Lemma 10

+
a(p) XiY |2

I T+ (-7

" dt = ( m/2 + o(1))8 log 1/8
—c Y| €2

provided that Z > 6_1(1og 1/6)3 . Let S(t) denote the above sum

over Y. Its Fourier transform is

400

S(w) = [ s(t) e(-twdt =7 ] a(p) XY e(=yuye 2mlul
= |v] <z
Hence by Plancherel”s identity the integral above is
e . 1 2 -4
=72 [ | Tooa(eX Y e(-yu) [T e LA
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On writing Y = log X, -2mu =y , we find that

+oo . _
[ 1 a(e HYHY 2 2]y| dy = (1 + o(1))§ log 1/6 .
-0 ['Y’ < Z (39)

In Lemma 1 we take

2y
0 < <1 2,
0 otherwise .
On making the change of variable x = ety we deduce that
2X 2
[ 1 I a(ex® | dx = (3/2 + o(1)) 6x2 1log 1/6 .
X lyl < Z

We replace X by XZ—k, sum over k, 1 < k < K, and use the explicit
formula (34) with Z = X(log X)3 to see that

X

/ X (v((1+8)x) - v(x) - 6x)2 dx = % (1-2
X2

T2 4 o(1)) 632 1og 1/5.

We take K = [loglog X], and note that it suffices to have (8) in the
-K

range (ll1). To bound the contribution of the range 1 < x < X2
we appeal to (3) with X replaced by 27X | Thus we have (10) .

We now deduce (8) from (10). By integrating (10) by barts from

X; to X, = X;(log X)%/3 | we find that
2 -4 1
J P((1+8)x) - w(x) - 6x)% x dx = ( 3

2
X1

From (3) we similarly deduce that

+ 0(1))5(Llog 1/s)x12.

o]

[ (o)) - px) - 6x)% % dx < 5 (log 1/8)2 X,
X
2

= 0( § (log 1/6) xzz-) .

We add these relations, and multiply through By Xf « By making a

further appeal to (10) with X = X; we deduce that

o

/ min(xz/X%, Xi/xz)[w((l+6)x) = ¥(x) - 8x)? x 2 dx
0

= (1 + 0o(1))8 log 1/8§ .
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We write X for X;, put Y = log X, x = eX?Y  and appeal to the

explicit formula (34) with Z = X(log X)3, and we find that we have
(39). Retracing our steps, we find that we have (37). Then by
Lemma 4 we obtain (36), and hence (8) . The values of § and X for
which we have used (10) also satisfy (12) .

6. Proof of the Corollary.

We note that Lemma 8 gives (8) when
X(log X)_3 <T <X,
and that (10) is trivial when
X H(log 02 < < x L.

Thus the equivalence of (a) and (b) follows immediately from

Theorem 2.

We now show that (b) implies (c). We suppress the converse
argument, which is similar. The method here is that of Saffari and

Vaughan [l4]. Our first goal is to deduce from (b) that

H X

[ [ (x+h) - p(x) - h)? dxdh ~ % H2 X log X/H (40)
0 o©
uniformly for 1 < H < Xl—€ « To this end it suffices to show that
X H 1
/ [/ (v(x+h) = $(x) - h)? dh dx ~ 3 H2 X log X/H  (41)
b@x 0

In this integral we replace h by § = h/x , and invert the order of
integration. Thus the left hand side above is

H/X X 2H/X H/S ‘

/ / £(x,6x)2 x dx d§ + | [ £(x,6x)2 x dx d6

0 Ipx H/X 1hX
where f(x,y) = ¢(x+y) — ¥(x) - y. By integrating by parts, we see
from (b) that if A

Q

B =~ X then

B
[ f(x,6x)? x dx = % (B3 - A3) 6 log 1/6 + 0(X368 log 1/6).
A -



201

This yields (41) . Then (40) follows by replacing X by x27k in
(41), summing over O < k < K = [2 loglog X] , and by appealing to
(4) with X replaced by x2 K1 |

We now deduce (c¢) from (40). Suppose that 0 < n < 1. By
differencing in (40) we see that
(I+m)H X
[ £(x,h)2 dx dh = (n +1n2 +0(1))XH2 log X/H .
H 0

Let g(x,h) = £(x,H). From the identity
£2 - g2 = 2f(f-g) ~ (f-g)?
and the Cauchy-Schwartz inequality we find that
2 _ 2 ) 2y 2
[f£2 - g2 < (f £ 2(f] (£-0)2) 2+ [[ (£-g)2 .

But f(x,h) - g(x,h) = f(x+H,h-H), so that

nH X+H
[l (§=g)2 = [ [ £(x,h)2 dx dh
H

< n2H2x log X/H
by (40). Hence we see that

X

nH [ (Y(x+H) - w(x) - H)? dx = [[ g2 .
0

[/ £2 4 o(n3/2 xu? log X/H)

/

(n+ 0(n®?) + o(1)) xullog x/m .

We now divide both sides by nH, and obtain the desired result by
+
letting n + O sufficiently slowly.
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Sur 1a fonction qui détermine la totalitée des
nombres premiers inférieurs a une limite
donnée.

§ 1. Legendre, dans sa Théorie des nombres*), propose une for-
mule pour déterminer combien il y a de nombres premiers depuis 1 jusqu’a
une limite donnée. Il commence par comparer saformule avec I’énumération
immédiate des nombres premiers faite dans les tables les plus étendues,
nommément depuis 10000 jusqu’a 1000000, et I'applique ensuite & la so-
lntion de plusieurs questions. Malgré la concordance prononcée de la for-
mule de Legendre avec les tables des nombres premiers, nous nous per-
mettons néanmoins d’élever quelques doutes sur son exactitude, et par
conséquent aussi sur les résultats qu'on en a tirés. Nous fondons notre
assertion sur un théoréme, relatif aux propriétés de la fonction qui dé-
termine combien il y a de nombres premiers inférieurs 3 une limite don-
née, théoréme dont on peut déduire plusieurs conséquences curieuses. Nous
allons d’abord donner la démonstration du théoréme en question, et nous
en présenterons ensuite quelques applications.

I-er Théoréme.

S 2. Si Don représente par o () la totalité des nombres premiers infé-
rieurs G %, par m un entier quelconque, emfin par ¢ une quantité > 0, la
somme

S [6le-+1) — o) s
z=12

Jouira de la propriété de s'approcher d'ume limite finie, & mesure que o
converge vers zéro.

*) Tome 2, page 65 (Troigiéme édition).
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Démonstration. Commengons par démontrer que la propriété en
question a lieu pour les fonctions que 1'on obtient par la différentiation suc-
cessive des trois expressions

O ! 1 1
Zm—-p', ].Og P——‘Z IOg <1 _ﬁ’),
1 NG 1
3 log (1 — ) + X
par rapport & p; ici, comme par la suite, la sommation par rapport a m
s’étend A tous les entiers depuis m = 2 jusqu’d m = oo, et par rapport &

¢ seulement aux nombres premiers, également depuis p.==2 jusqu'a g =o0.
Considérons la premiére expression. Il est facile de voir que 'on a

@ ac
e—% P _— 1 —z P
J g dx—zmlﬂ J e x°dz,
0

]

.0 ®
e~ -
J ¢ g dx:—;j e 2P dx,
0 0

et par conséquent

D=
= S
mite e J. e—z P dx
0
En vertu de cette équation la dérivée d'un ordre quelconque # de
S t 2 égale 4 une fraction, dont le dénomi
i — 5 bar rapport A ¢ sera égale 4 une fraction, dont le dénomina-

0 n-¢1 . LY
teur est Uo e af dx:| et le numerateur une fonction entiére des expres-

81018

0

r (ezl—l__;—> e wpdx’ J (ez—i—l——%> e ﬁp log xdx’
0

00

(—1— — %) e~ 2°log" z dx,

et—1

(ﬂ%l~%) e a® loggxdw,...J

0 0

Pl

] e~* 2 du, J e~ 2° log zdx, J e of log? zdz,. .. J e~* of log" xdw.
0 0

0 0

Or, une telle fraction, pour #» =0 aussi bien que pour n > 0, s’ap-
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proche d’une limite finie & mesure que p converge vers zéro; car la limite

de l'intégrale J e~® #° da pour p =0 est 1, et les intégrales

0

o2}
]. l —z p 1 1 —_— P
J(e,_l — —x—> e~" x° dux, J (e—,_l——;) e~ z° log x dz,
[} 0

Jm(exl_l — %) e~ 2 log? o dr, . . . Jm<ezil — %) e~ of log" w de,
0 0

o0

f e~*z° log x du, J e® 2P log*zdz,. . . J e*2? log" wdx
0 0

0

pour ¢ = O conservenf évidemment des valeurs finies.

1 1
ml-+p [
dérivées successives, resteront finies & mesure que ¢ convergera vers la
limite zéro.

Ainsi, il est certain que la fonction 2 , aussi bien que ses

Considérons actuellement la fonction

log p — Z log (1 —ﬁ)

On sait que

(=) (1 —5) (0 —55)- -]

—1 1 1 1 N
= +§+—p+3—1-—!-5+4—1-r9‘+ ...... ;

d’ou ’on tire

— log ( 21*1,) log ( 31+9) log ( 5—111;) ..

1 la-bp b 1
= log o+p 3l-p 41+p+' M

équation qui, d’apres la notation admise plus haut, peut étre écrite de cette

maniére
— 2 log (1——#—;1;_;)=log (1 -+ Em—f;>,
done
logp——Elog< F?)_bg( 2#)9;
ou bien

log o — Z log (1——;11;;):10g[1+9+(2m1+0 ) ]
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Cette équation fait voir que toutes les dérivées de

1
log p — = log (1 —ﬁ)
sulvant ¢, s’exprimeront au moyen d’un nombre fini de fractions, dont les
dénominateurs seront des puissances entiéres et positives de

e (X —3)e

, . s LN L 1
et les numérateurs des fonctions entiéres de p, de I’expression » —— — —
? el TP o

et de ses dérivées par rapport & o. Or, de telles fractions s’approcheront
d’une limite finie & mesure que ¢ convergera vers zéro; car I’expression

1+p+ ( by -11— —
e 1P
tendra vers la limite 1 & mesure que ¢ s’approchera de zéro, et cela parce-

1 . . . .
?)9’ qui entre dans les dénominateurs de ces fractions,

. 1 1 \ .
que la différence 2 TR dans cette hypothése, reste finie comme
nous ’avons démontré plus haut. Quant & ce qui concerne les numérateurs,

: . . 1 1 (i
comme ils ne contiennent la différence 2 w5 et ses dérivées que sous

forme entiére, et que ces fonctions tendent vers une limite finie quand g
converge vers zéro, il en sera de méme pour ses numérateurs.

Il nous reste encore & démontrer que la méme propriété a lieu rela-
tivement aux dérivées de la fonction

Elog(l—}ﬂé‘;)+2ﬁ.

Nous remarquerons d’abord que sa premiére dérivée sera

1 log 1
itz ;""_1“'

— p.—l+?

I est facile de voir par la forme de cette fonction que les dérivées des
ordres supérieurs s’exprimeront également au moyen d'un nombre fini des

2 1 logP u 1
o+ap ’ 1 \m?
uae 1 1 p.‘<1 )

termes tels que

p_l+p p.l—l—p

P, q, r n’étant par inférieurs & zéro. Mais chaque terme de cette nature,
pour des valeurs de ¢ non-inférieures & zéro, a une valeur finie; en effet,
pour p=10 et p > 0, la fonction sous le signe = sera une quantité d’un

. . L1
ordre supérieur au premier par rapport a e
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Apreés nous étre convaincu que les dérivées des trois expressions
1 1 1
Zm—lﬂ——p—, log o — 2 log (1 —H——1+P>,
1 1
Zlog <1 —u_1ﬂ> —“+ E—ulﬂ’
pour des valeurs de p convergentes vers zero, tendent vers des limites finies,

nous concluons que la méme propriété aura également lieu par rapport &
’expression

n = Ve N anfiege—Stogf1— =] an— L _ L
ar| Zlog wl+p i+ ge 4 ridp _ ml+p 0 )?

dp™ dp™ den—1

laquelle, aprés les différentiations effectuées, ce réduira a

-+ log" w logr—1m
- p,1+p mltp ‘
Ce qui vient d’étre dit renferme le théoréme énoncé plus haut, car
il est facile de remarquer que, d’aprés notre notation, la différence

log™ logn—1m
wlp - ml+p

est identique avec l’expression

T=uw0

D e@+1)—g0) — s | 257,

=3

ou bien, ce qui revient an méme, avec

Z—=ow l n I:CO]

og"x ogn—1g
Do+ —o@] o — D> L,
z=2 =32

Pour le faire voir il n'y a qu’a observer que le premier terme de cette

I?jif , parceque le facteur @ (x—+-1) — ¢ (2)

différence est simplement égal az

loghx £ 3 T A . N N
de afﬂ se réduit, par la définition méme de la fonction ¢, 4 1 oud 0
sulvant que # est un nombre premier ou un nombre composé. Quant au

=0
logn—lx . J logn——l m
second terme Z — 4 il sc transforme évidemment en —oTe bar
z=2

le changement de z en m.
De cette maniére la proposition que nous avions en vue de démontrer,
se trouve complétement établie.
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§ 3. Le théoréme dont on vient de donner la démonstration conduit &
plusieurs propriétés curieuses de la fonction qui détermine combien il y a de
nombres premiers inférieurs & une limite donnée. Et d’abord observons que

la différence
z-+1
1 dx
log z log =’
x

pour z trés grand, est une quantité infiniment petite du premier ordre par

y 1 ] .
rapport & —; par conséquent 1’expression

z
z+1
[ dz logh =
log = logx xldp 7

z

. - s 1 5
pour z trés grand, sera de l'ordre 2 + ¢ relativement & —; d’apres cela, la

=
== o z-+1
1 ax log" =
2 log = log x xl-+p
x

z=9

SOmme

pour des valeurs de p non-inférieures & zéro, restera finie. Ajoutant cette
somme & l’expression

f [o@+1)—0@) — oy | 2,

=3

pour laquelle le théoreme I-er a lieu, nous concluons que la valeur de

T=rc0 pzl

d log™
S et n—si— o |2
r=2

xz

restera finie & mesure que p convergera vers la limite zéro. De 1 on tire
le théoréme suivant:

ll-éme Théoréme.

La fonction ¢ (), qui désigne combien il y a de nombres premiers in-
férieurs & x, satisfera, entre les limites x =2 et =00, une infinité de
fois aux deux inégalités

) dx :c i dzx ox

q)(x)> @_10;"90 et (P(.CU) <j loga:+log" x?
2 2

quelque petite que soit la valewr de a, supposée positive, et quelque grand que

soit en méme temps le nombre n.
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Démonstration. Nous nous contenterons de démontrer Pune de ces
deux inégalités, parceque l'autre s’établira tout-a-fait de la méme maniére.
Choisissons, par exemple, la suivante:

* dx %4
(1) ?(z) <Jm+_—~10g"m'
3

Pour prouver que cette inégalité est satisfaite une infinité de fois,
admettons d’abord que le contraire ait lieu, et voyons quelles seront les
conséquences de cette hypothése. Soit a un entier supérieur a " et supérieur
en méme temps au plus grand nombre qui satisfait & I'inégalité (1). Dans
cette supposition on aura pour #>a I'inégalité

z
dx oz
CP((B) ;J log « + log® logx > n,
2

et par conséquent
* dx [ %
(2) ¢ (z) — lo—g?czlog z? logz<1
2
Or, si I'on admettait les inégalités (2), il en résulterait, contrairement

A ce qui a été démontré plus haut, que I’expression

r=— o z+1 n
1

z==2

au lieu de converger vers une limite finie pour des valeurs trés petites de
o, s’approcherait de la limite -+ co. En effet, nous pouvons considérer cette
expression comme la limite de

=3 z-4-1 logh
> [MH 1) — o9 (@) ——J logx] —
2==2

pour s=ooc. Supposant donc s > a, cette quantité peut étre mise sous
la forme

z==8 z-+1

d. log®

(3) C+ > [q»(x+1)—cp<x>—fm—g%]%arx,
z=a+1 z

en faisant pour abréger

z—=a z+1
C:Z [q)(x+ 1) —o(2) —J T ]lt;glﬂw,

F==2

et observant que C' désignera une quantité finie pour p==0 et ¢ > 0.
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Or, Vexpression (3), en vertu de la formule connue

8 8
2 u_fp (?}Z-l-l - v(g) - u, ?)8+1 —ua ?)a+1 - 2 ,Ua; (uz - uz—-l)7
a+1 a+1

et aprés avoir fait

log x
V= (?(x) “J log log z? T zlp Y

se transformera dans la snivante:

a+l
log? a log™s
0— [‘P @+1) _J log a:jl al+p lj (s + 1)-J log m} si+e
£ : dz Tog™ log® (x —1)
_2 ':(P () _f log m} [ zi+e | (@ — 1)+ J ’
z==a+1 2

qui, & son tour, en faisant 6 > 0 et <C 1, pourra s’écrire comme il suit:

a+1
log” log"
[cp (@ + l)—J og w] (;g1+pa [‘P (s + 1)-J- Tog x} (ﬁ_,.ps -+
n log™ (z — 6)
+2 [CP (@) Jl°“ xj‘ \il +9_Iog(m—0):‘ @— o+ °
z=a-1

Si l’on représente par F'la somme des deux premiers termes de cette
expression, et si I'on observe de plus que le troisiéme est positif en vertu
de la condition (2), on sera en droit de conclure que 1’expression précédente
a une valeur supérieure &

: T=3 % d n log" (a)-—ﬁ)
F Zﬂ‘j? () —Llog x] [1 Rl Rt 0)] = iEe

Les mémes conditions (2) font voir que dans cette expression la fonction
sous le signe = conservera une valeur positive entre les limites En outre,

n

on aura entre les limites de la sommation1°) 1 +p — Tor =0 x——O) >1 — foga

—9
car >0, s5a+1, 6 <1; 2% o(») —j]ogx> 1og$z—o;’ car

Jl"g s > —10;: ~ en vertu de la premiére des inégalités (2), et en
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1o s 2 ar z Y @ n
vertu de la seconde la dérivée de fog" 3 égale a T (l ~ gz w), est

6 . o
> la(ac )a)' Donc l'expression précédente

positive, ce qui donne

log x
surpasse la somme
N 20 Tog™
a(x—10 . n og™ (x — 8)
r +2 log" (x — 6) (1 log a) (® — 0)2+4p
z=da+1

qui, apreés les réductions, devient

T=8

Faa (1 - Ioga) 2 (;1:—9)1+P’

z=a+41

or, cette dernieére expression est évidemment supérieure a celle-ci

=38

1
F+o (1 " log a) Z zl+p?
z=—a-1
laquelle, pour s = oo, se réduit &
=00 1
Faa(l—it) S o
z=a+1
ou 4
o
J e;—u P dx
Fia (1 — l—"—) S
0g a j‘ e~z zP da
0

Il est facile de faire voir que la quantité & laquelle nous sommes par-
venus converge vers la limite +- oo pour p=0. En effet, on a d’abord

J e dr =+ oo, Je‘“ dz==1, de plus &« et 1 — —— sont toutes deux
eT—1 log a
0

des quantités positives, la premiére par hypothése, et la seccude en vertu
de la derniére inégalité (2).

Nous étant assurés de cette maniére que, dans I'hypothése admise, non
seulement la somme

T=o0 Z-+1
log™
2 [: (@+1) —-Cp(:U)——-J. logw] ;’;§+va

z=a

mais aussi une quantité plus petite qu’elle se réduit & ~+ oo, nous sommes
en droit de conclure que 1’hypothése en question est inadmissible, d’olt dé-
coule de suite la légitimité du théoréme II.
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§ 4. Il sera facile actuellement, en vertu de la proposition précédente,
de démontrer le théoreme qui suit:

Ill-éme Théoréme.

x

L’expression
P P (2)

rente de — 1.

— log z, pour x = oo, ne peut avoir une limite diffé-

Démonstration. Soit L la limite de la différence Z;—Z) — log « pour

z = oo. Dans cette hypothése on pourra toujours trouver un nombre N
tellement grand que pour > N la valeur de q-’-% — log z sera comprise
entre les limites L — ¢ et L —+ ¢, ¢ étant aussi petite qu'on voudra. Ainsi,
pour de semblables valeurs de z, et lorsque ¢ > 0, on aura

x x
(4) m_loga}>L———e, m—logw<L+s.

Mais, en vertu du théoréme précédent, les inégalités

x z .
dz ax . dzx axr
@<x)>fm-—m, ?(®) <Jmﬁ-+r@fi
2 2

sont satisfaites par une infinité de valeurs de z, et par conséquent aussi par
des valeurs de @ supérieures & N, pour lesquelles les inégalités (4) ont lieu.
Or, ces inégalités, combinées avec celles que nous venons d’écrire, con-
duisent a

~ —logz > L —cs, — —logz < L +c¢;
dz oz _dz axr
logz™ log™a log x+log” x
2 2
d’olt I'on tire
dz or
z—(logx—1) <J. gz Toga x>
L+1<L . 2 —+¢,
dz ax
gz~ loghx
2
dx oz
z—(log z—1) <Jm+ T x)
L+1> 2 —c.

%
dzx -+ a%
logz = loghx
2
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On voit par ces inégalités que la valeur numérique de L + 1 ne sur-
passe pas celle de I'une des expressions qui en forment les seconds membres.
De plus ¢ peut devenir aussi petite qu’on voudra dans I'hypothése de N
tres grand, et on peut en dire autant de chacune des quantités

*
z— (log . — 1) <J E:—xi—r;w)
2 .

z ?
de __  ax
logz T log® 2
2

car, pour £ = oo, on trouve par les principes du calcul différentiel que
leur limite commune est zéro.
Nous étant ainsi convaincus que les limites

) dx ar
z— (log —1) (J Tog = 7= Tog™ w>

2 4+
z —%
de __ ax
logz + log™ =
2

dela valeur numérique de L-+-1 peuvent étre diminuées & volonté, nous som-
mes en droit de conclure que L + 1 =0, et par conséquent L = — 1, ce
qu’il s’agissait de démontrer.

Ce que nous venons de prouver relativement & la limite de la valeur

de q,i(x)—log @, pour £ = oo, ne s’accorde pas avec une formule donnée par
Legendre pour déterminer approximativement combien il y a de nombres
premiers inférieurs & une limite donnée. D’apres lui la fonction ¢ (z), pour

x trés grand, est exprimée avec une approximation suffisante par la formule

- x
?(®) = gz —1o8s8"
=

qui donne pour la limite de @

— log zle nombre — 1,08366 au lieude — 1.

§ 5. En partant du théoréme II on peut déterminer la limite supérieure
du dégre de précision avec lequel la fonction, désignée par o (z), peut étre
remplacée par toute autre fonction donnée f(z). Dans ce qui va suivre nous
comparerons la difference f(z)— ¢ () avec les expressions

x x x
log z? log®xz' logda?’
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et, pour abréger le discours, nous dirons que 4 est une quantité de lordre
Ty quand le rapport de 4 & —5— pour # == oo, sera infini pour m > n

et zéro pour m < n. Cela posé, nous a]lons démontrer le théoréme suivant:

IV-éme Théoréme.

o (i —| 1),

pour & = oo, a pour limite une quamtité finie ou infinie, la fonctz'on f(x)

Quand I expression

ne peut représenter o (z) ewactement en quantités de Uordre —n— Togh = inclu-
swement.

Démonstration. Soit L la limite vers laquelle converge 1'expression

o (10 [12)

& mesure que z s’approche de l'infini. Comme L, par hypothese, est diffé-
rente de zéro, elle ne pourra étre égale qu’a une quantité positive on négative.

Supposons la positive; notre raisonnement s apphquera sans difficulté au cas
de L < 0.

Si la limite L de I'expression que nous considérons, pour z = oo, est
supérieure a zéro, nous pourrons trouver un nombre N assez grand et tel
que, pour z > N, la valeur de 'expression

2 (1o [2)

reste constamment supéricure & une certaine quantité positive /.

Nous aurons donc pour # > N

(5) g2 <f( ) flog x>>z.
2
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Mais, en vertu du théoréme II, quelque petit que soit a="1

5, hous

qurons pour un nombre infini de valeurs de x I'inégalité

* dx ax
(6) ? () <J1—0;,—,+1;'g7-7,a
23
qui donne

(x)—J logx<f(x>—cp( ) 10:::59:;

o log® 1
en la multipliant par ~£= et observant que a=— < on trouve
&T

2| fo— [ | <M [0 —st@] + §

ou bien, en vertu de I’négalité (5),
n !
2 [f@)— o @] > 5

Or, cette inégalité ayant lieu en méme temps que celles marquées par
les numéros (5) et (6) pour une infinité de valeurs de z prouve, & cause de

é > 0, que la limite de

RELE [ fiz) — 9 @),

pour £ == oo, ne peut pas étre égale a zéro. Si donc cette limite est diffé-
rente de zéro, la différence f(z) — qa(x), d’aprés la convention établie plus

haut, est une quantité de I'ordre —— oz O% d’un ordre inférieur; par consé-
quent f(z) differe de @(z) d’une quantlte de Vordre logL,,z , ou bien d’un
ordre inférieur, ce qu’il s’agissait de démontrer.

En nous basant sur ce théoréme, nous pouvons faire voir que la formule

de Legendre 5> bour laquelle la limite de 'expression

log & — 1 ,0836:

Z
log2 x x . dz
z log z — 1,08366 logz /?
2

quand = oo, est égale 4 0,08366, ne peut exprimer ¢ (x) avec un degré

de précision allant jusqu’aux quantités de Pordre —3— inclusivement.

On trouve avec la méme facilité les valeurs des consta.ntes 4 et B telles
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. T “ , . .
que la fonction ATogz 5 Duisse représenter ¢ (x) avec une précision poussée

aux quantités de I'ordre inclusivement. En vertu du théoréme précé-

T
log2x
dent de telles valeurs de 4 et B doivent satisfaire & 1’équation

Xz
. log2x T dx ___
lim. li x <A log z+ B —J log x)] =0.
2 r=c0

z T
Le dévelloppement de VSTTET: donne
z ___ 1 = B & B z
Alogz+B 4 logx 42 log® x A3 logdzx

&3

De plus, intégrant J

23

x
dx 4+ 9
log = Iog x Iog z log3 z v
2

En vertu de ce qui vient d’étre trouvé1’é quatlon précédente se réduit a

da
iog 7 par parties, on trouve

1, =2 B = B =
lim. ]og:a: 4 logx A% log*xm A3 logdx ce :0,
X
T Jogx log? x—_2.“210g3 z=00
ou bien
1 B B2 1
<———1)10gx—( +1> — —
. A A* A3 log x
lim. & = (.

log? x dz log? x
—2 z lelogi":c—c =

Or, si'on observe que tous les termes & partir du troisiéme convergent
vers zéro pour des valeurs croissantes de , on verra immédiatement qu’on

ne peut satisfaire & 1’équation. précédente qu’en faisant 4 —1=0,
B +1=0. Dot d=1, B=—1.
Ainsi, de toutes les fonctions de la forme ATogz+ B la seule gz =1

peut exprimer ¢ (z) avec une précision poussée aux quantités de I'ordre

® _ inclusivement.
log?

§ 6. Démontrons actuellement un théoreme concernant le choix dela fone-

tion qui détermine, avec un degré de précision requis, la fonction que nous
avons représentée par ¢ ().
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V-éme Théoréme.

St la fonction () qui désigne combien il y a de mombres premiers
inférieurs & ®, peut élre représentée algébriquement avec wme précision

poussée auz quantités de lordre fog wmclusivement au moyen des fonctions

z, log z, €%, alors elle s’exprimera par la formule

z_ l.z +1.2.x 1.2.3..m— Nz
log x log2x logd3 x - log" =

Démonstration. Soit f(x) la fonction qui, contenant sous forme algé-

brique &, log z, €, exprime o () exactement jusqu'aux quantités de 1'ordre
z

inclusivement; 1’expression
log™ =

..

log" z = 1.2 1.2.2 1.2.3.. .(m—1)x
z l:f @) logz™ logZx  logdaz =~ log"™ = :]

pour des valeurs croissantes de z, devra converger soit vers zéro, soit vers
une limite finie ou infiniment grande. En effet, s’il n’en était pas ainsi, la
premiére dérivée de cette expression changerait de signe une infinité de fois
pour des valeurs de z croissantes jusqu’a -+ oo, ce qui ne peut arriver, comme
il est facile de s’en assurer, avec une fonction algébrique de z, log x, €” *).

Ainsi, on aura nécessairement pour f(z)

(7) lim.{l—o%;f<f(x)— z l.x 1.2z ) _l.2.3...(n—-1)z> }mw: L.

logz~ loggz loggz °°° log"

*) 11 est trés facile de s’assurer qu'une fonction algébrique de x, log =, e® cesse de changer
de signe pour une valeur de x surpassant une certaine limite. Si la fonction dont il g’agit est
entitre, alors son signe dépendra d’un terme de la forme Kax™ .log™" ©.e™"® pour des valeurs
de x plus ou moins considérables, ce terme ne changeant pas de signe pour x > 1. Pour toute autre
fonction algébrique de z, log x, €%, que nous représenterons par ¥, on démontrera la méme pro-
position de la manidre suivante: observons d’abord que la fonction y sera la racine de 1’équation -
Uy YN T sy M T2ty YUy ==0, Ug, Uy, Uy, Uy ), Uy Etant des fonctions enti-
éres de x,log z, ¢*; si Pon représente par v la fonction qui résulte de I’élimination de y entre
Péquation précédente et sa dérivée, alors les fonctions g, %y, et v, comme entiéres, finiront par
ne plus se réduire & zéro ou & changer de signe pour des valeurs de x surpassant une certaine
limite; il arrivera done que y congervera également son signe, car, pour des valeurs de « qui ne
réduisent pas v & zéro, 'équation uy y™-+u, y™ L 4. . .4~ Uy, ;Y —+ th,,=— 0 ne peut avoir de
racines égales, et quand les racines sont inégales, le signe de I'une d’ellesfne peut changer qu’en
supposant que le signe de u, ou u,, change. — Cette propriété peut &tre étendue i beaucoup
&autres fonctions, pour lesquelles, par cette raison, le théoréme V ainsi que les conséquences qui
g'en déduisent, auront également lieu.
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Mais, d’un autre coté, il est facile de s’assurer que

T
. loghz/ =z 1.z 1.2.2 1.2.. (n—1)z dx A
lim. [ x <loga:+log2x+l_og3:c+' S log" = | log =z =0;
2 z=—o

cette équation ajoutée a la précédente donne

lim. [Iog = <f( ) leog :c>] =L.

Or, comme par hypothése f(x) représente ¢ () exactement jusqu’aux

quantités de I’ordre o5 inclusivement, et que d’aprés le théoréme IV cela
z

ne peut avoir lieu, si la limite de

log x [f( )___J = x:l

pour z = oo, n’est pas zéro, on aura L = 0; cela posé, I’équation (7), pour
L =0, se réduit

. log" x x 1.z 1.2.2 1.2.8...n—l)x .
hm'{ z [f(x)_logz_logzw—logﬁ'x_—'"——' logh = ]}x:m_o’

ce qui prouve que la fonction

z . l.z 1.2z +1.2.3...(n——1)x
log = log2 x + log3 « ' logh =

ne différe pas de f(z) de quantités de I'ordre 1?7:"—9; et d’ordres inférieurs, et
que par conséquent elle peut, aussi bien que f(z), représenter @ (%) avec une
précision poussée jusqu’aux quantités de l'ordre —5— fog™ - inclusivement, ce qu’il

s’agissait de démontrer.

D’aprés le théoréme que nous venons d’établir, nous concluons que si
la fonction ¢ (z), quireprésente combien il y a de nombres premiers inférieurs
4 x, peut étre exprimée algébriquement au moyen de z, log =z, €™ jusqu’aux

& T
log xz? log? x2? log® =

quantités des ordres y+ . inclusivement, elle devra §’ex-

prlmer par
* x l.x x 1.z 1.2.2

log 2’ log z log?z? logx log?x log3z?*

De plus, comme ces sommes ne sont autre chose que les valeurs successives de

x

Z

5 dx T

Vintegrale f og® poussées aux quantités des ordres log gz’ b¥a! To@a '
2
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pous sommes en droit de conclure que dans toutes ces hypotheses I'intégrale
J 1’d£5 exprimera ¢ (%) avec exactitude jusqu'aux quantités de l'ordre pour
og
2

lequel elle peut encore s’exprimer algébriquement au moyende z, log z, €.

11 est facile de se convaincre par les tables des nombres premiers que

z

d X . (e .

I’intégrale f ﬁ%, pour z trés grand, exprime avec assez de précision combien
2

il y a de nombres premiers inférieurs & . Mais ces tables sont trop peu

Z

dz sur 1
log = a

étendues pour pouvoir décider de la supériorité de la formule f
2

formule de Legendre Hg—a?—z—l,oéﬁé ou sur toute autre analogue. Dans les

&x

dx s ez
fog @ % fog o — 1,08368 différent peu

limites de ces tables les deux fonctionsj

2
z

, . . oy z _ dx
entr’elles; mais leur différence Tog = — 1,08366 J-

fog & ayant un minimum

2
(1,08366)2

0,08366

pour z=¢e = 1247689, croitra constamment jusqu’d l'infini aprés

cette valeur, et déja pourz > 10000000, aura une valeur considérable. C’est
pour des nombres de cette grandeur que I'avantage de 'une des deux formules

Tog 2’ log x— 1,08366
3

fication il faudrait avoir des tables de nombres premiers beaucoup plus éten-
dues que celle que 'on possede.

x

§ 7. En adoptant l’intégralej . pour la valeur approchée de ¢ ()

T
J dz z devra se manifester. Mais pour effectuer cette véri-

log =
2

nous serons obligés de changer toutes les formules auxquelles Legendre est

parvenu en partant de I’hypothsée ¢ (z) = 5> nos formules ne

&x
log x — 1,0836
seront pas plus compliquées que les siennes, et auront sur elles 1'avantage
d’é&tre plus approchées d’apres les théorémes qui ont été demontrés plus haut.
Appliquons notre formule & la détermination de la somme des deux

séries

pour X trés grand.
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Pour déterminer la somme de la premiére de ces deux séries, nous ob-
serverons que, d’aprés la notation admise plus haut, I'on a

z=X . ;
1.1 1 1 ple+1)— ()
g g '+X_Z —_—

z=3

car, ¢ (z) représentant la totalité des nombres premiers inférieurs & z, la
différence ¢ (x + 1) — o (z) se réduira & zéro toutes les fois que z sera un
nombre composé, et & 1, quand x sera premier.

Supposons X trés grand, et désignons par A un nombre inférieur 4 X,
mais assez grand cependant pour que la fonction ¢ (z), entre les limites
z==X et s=2X, puisse &tre représentée avec une exactitude suffisante parl’in-

tegraleJ . Dans cette hypothése I'équation précédente pourra s’écrire
2
de cette maniére:
g==k—1 1) z=X ( )
1 1 1 @ (x-+1)— @ (@-41)—

Remplacant dans la derniére somme ¢ (z) par f‘ l—dai- On aura

og x?
2

1

’ dz
z=A—1 n=X m
L1 2 q’“"’"‘l"‘“?(”) 2 =

2 3 5 : z

B==2 ==k

Z-+1
Or, I'intégrale f peut étre représentée par —Oﬁ avec exactitude

z
z==X

jusqu’aux quantités de ordre —;-; de plus, la somme Z

x =2

“Tog s peut étre

mplacé inté 1 dx 1 N d 5 d s
remplacée par U'intégrale [ o avec le méme degré de précision.
13
Sous ces conditions 1’équation précédente deviendra

==k —1 x
1 L+_1_+ 2 (a:+1 q;(m)+ dx
2+ 3 5 v z logx?

T==2 A

ou bien, effectuant I'intégration,

=k~

%-;-%4—%4— Z‘P“H_l)—wn) log log ~+ log log X
z=2
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Enfin, si I'on remplace par ¢ la quantité

Fg=\—1
1) —
Z 2@_+aci_3<_z) — log log 1,
z=3
indépendante de z, on trouvera
(8) %+%‘+%+...+%=C+loglogx

Lorsque P'on aura déterminé la valeur de la constante C, cette équation
pourra servir a trouver par approximation la somme de la série

1+—1—+l—|— + 1
) 3 5 X

quand X sera trés grand.
La formule que nous venons de trouver est plus simple que celle de
Legendre, d’aprés laquelle on a

g gt .+ g = log (log X —0,08366) -+ C.

Passons maintenant & la détermination du produit

1 1 1 1
(1=3)(1=%)(1—3)--(1—3)=P
Prenant le logarithme des deux membres de cette équation, on aura la
formule
1 1 1
longlog(l —?)+ log(l ———3—)+log(1 —?)+. ..+ log (1 —)l()
qui peut encore s’écrire de la maniére suivante:

logP=—<%+%+%+. . .+—§)+~;—+log<1 —%)4_

%+1og<1—%)+%+log(l —-%)—i—- . .+—,1Xr+log(1—%).

Observons actuellement que la série finie

%+log(l—%>+%+log<1 ——;—)+%+log(1~%)+...+%+log(l——lx),

aux quantités de l'ordre % pres, peut étre remplacée par la série infinie

Fortog(1 =)o hg(1— 3] 3w g1

Or, la différence entre ces deux séries est évidemment inférieure 3 la somme

—xri— g (1 — )~z o8 (1— ) —
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qui, elle méme, est inférieure A I'intégrale

Jm[_%—log@—%)}dx:l+(X-—1) 10g(1 _LX);

de plus, comme la valeur de 1 4+ (X — 1) log (1 _%) pour X trés grand,
est une quantité infiniment petite du premier ordre par rapport a Zlf’ nous

en concluons que la substitution qui vient d’étre indiquée est permise.
D’aprés ce qui vient d’étre dit, si Ion représente par G’ la somme de
la. série infinie
1 1 1 1 1 1
-—2—+log(1 —7)+§+log(1 —-3—)—!——5—+10g<1———?)+. .
la valeur de log P s’exprimera, aux quantités de 'ordre de % prés, par la

formule
logP:-<%—|—%+—;—+. . .—‘1—%)+C'.

Substituant pour

1,1l +
3 T+ 3 <

la valeur (8) trouvée plus haut, on obtiendra
logP=—C—log log X+ C,

d’olt

eC’—C
P= log X °

Enfin, faisant pour abréger e¢—C= C,, et remplacant P par le produit

(=3)(—-3(—3) (—3)

(s e Y

Legendre a trouvé, pour la valeur du méme produit, la formule suivante:

(1=2)(1=5) (1 =3) - (1= 3) = mx=tmm

nous aurons



PAIR CORRELATION OF ZEROS AND PRIMES
IN SHORT INTERVALS

Daniel A. Goldston and Hugh L. Montgomery*

1. Statement of results.

In 1943, A, Selberg [15] deduced from the Riemann Hypothesis
(RH) that

X
[ (w1 + 8)x) - w(x) - 6x)2 x 2 ax < §(log X)2 (1)
1
-1 -1/4
for X " < § <X , X > 2, Selberg was concerned with small
values of §, and the constraint & < X-l/4 was 1imposed more for
convenience than out of necessity. For larger § we have the
following result.
Theorem 1. Assume RH. Then
X -2
[ (b1 + 8)x) - w(x) - 6x)2 x © dx < 6(log X)(log 2/6) (2)
1

fon 0 < § <1, X » 2.

In this estimate, the error term for the number of primes in
the interval (x, (1 + 8)x] 1is damped by the factor x—z, and the
length of the interval, 6x, varies with x. Saffari and Vaughan [14]
considered the undamped integral, and derived from RH the estimates

X

[ (w((1+8)x) =~ p(x) - 6x)2 dx < X2 (log 2/6)2 (3)
1

for 0 < § <1, and
X

[ (¢(x +h) - p(x) - h)2 dx < hX(log 2X/h)2 (4)
1

*Research supported in part by NSF Grant MCS82-01602.
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for 0 < h <X . It may be similarly shown that RH gives the

estimate

X
[ (v(x) - x)2 dx < %2, (5)
1 ,

Gallagher and Mueller [5] showed that if one assumes not only RH but

also the pair correlation conjecture

#{(y,y7) : 0 <y <T, 0< v~y < 2ma/log T}
(6)

. 2
= (5 / 1= (%) du+ o(D)) T log T

then it can be deduced that

X
[ (W1 + &)%) = v(x) - 6x)2 x 2 dx ~ 6(Llog 1/6)(Llog X/8) (7
] ‘

for X.-1 < § < X—E . Here Y denotes the ordinate of a non-trivial
zero of the Riemann zeta function. Thus it seems likely that the

estimate of Theorem 1 is best possible.

In the course of formulating the conjecture (6), Montgomery

[13] also proposed a more precise estiﬁate, namely that
F(XT)~—1T1 T (8)
A

uniformly for T < X < T , for any fixed A > 1, where

LR GV (9)
0 <y,yy &T

and w(u) = 4/(4 + u2), We now relate this conjecture to the size of
the integral in (3).

Theorem 2. Assume RH. I4 0 < B < B, <1, then

2

X
[ (0L + &0 =y - 6x)2 dx ~ 3 6X2 log 1/ (10)
1

wniformly for X 02 < § < X °1 , provided that (8) holds uniformly
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gon 3
T B
XBl (log X) 3 <T< X2 (log X)™. (11)

Conversely, i 1 < Al <4, <oy then (8) holds unigonmly fon

™1 <X < T2 | provided that (10) hofds wniformby for

/A (log 073 < 5 < XA (log X)° . (12)

Previously Mueller [12] derived (10) from RH and a strong
quantitative form of (8). Heath—Brown and Goldston [11] showed that
RH and (8) for T < X < Tb ,a <2<b, imply
y&

b&
Patl ~ P 7 o(pn (log pn) ) -
This esﬁimate follows easily from Theorem 2 by taking
- 1 Co
§ = eX /2 (log X) /2 in (10). 1In deriving (10) from (8) we also use
the weaker estimate (3). In the case of very small §, say

§ =~ (log X)/X , we can do better by appealing instead to the bound

X
[ (w1 + &)x) - ¥(x) - 6x)2 dx < 8X2 log X + §2x3 (13)
1 .

which follows from sieve estimates (see the proof of Lemma 7). In
this way we could show that
X
[ (m(x + h) - 7(x) - h/log x)? dx ~ hX/log X (14)
1

for h = log X , given RH and (8) for T < X < f(T)T log T. Here £f(T)
tends to infinity arbitrarily slowly with T. From this it follows
easily that

lim inf (pn+1 - pn) / log P, = 0.

Heath-Brown [10] derived this from a slightly stronger hypothesis.

In assessing the depth of the estimates (8) and (10), we note
that (10) is a logarithm sharper than (3), and that (8) is a

logarithm sharper than the trivial bound
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|[F(X,T)| < F(1,T) ~ E% T(log T)2 . (15)

(See Lemma 8.) As in (4), we can relate (l0) to primes in intervals

of constant length. In summary we have the following

Corollary. Assume RH, Then the {ollowing assentions ane
equivalent:
(a) Fon every fixed A > 1, (8) holds uniformby fon
A

T X< T

(b)  Fon every fixed € > 0, (10) holds uniformly fon

xl<s<x®.

(c¢) For every 5Lxed e>0,

X
J (w(x +h) = ¢(x) - h)2 dx ~ hX log X/h (16)
0

holds unifornmly gon 1 < h < x17¢ .

It is not hard to show that either (b) or (c) implies RH,
Gallagher [4] has shown that a weak quantitative form of the prime
k-tuple hypothesis gives (l6) when h = log X .

The path we take between (8) and (10) involves elementary
arguments of Abelian and Tauberian character; these are of two
sorts. First, we consider the connection between the assertion

+oo

Ji 2] iy 4 y) dy = 1 + o(1) (17)

—c0
as Y » +» | and the more general assertion

fb R(y) £(Y +y) dy = Ib R(y) dy + o(1) (18)
a : a ,

as Y » +o where R is any Riemann-integrable function. (These two
statements are equivalent if f is bounded and non-negative.) This
interplay reflects the choice of the weighting function w(u) in the
definition (9) of F(X,T). Second, and more intrimsically, we

consider a question of Riemann summability (Ry), namely the
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connection between the two assertions

[ G2 g)au = (1/2 + o(1))k Llog 1/x (19)
0

+
as k + 0 , and

fU f(u)du = (1 + o(1)) U log U (20)
0
as U > += . Because of the intricacies of the (R,) method, neither
of these assertions implies the other, although they are equivalent
for non-negative functions f. The lemmas we formulate below are
complicated by the fact that we specify the relation between the

parameters x and U.

2. Lemmas of summability.
Lemma 1. I

= 2yl
Y) = [ e 7 £(Y + y)dy = 1 + (Y) ,
and Lf £(y) » O gon all y, Zhen gon any Riemann-integrable
gunction R(y),
b b

[ R(y) £(X +y)dy = ( [ R(y)dy) (1 + e(y)) . (21)
a a

If R 48 fixed Zhen |e"(¥)| 44 small provided that |e(y)| 48 small
uniformly for Y +a -1 <y <Y+b+1.

In terms of Wiener”s general Tauberian theorem, the truth of
this lemma hinges on the fact that the Fourier transform of the

kernel k(y) = é—2]y| , namely the function
-~ +w 1 2 .
K(t) = [ k(y) e(-ty)dy = ——— , (e(u) = 2™V,
-0 TT2t2 + l

never vanishes.

Proog. Let Kc(y) = max(0, ¢ — |yl) . By comparing Fourler
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transforms, or by direct calculation, we see that

1 —2]y] 1 -2]y=c| _ 1 -2|y+c]
K (v) 5 ;e ;e
c
+ [ (c- |z e—2|y—z| dz .
-c

Hence

[k (y) £ +y) dy = % (Y) - % I(Y + ¢) - % I(Y - ¢)

c
+ (¢ - |z]DI(Y + z) dz
-c

= c2 + el(Y)

where e is small if ¢ > O is fixed and if |e(y)| 1is small for

!
Y-c<y<Y+ec . Since

1 1
;{Kc(y) - Kc—n(y)) < X[-c,c](y) < E(Kc+n(Y) - Kc(y)) ’

and since f > 0 , we deduce that (21) holds in the case of the step
function R(y) = X[—c c](y). Since the general R can be approximated
b

above and below by step functions, we obtain (21).

Lemma 2. Suppose zhat £(t) 4is a continuous non-negative function
defined fon atl t > 0 , with f£(r) <log? (t +2) . 14

T
J(T) = [ f(e)dt = (1 + e(T))T log T ,
then 0
[ ( §i§_ﬁg)2 f(u)du = (7/2 + €"(x) )k log 1/x (22)
0

whene €7 ()| s amall as x » O if |e(T)| is small uniformly
gon K_l (log K)_z < T < K—l(log K)z .

Proofe We divide the range of integration in (22) into four
subintervals: 0 < u < K—l(log K)_2 = U, U <ux et = u, ,

U2 < u < K_l(log K)2 = U3 , and U3 < u < »,

Since f(t) < 1og2(t + 2), we see that
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fl<flelogz(u+2)du(K2Ulog2U <x ,
1 1
0 0 :
and similarly that
[ < J u " log? u du € U, log? U, <« .
Us Ug

By writing f(u) = log l/k + 1log xu + (£(u) - log u) , we express
the integral from U; to U, as a sum of three integrals. We note

that

U 2 o«

du = (I) ( sin KU.)Z

" du + O( «(log K)—z]

k(1 + 0(log K)—z),

I
S E

and that

i 2 @ -
fz(Si::Ku) log ku du < [ min(KZ,uz)logK“d“<K .

U1 0

Put r(u) = J(u) — u log u + u. Then by integrating by parts we see

that

U, 2
[ siz Ku) (£(u)-log u)du < x(1+ (log iﬁ max |e(u)|)log(C+2) .
U, U, <u<l,

As for the range U2 < u < U3 , we see that if e(u) < 1 then

Us Us -2 -1 -1
/ < [ f(uu du € U," log U, < C "« log 1/k .

Uy Uy

We make this small by taking C large. Then the remaining error

terms are small if €(u) is small.

+o0
Lemma 3. 14K is even, K" continuous, | |K| <=, ;-

-0

. -3
K(x) >0 a4 x »+o , K +0 g8 x > +o , and L4 K"'(x) € x 7 as
s then

X+ +

@«

R(e) = [ koo ( Snaexy?s (23)
0 mt
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Proog. Integrate by parts twice.

Lemma 4. If § <5 a non-negative function degined on [0, +=) |,
£(t) € log(t + 2), and if

(k) = [ ( Ei%—55)2f(t)dt = (1/2 + e(x))k log 1/«
0

then
T
J(T) = [ f£(t)dt = (1 + )T log T
0
where |e”| 48 small if |e(k)| < e uniformly fon

- -1 -1
T 1(log T) " <k < T (log T)2 .

Proof., Let K be a kernel with the properties specified in Lemma 3.
Replace t by t/T in (23), multiply by f(t) - log t, and integrate

over 0 < t < », Then we find that

o0 o0

[0 ( £(t) - log t) K(t/T)dt = 1 % T Io K"(x) R(mx/T)dx
where |
R(K) = I(x) - j: (S0 ¢ e
= 1(x) - 3 mc Log 1/x + 0(x).
Since

I(k) € f min(Kz, t-Z)logz(t + 2)dt < « log2(2 + 1/k)
0

for all « > 0, on taking x; = (log )71 we see that

X X
[ xre [t
0 0

log? T/x dx € T ..

On taking X, =1/, (log T)2 we find that

o] 0

[ xR < f X2 (x/T) log? T dx € T .

X X
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-1
Assuming, as we may, that ¢ > (log T) , we have

R(mx/T) < ¢ xT_llog T for X <X < Xy Hence
*2 -1 ® -3 -1
/ K'R €e¢T (logT) J  min(l, x °) xdx € ¢ T "log T.
X, 0

For n > 0 take

K(x) = Kn(x) = ( sin 27x + sin 27w(1 +n)x)( 2nx(l - 4n2x2))_l ,

so that
1 if |t} < 1,
K(t) = { cos?( n(|t| - 1)/(2n)) 1if 1 < |t| <1 + n,
0 CAf e 31+ n .
Thus

o«

f f(t)ﬁn(t/T)dt = (1 +0(n)T log T+ 0. (T) +0 (¢ T log T) .
0

Since f is non—negative, we see that

o©

[ EOK ((1 + me/T)de < J(T) < [ £(e)K (¢/T)de ,
0 n 0 n

and we obtain the desired result by taking n small.

In this argument we have made free use of existing treatments
of Riemann summability. We note especially Hardy [8, pp. 301, 316,
365] and Hardy and Rogosinski [9, Theorem III].

3. Lemmas of analytic number theory.
As is customary, we write s = o + it, and we let p = B + iy
be a typical non-trivial zero of the Riemann zeta function. We

first note a simple result of Gallagher [3]:

Lemma 5. Llet S(t) = ] c(uwe(ut) where M 48 a countable set of
: u €
neal numberns and ) |e(u)| < = . Then



T +oo
[ Is(t)]|2 dt <12 1 ) c(p)|? du.
-~T —o HeM

lpu| < (4T) !

When a main term 1is desired, we use the following more

elaborate estimate.

-1
Lemma 6. [ot S(t) be as4 above. If & > T then

T
[ |2 dt = (T+ 06 T Je(w)]?
0 B EM

+o(T N [e(e]) .
u,v €M
0 < fu=v| <8

Proog- Selberg (see Vaaler[17]) has constructed functions F_(t) and

F,(t) such that F_(T) < X[O,T](t) <F (v), £+(x) =0 for |x| > 6,

+o -

and [ F+(t)dt =T+ 6—1. Hence
T +oo "
Jodsl2< [ Is|2E, = ] ewel F (v - .
0 - U,V

-1
The terms u = v contribute (T + § ) zu |c(u)|2 . Since

% < F =T+ § 1 < 2T ,
+ +

the terms p # v contribute at most

2T N le()e(v)
S0 < umv] <8

This gives an upper bound, and a corresponding lower bound is

derived similarly using F_.
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Lemma 7. Let C(x) > 0 be a continucus function such that

c(x) = C(y) whenever x ~y . If |c(p)| < C(p) for all primes p,

and i s> T ', then

T
[ 17 cept]2 de = (T + 057 | Je(p)|?
0 p P

o«

+ 0o ¢t | 1 C(u)? u(log w7 du)
$

Proof. We appeal to the previous lemma. In the second error term,

the primes p ¢ (X,2X] contribute

T o(x)’ ) ) 1 <T ¢(x)? 1 n
X<p<2X p<p <(1+28)p 1<k<48X

Z(ZX’k)
where Nz(x,k) denotes the number of primes p < x for which p + k is
also prime. It is well-known (see Halberstam and Richert [7, p.117])

that
nz(x,k) < ( k/o(k))x(1log x)_2

uniformly for x » 2, k # 0. Since ) k/¢(k) <K, it
k <K
follows that our upper bound is

2X
€T C(X)2 6X2 (log X) 2 < 6T [ Cc(w)? ullog w) 2 du .
X

-1
We put X = 6§ 2" and sum over r > O to obtain the desired result.

We now present the main known properties of F(X,T).

Lemma 8. Assume RH, and fet F(X,T) be as 4n (9). Then F(X,T) > 0O,

F(X,T) = F(1/X,T), and

F(X,T) = r(x"z(log T)2 + log x)(§§-+ 0((log "1/2 (loglog T)l/z))
(24)

unigormly fon 1 < X < T .

Proog. The first assertion is an immediate consequence of either of

the two identities
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™ _4n)u| iy 2
F(X,T) = 27 f e l Z X e(yu) | du, (25)
—o 0<y<T
or .
4o iy
2 X 2
Fx,m ==[ | I ooz | e
’ T ocyer YTV

The observation that F is non-negative has also been made by Mueller
(unpublished). The second assertion is obvious from the definition
of F. The estimate (24) is substantially due to Goldston [6, Lemma
B], and may be proved by substituting an appeal to Lemma 7 in the

argument of Montgomery [13].
Lemma 9. I4 0 < h < T <then

?
Hr,y) : 0<y<T, [y -y ] <h} <(l+hlog T log T .

(27)

Proof. We argue uncounditionally, although if RH is assumed then the
above follows easily from Lemma 8 (see (6) of Montgomery [13]).
Let N(T) = #{y: 0 <y < T} . Following Selberg, Fujii [2] showed
that

‘ T

[ ( N(t+h) - N(t) - 5% h log t)2 dt < T log(2 + h log T)
0

for 0 < h <1 . Hence
T
[ ( N(t+h) - N(t))2 dt < h? T(log T)2
0

=1
for (log T) < h<1l. This gives (27) in this case. To derive
(27) when 0 < h < (log T)_l, it suffices to consider h = (log T)_l.
As for the range 1 < h < T , it suffices to use the bound

N(T + 1) - N(T) € log T (28)

(see Titchmarch [16,p. 178]) .
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Lemma 10, For 0 < 6 <1 ALet

a(s) = ((1 + 6% - 1)/s . (29)

1§ le(y)| < 1 fon atl v then

+o +o . ’
2 2 a(l/2 + iy)e(y) 2
D e Gl eyl e = S | SR e
+ 0(682(log 2/8)3) + o(z—l(log 2)%) (30)

provide that Z > 1/8 .

Proog. By (28), the sum that occurs in the integral on the left is
€ log (2 + |t|) . Since

a(s) € min(§, Is|_l) (31D

in the strip |o| < 1/6 , it follows by Cauchy”s formula or by

direct calculation that
a”(s) € min(82 , §/|s]) (32)
for |o| < (2(8)—1 . Hence in particular,
a(it) - a(ly + it) < min (62 , 6)|t') ,
and consequently

la(it)]2 = {a(lp+ it) |2 €« min(s3, §/t2) .

Let T denote the integral on the left in (30), and J the correspond-
ing integral with a(it) replaced by a(lf, + it). Then

I-J <[ min(s3, 6/t2)( log(2 + [t]))? dt < 8% (log 2/6)2 .

Write J in the form J = [ |A|2 . From (28) and (31) we see that
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-1
A <min(s, |t} 7) Llog(2 + |t]) (33)
Now let K be the integral with a( H& + it) replaced by
a( UQ + 1y), and write K = [ |B|2, , Then B also satisfies the
estimate (33). From (31) and (32) we see that
a(ly +1v) - a(lp + i) € |t - y| min (82, §/[t]) .

Thus

A - B <min(82, §/]t])( log(2/8 + |t]))2,

so that
|a|2 - |B|2 €« min(83, 8/t2)( log (2/6 + |t]))3 ,

and hence
J - K € 62(log 2/68)3 .

Finally, let L = [ |C|2 be the integral on the right in (30). We

note that C also satisfies the estimate (33). Since
-1 -1
B-C« min(z °, |t] 7) log(2z + |t]),
we find that
2 2 ¢ min(z" ) -l -2 2
|B]2 = |c|? «min(z (1 + [t]) 7, £ [ log(2z + |t|))2 .

Thus
-1 3
K-L<K2Z (log 27) ,

and the proof is complete.

4, Proof of Theorem 1.
Although we arrange the technical details differently, the
ideas are entirely the same as in Selberg”s paper. If 6X < 1 then

there is at most one prime power in the interval (x, (1 + §)x], so
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that our integral is

€ & ) AMn)2 /o + 62 X € 8(log X)2
n<X

which suffices. We now suppose that 8X > 1 . By the above argument
we see that

1/6

/ ee. € 8(log 2/8)2,

0
Thus it suffices to comnsider the range 1/8§ < x < X . Here we apply

the explicit formula for y(x) (see Davenport [1, 17]), which gives

(1 + Ox) - w(x) - &x = - ] oa(p)x’ (34)
|o]<z -

+ 0( (log x)min(l, “Hlx—ﬂ'))
+ 0( (log x)min(1, Tﬁ%@;‘ﬂ'))

+ 0(x Z—l(log xZ)2)

where a(s) is given in (29), and ” 6|| = min |6 - nf is the
‘ n
distance from 6 to the nearest integer. The error terms contribute

a negligible amount if we take Z = X(log X)2 « Writing p = % + iy,
X = ey, Y = log X, we see that it remains to show that
Y

i 2
a(p) elel dy € 8Y log 2/s. (35)
log 1/6 ly[<z

By Lemma 5 we see that this integral is

< v [ ( a(p)z) du <Y la(p)a(p”)| .
-0 |Y <Z Y|<2Z
| y=2mu|<2/Y |vy~|<z
|y=y~|<4/x

By (31) and Lemma 9 this gives (35), and the proof is complete.

5. Proof of Theorem 2.

We first assume (8) as needed, and derive (10). Let
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T xiy 9
D =3, =4 [ | ] vzl de .
0 Y

Montgomery [13] (see his (26), but beware of the changes in
notation) used (28) to show that

J(X,T) = 2w F(X,T) + 0((log T)3) .
Thus (8) is equivalent to

J(X,T) = (L +o(1))T log T . (36)

With a(s) defined in (29), we note that

sin xt .2
-

la(it) |2 = 4( .

where « =1ﬁ2108 (1 + 8) . Then by Lemma 2 we deduce that

o ) XiY
IO la(it)] IETJ,—({:;TZ

[2 dt = (n/2 + o(1))x log 1/«x

I

(v/4 + 0(1))8 log 1/6 * (37)

The values of T for which we have used (8) lie in the range
s (1log 1/6)™% < T < 36 L(10g 1/6)% . (38)

The integrand is even, so that the value 1s doubled if we integrate

over negative values of t as well. Then by Lemma 10

to a(p) XY 2
/ ‘|| T ez |t = (72 + o(1))6 1og 1/8
—co y- < Z

provided that Z » 6—1(log 1/8)3 . Let S(t) denote the above sum

over Y, Its Fourier transform is

<400

g(u) = [ s(t) e(-tu)dt = = ) alp) XY e(—yu)e_ZHI“’ .
— |v] < z

Hence by Plancherel”s identity the integral above is

+ca
=72 [ | ) a(p)XiY e(=yu) ]2 e_4ﬂ|ul du .
=yl <z \
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On writing Y = log X, -2mu =y , we find that

+o0 . _
/ | ) a(p) elY(Y+y)!2 e 2]y| dy = (1 + o(1))8 log 1/68 .

— vl <z (39)

In Lemma 1 we take

e2y 0 <y < log 2,

R(y) =
0 otherwise .
On making the change of variable x = eY+y we deduce that
2X )
[ ] 1 ae)x® |“dx = ( 3/2 + o(1)) 6X2 log 1/6 .
X |Y| < Z

We replace X by XZ‘k, sum over k, 1 < k < K, and use the explicit
formula (34) with Z = X(log X)3 to see that
X

[ ¢ G#e)x) -y - 6x)2 ax = 3 (1-2
X2

-2K o(1)) 6X? log 1/8.

We take K = [loglog X], and note that it suffices to have (8) in the
range (l1). To bound the contribution of the range 1 < x < XZ_K,

we appeal to (3) with X replaced by 27K . Thus we have (10) .

We now deduce (8) from (10). By integrating (10) by ﬁarts from
X; to X, = X;(log Xl)2/3 , we find that
X

2
[ Ca((e)x) = ) = 6x)2 x “dx = (3 + o(1))8(Log 1/6)X] 7.
Xl
From (3) we similarly deduce that
[ (e((+®)x) - wx) - Sx)zx_4 dx € § (log 1/6)2 X;z
X
2

= 0( § (log 1/9) XIZ') .

We add these relations, and multiply through By Xf « By making a

further appeal to (10) with X = X, we deduce that

/ min(xz/Xi, X?/xz)(W((l+5)x) - 9(x) - 8x)2 x._2 dx

0

= (1 + 0(1))8 log 1/5 .



200

We write X for Xl’ put Y = log X, x = eY+y, and appeal to the
explicit formula (34) with Z = X(log X)3, and we find that we have
(39). Retracing our steps, we find that we have (37). Then by
Lemma 4 we obtain (36), and hence (8) . The values of § and X for

which we have used (10) also satisfy (12) .

6. Proof of the Corollary.

We note that Lemma 8 gives (8) when
X(log 03T < X,
and that (10) is trivial when
£ log 072 s < x L

Thus the equivalence of (a) and (b) follows immediately from

Theorem 2.

We now show that (b) implies (c). We suppress the converse
argument, which is similar. The method here is that of Saffari and

Vaughan [l14]. Our first goal is to deduce from (b) that

H X

(p(x+h) - Y(x) - h)? dxdh ~ Lg2 g log X/H (40)
2
0 0
uniformly for 1 < H < Xl_e . To this end it suffices to show that
X H 1
/ [ (W(x+h) - y(x) - h)2 dh dx ~ r H? X log X/H  (41)
b&X 0

In this integral we replace h by § = h/x , and invert the order of
integration. Thus the left hand side above is

H/X X 28/X H/$ /

/ i £(x,6x)2 x dx d§ + | / £f(x,6x)2 x dx d$

0 Ihx H/X X
where f(x,y) = y(x+y) - w(x) - y. By integrating by parts, we see
from (b) that if A = B = X then

B

[ f(x,6x)2 x dx = % (B3 - A3) 6§ log 1/6 + 0(X38 log 1/6).
A -
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This yields (41) . Then (40) follows by replacing X by x27k in

(41), summing over 0 < k < K = [2 loglog X] , and by appealing to

(4) with X replaced by x2 K1

We now deduce (c) from (40). Suppose that 0 < n < 1. By
differencing in (40) we see that
(1+n)H X
[ £x,h)2 dx dh = (n +1pn? +o(1))XH2 log X/H .
H 0

Let g(x,h) = f(x,H). From the identity
£2 - g2 = 2£(f-g) ~ (f-g)?
and the Cauchy-Schwartz inequality we find that
2 2y o 2y
[f£2 - g2 « (Jf £2) 2(J] (£-g)%) 2+ [[ (£-g)2 .

But f(x,h) - g(x,h) = f(x+H,h~H), so that

nH X+H
[ (£-g)2 = [ [  £(x,h)? dx dh
H
< n2H2X log X/H.
by (40). Hence we see that

X
nH [ (p(x+H) - y(x) - H)2 dx
0

/] g2 .

/f £2 4 0(n3/2 xa’ log X/H)

3/2) + o(1)) XHzlog X/H .

(n + o(n

We now divide both sides by nH, and obtain the desired result by
+
letting n + 0 sufficiently slowly.
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THEORIE DES NOMBRES. — Sur le Théoréme des Nombres Premiers. Note de
Hédi Daboussi, présentée par Jean-Pierre Kahane.

Remise le 19 décembre 1983.

Nous donnons une nouvelle démonstration du théoréme des nombres premiers n’utilisant pas P’inégalité de
Selberg.

NUMBER THEORY. — On the Prime Number Theorem.

We give a new elementary proof of the prime number theorem which does not use Selberg’s inequality.

A H. Delange et P. Erdos a Poccasion de leur 70° anniversaire.

I.1. Soit y22 et v, u, deux fonctions complétement multiplicatives définies par :

1 si p<y 1 si p>y
U”(p)={0 si p>y uy(p)={0 si p=y

la lettre p désignant des nombres premiers. :

A désigne la fonction de Von Mangoldt, 1 la fonction constante égale a 1, p la fonction
de Mobius; ainsi, par exemple logn=(A *1) (n), ou le signe * désigne la convolution
de Dirichlet. On notera V, ()= Y v,(m)p(n), V¥ ()= Y v,(n) et M(t)= ) p(n). Nous

nst nst n=t
montrerons que lim |M(x)/x| =0.

1.2. Apercu de la méthode. — Nous démontrerons que pour tout y=2 :

(1 lim |M(x)/x| < { TT 1~/p)} jw(|Vy(t)|/t2)dt-
1

x =+ ® Py

Soit a=1—i—n;| M(x)|/x; évidemment a<1.
Nous établirons qu’il existe 3> 1 tel que pour tout B, a<p<2, ona:

@) f "IV, ©|/2) di<B/5 log y+0 (1),
1

et que 'on a :
(3) Jm(lVy(t)|/t2)dt§B(C—1) log y+o(log »),

ou C= lim (log »)™* [T 1—=(1/p))* (Il est connu que C=e?, ou y est la constante

y— o PEy
d’Euler, nous n’en ferons pas usage).
(3) entrainera que a<B(1—C~1(1—(1/3)), le facteur de B étant <1, il en résulte, en
faisant tendre B vers a, que a=0).
II. 1. Les séries Zv,(n)/n et Z (v, (n)/n) u(n) sont absolument convergentes avec pour

sommes [] (1-(1/p)) ' et [T (1—(1/p)). ]

Py Py
On en déduit (en partant de u,=v, ux1) que :

lim (1/x) ) u,(n) existeetestégaled [] (1—(1/p)).

X=® nsx Py

D’aprés les définitions de v, et u,, il est clair que p(n)=(pu,* uv,)(n) pour tout entier

C. R., 1984, 1** Semestre (T. 298) Série I —18
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n. Ainsi :
M(x)= ) pmu,(m)V,(x/n).
nsx
Notons d;=1<d, ... <d, la suite finie des entiers sans facteur carré ayant tous

leurs diviseurs premiers <y, et remarquons que, si n vérifie x/d;,, <n=x/d; alors
V, (x/n)=V,(d;. On obtient ainsi :
q-1
M(x)= 3}, V,(d) ) u,Mpm+V,d) Y u,mupm),
j=1 xfdj+ 1 <nSx/dj n<x/dg

q

- -1
lim |[M(x)/x|< Y |V,d)]| im (1/x) Y u,(M+|V,(d)| im (1/x) Y u,(n).
1

X = © x/dj+ 1 <nZx/dj x> w0 n<x/dg
[}

x = i=
Ce qui fournit (1).
IT. 2. On sait qu’il existe M >0 tel que, pour tous nombres a et b positifs :

Jb M (p)/t?) dt | =M.

Prenons o <P <2 et xj tel que pour x 2 xg, IM(x)| <Bx.
Soit 8=min (2, 1 +(a*/4 M)).
Puisque v,(n)=1si n<y et donc V, (t)=M () si t<y, 'inégalite (2) s écrit :

o) J " (IM(9)]/2) de<BJ5 logy+0 (1),
1

Une telle inégalité intervient dans la méthode de Selberg([1], [3]). L’inégalité (2)’ s’établit
par la méthode utilisée en [2] pour prouver le lemme 5. 8.
ITI. QUELQUES LEMMES.

IIT. 1. LemMmE 1. — Soit h une fonction définie sur [y, + oo, positive, décroissante et
possédant une dérivée continue. On a : ‘

Pour tout t2y : Y (logp/p)h(pt)= J‘yt (h (v)/v)dv+ O (h(y)).

Py

Pour tout t=1 : Y. (logp/p) h(pt)= Jyt (h(v)/v) dv+0 (h(p)).

yt<p=y
Ce lemme s’obtient par intégration par parties grice a la relation :
Y logp/p=logt+0O (1).

pst
II1. 2. LeMME 2. — Posons, pour s>0 :

k(s)= jm e el ¥ dx, ou f(x)= Jx (1 —e™%)/u) du.
0

0 .
Alors la fonction k est positive, décroissante et indéfiniment dérivable. De plus :

s+1
4 sk (s)— I k(u)du=1 pour tout s>0.
s+

|:Il est immédiat que J

8

1 ©
k (w)du= f e/ @ e™* f'(x)dx. En intégrant par parties
(4]

on obtient (4):'.
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II.3. LemME 3. — Soit k la fonction définie au lemme 2, on a :

) ‘rk(u) Q2 —u)du=C—1.

1

Nous établirons ce lemme par une méthode purement arithmétique, une méthode
analogue nous fournira (3). De la relation log=A * 1, nous déduisons v, log =v, A% v,
et donc :

Y v,(m) logn="Y v,(m)A(m) V¥ (t/n);

ou encore, Vy (t) logt= Z— v, (M) A(n) Vy (t;n) + Y v,(n) log(t/n).

Par définition de A et v, on a:
Vx(t) logt= Y logp V¥ (t/p)+ Yy logp Vy(t/p)+ Z v, (n) log(t/n).

pst psy nst
PEy Prsnrz2

Posons pour t>y : h(t)=(1/logy) k (logt/logy). Alors :

6) Jw (V;" ®/t?) logt. h(t)dt= ’ Z long;" (t/p) (h (t)/tz)dt+E1+E2,
ou P=y
E,= i Y. logpVi(t/p) (h(t)/t})dt, E,= . 2. vy () log(t/n) (h(8)/t*)dr.
p’§z._ry;2 T

La décroissance de h entraine que :

[e o]

E;<h(y).(Y logp/p). jm (Vy@/u*)du,  E,<h(y).(Zv,(n)/n). j (logt/t*) dt.
rz2 1 n 1

Par ailleurs ) v, (n)/n= J (V¥ w)/u*)du=0 (logy), ce qui implique que E;=0(1)
1
et E;=0 (1). L’intégrale a droite de (6) s’écrit :

" S logp Vi (tp) (k@) di= Y logpip J (VE (02 h(pr) dr
y pst pP=y yip

+ Y logp/p j ) (V¥ (@®)/t*) h(pr)dt

r=y

= r Vi@t Y (logp/p) h(pt)dt+ Jw Vy@®)/t* Y (logp/p) h(pt)dt,

1 yt<psy Py

ce qui, grace au lemme 1, donne :

J ) V* (1)) { logt.h(H)— f " (h(v)/v) dv } dt = jy V(1) ( j " (h (v)/v) dv > dt+0 (1).

1 y
11 découle du lemme 2 et de la définition de h que :

yt
logt. h(t)—J (h(@)/v)dv=1 pour tout t=1.
t

En utilisant également le fait que V¥ ()=[t]=t+ O (1) pour tout t<y, on obtient par

C. R., 1984, 1" Semestre (T. 298) Série I —19
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un calcul simple que :

1

Jw (Vy@)/t¥)dt= ( fz k(uw) 2—uwdu ) logy+0 (1).

y .

Par ailleurs :
J‘w V¥@®/t?) dt=7Y v, (n)/n— g v,(n)/n=(C+o0(1)) logy—logy+0 (1).
y n nsy

Ces deux formes de I'intégrale fournissent 1’égalité (5).

IV. PREUVE DE L'INEGALITE (3). — De la relation : —p log=p * A, nous déduisons que
—v,plog=v,uxv, A,
En raisonnant comme au paragraphe précédent, nous avons successivement :

IVy(t)|10gt§ Y vy(n)A(n)|Vy(t/n)] + 3 v, (n) log(t/n),

nst nst

et, avec la fonction h définie plus haut,

F [V, ®|/ {logt.h(t)— r (h (v)/v) dv } dt

< f’ lVy (t)l/t2 < J‘yt (h(v)/v) dv > dt+0 (1),
1 y

et finalement "

rdvy(r)l/ﬂ)dé flM(r)l/rZ(j”(h(v)/v) dv)dt+0<1).

En majorant |M(t)| par Bt pour t=x; et en effectuant I'intégration a droite, on a :

r(|vy(r>|/z2> drgﬁ(rk(u) (2—u)du>logy+0(1),

1

et donc I'inégalité (3) grice au lemme 3.

REFERENCES BIBLIOGRAPHIQUES

[1] P. ErDOS, On a new method in elementary number theory which leads to an elementary proof of the
prime Number Theorem, Proc. Nat. Acad. Sc. U.S.A., 35, 1949, p- 374-384.

{2] N. LEVINSON, A motivated account of an elementary proof of the prime number theorem, Amer. Math.
Monthly, 76, 1969, p. 225-245.

[3] A. SELBERG, An elementary proof of the prime number theorem, Ann. of Math., (2), 50, 1949, p. 305-313.

H. D. : Université Paris-Sud, Département de Mathématiques, bat. 425, 91405 Orsay.



108

Theorem

J. Korevaar

1. Introduction and Overview

There are several interesting functions in number theory
whose tables look quite irregular, but which exhibit sur-
prising asymptotic regularity as x - e°. A notable example
is the function 7(x) which counts the number of primesp
not exceeding x.

1.1. The Famous Prime Number Theorem

mx)= T 1~ 2

s X >, 1.1
p<x log x : ()

was surmised already by Legendre and Gauss. However, it
took a hundred years before the first proofs appeared, one
by Hadamard and one by de la Vallée Poussin (1896). Their
and all but one of the subsequent proofs make heavy use
of the Riemann zeta function. (The one exception is the
long so-called elementary proof by Selberg [11] and Erdés
[41)

For Re s > 1 the zeta function is given by the Dirichlet
series

D. J. Newman

On Newman’s Quick Way to the Prime Number

1
;‘_—.

¢s) = (1.23)

— M8

By the unique representation of positive integers # as
products of prime powers, the series may be converted
to the Euler product (cf. [5])

—

1 1.1
HOE 1+—+—+...)(1+—+—+...>...
ri i’ p> p3’

5

(1.2b)

=11 .

pl1—p7*
The above function element is analytic for Re s > 1 and
can be continued across the line Re s = 1 (Fig. 1). More
precisely, the difference

6~ =

can be continued analytically to the half-plane Re s > 0
(cf. § B.1 in the box on p. 111) and in fact to all of C. The
essential property of {(s) in the proofs of the prime num-
ber theorem is its non-vanishing on the line Re s = 1

Res = 1

Res >1

Figure 1




(cf. § B.2). [The zeta function has many zeros in the strip
0 <Re s< 1. Riemann’s conjecture (1859) that they all
lie on the central line Re s = % remains unproven to this
day.]

For about fifty years now, the standard proofs of the
prime number theorem have involved some form of
Wiener’s Tauberian theory for Fourier integrals, usually
the Ikehara-Wiener theorem of § 1.2 (see Wiener [14]
and cf. various books, for example Doetsch [2],
Chandrasekharan [1], Heins {6]). Thus the proof of the
prime number theorem has remained quite difficult
until the recent breakthrough by D. J. Newman [10].

In 1980, he succeeded in replacing the Wiener theory
in the proof by an ingenious application of complex inte-
gration theory, involving nothing more difficult than
Cauchy’s integral formula, together with suitable estim-
ates. We present Newman’s method in § 2 (applying it to
Laplace integrals instead of Dirichlet series). In this
method, the Ikehara-Wiener Tauberian theorem is replaced
by a poor man’s version which also readily leads to the
prime number theorem.

Excellent accounts of the history of the prime number
theorem and the zeta function may be found in the
books of Landau [9], Ingham [7], Titchmarsh [13] and
Edwards [3].

1.2. A Gem from Ingham’s Work

Newman’s method leads directly to the following pretty
theorem which is already contained in work of Ingham
[8]. However, Ingham used Wiener’s method to prove his
(more general) results.

Auxiliary Tauberian theorem. Let F(¢t) be bounded on
(0, =) and integrable over every finite subinterval, so that
the Laplace transform

G(z) = Z Ft)e~"dt (13)

is well-defined and analytic throughout the open haif-plane
Re z > 0. Suppose that G(z) can be continued analytically
to a neighborhood of every point on the imaginary axis.
Then

:f: F(r)dt exists (1.4)

as an improper integral [and is equal to G(0)].

Under the given hypothesis, the Laplace integral (1.3) will
converge everywhere on the imaginary axis. For the con-
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clusion (1.4), it is actually sufficient that G(z) have a con-
tinuous extension to the closed half-plane Re z > 0 which
is smooth at z = 0: see § 2.

At first glance, the above theorem looks quite different
from the

Tkehara-Wiener theorem [14]: Let f(x) be nonnegative
and nondecreasing on {1, =) and such that the Mellin
transform

£0(s) =}: x7'df(x)= —f(1) +s }: FO)x—S1dx

exists for Re s > 1. Suppose that for some constant c, the
function

c
go(s) — —
s—1

has a continuous extension to the closed half-plane
Re s> 1. Then

X > o,

fe)/x—~>c as

This is an extremely useful theorem, but what could we
do with the auxiliary theorem in the same direction? We
will show that the latter has a corollary which is just as
good for the application that we want to make.

1.3. A Poor Man’s Ikehara-Wiener Theorem

We will establish the following

Corollary to the auxiliary theorem. Let f(x) be non-
negative, nondecreasing and O(x) on [1, ), so that its
Mellin transform

os) = }: FoOx—dx 1.5)

is well-defined and analytic throughout the half-plane
Re s > 1. Suppose that for some constant ¢, the function

¢
s—1

8(s) — (1.6)

can be continued analytically to a neighborhood of every
point on the line Re s = 1. Then '

X >0,

f&)x~>c as (1.7)
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Derivation from the auxiliary theorem. Let f(x) and g(s)
satisfy the hypotheses of the corollary. We set x = e’ and
define

e”'fle") —c = F(),

so that F(z) is bounded on (0, #°). Its Laplace transform
will be

G@2) =°f° {e7f(e") —c} e *at
o

= dx — — = ———
jl'f(x)x z z+1

g+ -<—¢
zZ

Thus by the hypothesis of the corollary, G(z) can be con-
tinued analytically to a neighborhood of every point on
the imaginary axis. We may now apply the auxiliary
theorem from § 1.2.

What does its conclusion tell us? Setting r = log x we
find that the improper integrals

Z fe~'f(e") —c} dt = }: &‘)7‘22 dx (1.8)

exist. Using the fact that f(x) is an increasing function,
one readily derives that f(x) ~ cx in the sense of (1.7).

Indeed, suppose for a moment that lim sup f(x)/x > ¢
(> 0). Then there would be a positive constant § such that
for certain arbitrarily large numbers y

FO) > (c +28)y.
It would follow that

) > +28)y>(+d)x for y<x<py

where p = (¢ + 28)/(c + §). But then

2

Py _ Py
f f—(x—)——cxdx>f 15—dx=<‘510gp
y X y X

for those same numbers y, contradicting the existence of
(1.8). '

One similarly disposes of the contingency lim inf
F(x)/x <c (in this case ¢ would have to be positive and
one would consider intervals y <x <y with § <1
where f(x) < {c ~ 8)x). Thus f(x)/x = c.

1.4. Corollary = Prime Number Theorem

This step is routine to number theorists. One takes
F(x) = Y(x), where Y(x) is that well-known function from

prime number theory,

Yx)= Z logp (1.9)
pM<x

(the summation is over all prime powers not exceeding x).
It is a simple fact (first noticed by Chebyshev) that
n(x) = O(x /log x) or equivalently, y(x) = 0(x) (cf. § B.4
in the box for more details). Thus f(x) is as the corollary
wants it.

What about its Mellin transform g(s)? A standard
calculation based on the Euler product in (1.2) shows that

R
g(s)—_HS—)—’ Res>1

(cf. § B.3). Since {(s) behaves like 1/(s — 1) around s = 1,
the same is true for g(s). The analyticity of {(s) at the
points of the line Re s = 1 (different from s = 1) and its
non-vanishing there imply that g(s) can be continued
analytically to a neighborhood of every one of those
points (cf. §§ B.1, B.2). Thus

86 -~ —

has an analytic continuation to a neighborhood of the
closed half-plane Re s 2 1.
The conclusion of the corollary now tells us that

Y(x)/x—>1 as

X'—)OO’

and this is equivalent to the prime number theorem (1.1)

(cf. § B4).

2. Newman’s Beautiful Method

2.1. Proof of the Auxiliary Tauberian Theorem

Let F(¢) be bounded on (0, =) and such that its Laplace

transform G(z) can be continued to a function (still

called G(z)) which is analytic in a neighborhood of the

closed half-plane Re z 2 0. We may and will assume that
|[F(H)l<1, t>0.

For 0 <A <o we write
A
Ga(2) = [ F(t)e dt. 2.1
0
Observe that Gy (z) is analytic for all z. We will show that

G1(0) = ? F@)dt—G0) as A—oo,
0
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Some details left out in 1.4
We begin with the necessary facts about the zeta function.

B.1. Analytic continuation of ¢(s). Simple transformations show that for Re s > 2

eon ean—l oon oo n oo 1 1 oo n+1 o1 w n+1 o1
(== —-Z =2 - -2 =2 nl—— t=Zns [ x dx=52 [ [x]x~f1gy-=
125 1 A° tnS 1@+’ 1 (rY m+ 1)1 n 1 n
=s [ x1x—5 s, (B.1)
1

where [x] denotes the largest integer < x. Since first and final member are analytic for Re s > 1, the integral formula holds throughout that
haif-plane.
It is reasonable to compare the integral with

7 . —S_ld = ____S =1+ 1 .
s{xx X -1 P (B.2)
Combination of (B.1) and (B.2) gives
;(s)—s—i—1= 1 +sf1([x]—x)x“s—1dx. . (B.3)

The new integral converges and represents an analytic function throughout the half-plane Re s > 0. Thus (B.3) provides an analytic con-
tinuation of the left-hand side to that haif-plane.

B.2. Non-vanishing of ¢(s) for Re s > 1. The Euler product in (1.2) shows that ¢(s) # 0 for Re s > 1. For Re s = 1 we will use Mertens’s
clever proof of 1898. The key fact is the inequality

3+4cosd +cos26=2(1+cos0)? >0, 6 real (B.4)
Suppose that $(1 +ib) would be equal to 0, where b is real and s 0. Then the auxiliary analytic function
o(s) = §3() s*(s + i) ¢ (s + 2ib)
would have a zero for s = 1: the pole of §3 (s) could not cancel the zero of 3‘4(5' + ib). It would follow that
log {p(s)i— - as s—1. (B.5)

We now take s real and > 1. By the Euler product,

oo

log 1¢(s +it)[= —Re Zlog (1 — p~5~ify=Re T{p~5—#+ % P2t % (PS4 }=Re X g~ with a,>0.
D D 1
Thus
log lp(®) =Re Z ayn 53 +d4n~ 2+ n=20y =3 g n=3{3 + 4 cos (b log n) + cos (2b log n)} =0
1 1

because of (B.4), contradicting (B.5).

B.3. Representations for §'(s)/¢(s). Logarithmic differentiation of the Euler product in (1.2) gives

, -5 ) >
SOy P ogp=Z(pS+p=2+.. Ylogp = SAmn—", (B.6)
§® p1-pS ? 1

where A(n) is the von Mangoldt function,
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log p if n =p™,
An) =
0 if n is not a prime power.

The corresponding partial sum function is equal to y (x):

yEx)= 2 logp= 2 An). (B.7)
p<x n<x

Proceeding as in (B.1), the series (B.6) leads to the integral representation

_%=s{w(x)x—s-ldx, Res> 1. (B.8)

The integral converges and is analytic for Re § > 1 since by (B.7), ¢ (x) < x log x.
B.4. Relation between y (x) and n(x). By (B.7), ¥ (x) counts log p (for fixed p) as many times as there are powers p'™ < x, hence

log x
logp

logp<logx X 1=n(x) log x. (B.9)
p<sx

yx)=
pSsXx

On the other hand, when 1 <y <x,

Ay =r)+ L l<ay)+ T 18P o, v
y<p<x y<p<x logy log y

Taking y = x/log? x one thus finds that

() 1—‘%’5 < 5; + w%x) ﬁﬁg‘}' (B.10)
Combination of (B.9) and (B.10) shows that

lim n(x) lo_j_x =1 ifandonlyif lim _wj:x_) =1. (B.11)

We finally indicate a standard proof of the estimate

Y (x) = 0x). (B.12)

For positive integral n, the binomial coefficient (2n )‘ must be divisible by all primes p on (n, 2n]. Hence
n

H pg(Zn

n<p<2n n

< 22"

so that

z logp < 2k log 2.
2k-1 <p<2k

It follows that

2 logp<@F+2k14 | +1)iog2 <2kt 1og2
K
p<2

and hence there is a constant C such that

Z logp<Cx
D<Xx

Since the prime powers higher than the first contribute at most a term O(xl/ 2 +€) to  (x), inequality (B.12) follows.
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Second idea. Observe the similarity between the bounds
obtained in (2.3) and (2.4)! It will be advantageous to
multiply G(z) and G, (z) in (2.2) by ¢’? . This will not
affect the left-hand side, but in estimating on W, the
exponential e™™ (large on W_) will disappear from (2.3)
and (2.4).

Third idea. Could we also get rid of the troublesome factor
1/ix!in the estimates which is bad near the imaginary
axis? Yes, this can be done by adding the term z/R? to

1/z in (2.2), again without affecting the left-hand side.
(For the experts: this trick is used also in Carleman’s
formula for the zeros of an analytic function in a half-
plane, cf. [12].) The resulting modified formula is

1 1 z

G(0) - G(0)=— [{G(z)—-G M2+ 2 \dz.

(0) — GA(0) S v{/{ (2) - GA@)} e (z 77 dz

2.5)

Let us start harvesting. On the circle |z | =R,
1,z 2x
—+ == 2.6
z R* R? (2:6)

Figure 2

Thus on W, the integrand /{z) in (2.5) may be estimated
as follows (see (2.3)):

First idea. We try to estimate G(0) — G, (0) with the aid of
Cauchy’s formula. Thus we look for a suitable path of IG)| < 1 R ERY 2 _ 2
integration W around 0. The simplest choice would be a 2 R*
circle, but we can not go too far into the left half-plane
because we know nothing about G(z) there. So for given The corresponding integral is harmless:
R >0, the positively oriented path W will consist of an
arc of the circle | z{ = R and a segment of the vertical
line Re z = —8 (Fig. 2). Here the number 6 =§(R) >0
is chosen so small that G(z) is analytic on and inside W.

We denote the part of Win Re z > 0 by W, the part
in Re z < 0 by W_. By Cauchy’s formula, Fourth idea. We now turn to the part of (2.5) due to W_.

Since G (z) is analytic for all z, we may replace the integral

1 1 over W_ involving Gy (z) by the corresponding integra' over
G(0) — G, (0) = T 4 {G(z) - GA(2)} Z dz. (22) the semi-circle

=~

l —_

1% iR = é! @2.7)

[N

L | Izl <
2mi o, T

L =
We have the following simple estimates: We :{lz|=R}N {Rez <0}

(Fig. 3). Cauchy’s theorem and inequality (2.4) readily give

forx=Rez >0,
Ry GA(Z)e”(L‘%)dZI S L a<l
o —zt 2 ot 1 s 2mi w_ z R 2mi w* R
IG(z)—G;\(z)I—IfE(t)e dt| <[ e Fdt = = e,
A A * 2.8)
2.3)
forx =Re z <0, We finally tackle the remaining integral
A —zt - | 1 azfl, 2
IGa@I=|[ F@)e ™ dt| < [ e ™Fdt < —e™™. (24) — [ G@)e" | =+ 5 ldz. 2.9)
0 0 x| 2mi ow_ z R
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Figure 3

By the analyticity o-f G(z) on W_ there will be a constant
B =B(R, §)such that

{1z
G-+ |I<SB on W_.
n()(z Rz)

It follows that

1 ¥4 Ax
IG(z)eM(; +F)' < Be™,

Hence on the part of W_ where x < — §, <0, the integrand
in (2.9) tends to zero uniformly as A -> ¢, On the remaining
small part of W_ (we take §; <§ small), the integrand is
bounded by B. Thus for fixed W, the integral in (2.9) tends
to zero as A = °e.

Conclusion. For given € > 0 one may choose R = 1/e. One
next chooses § so small that G(z) is analytic on and inside
W. One finally determines A so large that (2.9) is bounded
by e for all A > Xq. Then by (2.5) and (2.7)—(2.9),

1G(0) — Gr(0)| <3e for A>N,.

In other words, G (0) > G(0) as A = o=,

Figure 4

2.2. Relaxing the Conditions on G(z)

In the above proof, it is not really necessary to take G(z)
into the left half-plane. By modifying () on some finite
interval one may assume that G(0) = 0. Then G(z)/z will

be analytic for Re z > 0 and thus

1 Az 1 z
G0)=0=— G(z)e™ |-+ = |dz,
) @ 2mi w+{1s @ (z RZ)

where S is the segment [iR, —iR] of the imaginary axis
(Fig. 4). For G (0) we integrate over the circle |z | = R.
Subtracting, one obtains

GO -GrO)= - [ (66) = Gr@) e (§+ Ié)dz

1 TR r 1
t— [ G@)e¥...dz—— [ G\(2)...dz.
2w w*

2 iR
(2.10)

The first and third integral are just as before. To deal with
the second integral one may apply integration by parts or
the Riemann-Lebesgue lemma.

In order to arrive at (2.10), we have not used any
analyticity of G(z) at points of the imaginary axis. It
would be more than enough to know that G(z)/z can
be extended continuously to Re z 2 0. The Riemann-
Lebesgue lemma will then handle the second integral.
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A DISPROOF OF A CONJECTURE OF POLYA
C. B. HASELGROVE

Let A(n) be Liouville’s function defined by
/\(n) = ("" 1)V’

where v is the number of prime factors of n, repeated factors being counted
according to their multiplicity. Alternatively, A(n) may be defined by
the relation

where {(s) is the zeta function of Riemann.
Pélya [5] conjectured that the sum
Lx)= Z A(n)
nsx
is negative or zero for all x>2. The author has verified that this
conjecture is true for x<{250,000 (Royal Society Depository for
Unpublished Mathematical Tables, No. 65)7.

A number of results have been deduced on the assumption of the truth
of Pélya’s conjecture, in particular that all the complex zeros of {(s) lie
on the line s = }-+if, with ¢ real (the Riemann hypothesis), and that all
these zeros are simple. These and other results are described by Ingham
[2] in a paper in which he proves a further consequence, namely that the
imaginary parts of some of the zeros of the zeta function above the real
axis are linearly dependent (with rational integral multipliers).

In the course of his paper Ingham, assuming the Riemann hypothesis
and the simplicity of the zeros, defines two functions

A(u) = e ¥ L(e¥)

and AF(u) =0y +2R = ( )]’?)oc e,
0<7'n<~T
where n=1,2, ..., T>0, oy=1/{(}), v, runs through the imaginary

parts of the zeros p, = {14y, of {(s), and «, = {(2p,)/p, { (p,)- He then
proves that
lim 4 (u) <lim 4% (w) <Tm 4% () <Tim 4 (w),

where the limits are taken as w—co with 7' fixed.

This suggests a method for investigating the truth of Pélya’s con-
jecture. It follows from Dirichlet’s theorem on Diophantine approxima-
tion, or from the fact that the function A% (u) is almost periodic, that
lim 4% (u) < A%(w) <lmA%(x). Thus if we can find 7, u such that

+ D. H. Lehmer has verified the conjecture for < 600,000 (private eommumcatlon)
IMATHEMATIEA 5 (1958), 141-145]
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A¥u)>0, it will follow that lim A¥(u) > 0 and hence that L(e¥) >0
for some wu, ¢.e. that Pélya’s conjecture is false. Such values of 7' and
have in fact been found. Since the failure of the Riemann hypothesis
would in any case imply the falsehood of Pélya’s conjecture, it is immaterial
that his argument rests on the assumption of the Riemann hypothesis.
Now that electronic computers are available it is possible to calculate
{(s) over large ranges with considerable accuracy. Methods of calculating
have been described by Lehmer [3], and by Haselgrove and Miller [1],
who give tables of ((s) computed on the EDSAC I at the University
Mathematical Laboratory, Cambridge, and the Mark I computer at
Manchester University. In the course of computing the tables the first
1500 numbers y,, were evaluated with an error of at most 3 x 10-8. These
values were used to find {(2p,) and {'(p,) and hence {(2p,)/p,{ (p,).

£(2p,) and %ph <——C—@£—’i)—) for the first 50 zeros above

Pn ¢ (Pn) Pn ¢’ (Pn)

the real axis. These quantities should be accurate to within 1 in the last
decimal given. Here ph(z) denotes the argument (or phase) of the complex
number z. :

In order to find a value of u such that 4% (u) > 0 we observe that the
largest contributions come from the first, second and seventh zeros. We
therefore select for trial such positive or negative values of « as make the
contributions of these three zeros positive and as large as possible. It is
desirable to find a value of » which is not too large so that errors in y, do
not cause large errors in y,u#. (On the other hand smaller values of %
require larger values of 7' which increases the amount of computation
necessary.) I am indebted to Mr. J. Leech for finding the set of values

Table I gives

% = 28-148+1x 139-5794+m X 33-78364-n x 17-3363,

where I, m and n are integers satisfying [I| <50, |m| <3, [n| << 1. Itis
found that for u = 831-847 (corresponding nearly to [ =6, m = —1 and
n=0) and T = 1000 the sum A% (u) is positive. This value of % is not
claimed to be the smallest for which this occurs. For 7' = 1000 the sum
involves 649 zeros. In Table IT A4%(u) is given for T =1000 and
% = 8318 (0-001) 831-859.

This result would lead us to suspect that L(e*) becomes positive in the
neighbourhood of u = 831-847, although there is no proof that this is
where the change of sign occurs. Some idea of the similarity of behaviour
of A%(u) and e~ L(e) is given by Fig. 1, for the range 10-70 <{u < 10-85
with ‘7'=200. It is well known that L(z) attains the value of —2 at
x =% = 48,512,

The numbers y, and [{'(p,)| were calculated and checked on the
EDSACI. The numbers |a,|and (1/m)pha, were calculated on both the
EDSACIand the MarkI; slight discrepancies were attributable to rounding
errors in the EDSAC I results [these errors were known to occur only in




A CONJECTURE OF POLYA. 143

45 46 47 48 49 50 x10? 51
O T l T T L T T : T T ‘l T [1 T [r T lx T
1070 1075 1080 u 1085
® B o 9

-02

-04

-06

-08

Fig. 1. The continuous line represents A p(x) with 7' = 200 and the points are values of
e-3tL(e¥) = x~t L(x) for x = 44,400 (200) 51,600.

the calculation of {(2p,))]. The function 4F(u) was also calculated on both
machines for 4 = 831-845 (0-001) 831-859 with

T = 10,0007/32 = 981-487 ....

The agreement of the results was within the limits set by the same rounding
errors. We are thus led to the conclusion that Pélya’s conjecture is false.
The methods described above may be applied to several similar
problems. In particular we mention Mertens’ hypothesis (Mertens [4],
Ingham [2]) that
| M ()| <2,

where M(xz) = X u(n) and p(n) is the function of Mobius, and Turdn’s

N

suggestion [6] that
E ( (x >1).

The functions A¥(u) for these two problems would be

ez"yn %

1
AF(u) =28 X <1 Yn) __ —
7 () 0<y, <T T ) pn 8 (Pn)

1 < Yn g( Pn) VY, U
Z@ R 0<7§<T< ) (Pn‘l)z (Pn) -

respectively. In order to disprove Mertens’ hypothesis it would be
sufficient to find 7, w such that |A%(u)] > 1. In the case of Turdn’s
sum it would be sufficient to find 7', » for which the corresponding

Af(u) <0,

and A% (u) = —
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TABLE 1
%, = —0-68476524
Yn ] O(nl
14-13472513 0-17371523
21-02203961 0-03476036

25-01085756
30-42487610
32-93506159

37-58617814
40-91871901
43-32707326
48-00515087
49-77383246

52-97032147
56-44624768
59-34704400
60-83177851
65-11254403

67-07981051
69-54640170
72:06715766
75-70469068
77-14484005

79-33737500
82-91038084
84-73549297
87-42527461
88-80911120

92-49189925
94-65134403
95-87063423
98-83119420
10131785098

103-72553802
105-44662306
107-16861114
111-02953568
111-87465895

114-32022105
116-22668017
118-79078298
121-37012475
122-94682964

124-25681830
127-51668401
129-57870397
131-08768873
133-49773700

134-75650989
138-11604194
139-73620909
141-12370727
143-11184585

0-01556708
0-01297375
0-01785754

0-01288878
0-03150963

0-01230750

0-00720805
0-02021980

0-00535633
0-00755€98
0-01237921
0-00599826
0-00477803

0-00581876
0-00478356
0-00974345
0-00548818
0-02312381

0-00252000
0-00387834
0-00235891
0-00384655
0-00525947

0-00138235
0-00848399
0-00570993
0-00198488
0-00179165

0-00634339
0-00704923
0-00167392
0-00541237
0-00526590

0-00474366
0-00179214
0-00155757
0-00260999
0-01392294

0-00197417
0-00197639
0-00195627
0-00863392
0-00180997

0-00311216
0-00104793
0-00426514
0-00307670
0-00167694

1 ph oy
w

—0:6474507
—0-3551160
— 04134004
—0-0833945
—0-7548282

—0-7272660
—0-6028458
—0-8272898

0-0184893
—0-5793702

—0-4192135
—0-2768936
—0-4192967
—0-9329956
—0-2803717

—0-4098320
—0-7596008
—0-4975657

0-0765724
—0-5730905

—0-6244279
—0-3756371
—0-3687321
—0-4377069
—0-8231806

—0-4700115
—0-2819908
—1-0702284
—0-3237511
—0-4550882

—0-4263908
—0-71096035
—0-7086325

0-1826984
—0-7576648

—0-6894735
—0-3943627
—0:5521109
~0-2066128
—0-6669428

—0-8638090
—0-5442688
—0-3872602
—0-4815026
—0-3578010

—0-8288625
—0-2091791
-0-0393277
--1-0484089
~0-7713534
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TABLE IX
T = 1000
% A¥(u) u A¥(u) u A¥(u)
831-800 —0-43329 831-820 —0-30119 831-840 —0-13583
-801 —0-42140 -821 —0-27534 841 —0-12063
-802 —0-41040 <822 —0-25347 +842 —0:09590
-803 —0-40181 -823 —0-23640 -843 —0-06610
-804 —0-39640 -824 —0-22333 -844 —0-03705
-805 —0-39382 <825 —0-21269 -845 —0-01395
+806 —0-39287 ) -826 —0-20305 846 0-00014
-807 —0-39220 -827 —0-19370 -847 0-00495
-808 —0-39097 -828 —0-18445 -848 0-00265
-809 —0-38918 -829 —0-17512 -849 —0-00328
831-810 —(-38762 831-830 —0-16518 831-850 —0-00950
811 —0-38723 -831 —0-15397 -851 —0-01404
-812 —0-38853 832 —0-14152 -852 —0-01693
813 —0-39107 -833 —0-12920 -853 —0-01981
‘814 —0-39325 -834 —0-11960 <854 —0-02493
-815 —0-39265 -835 —0-11547 -855 —0-03390
-816 —0-38674 -836 —0-11807 -856 —0-04698
-817 —0-37380 -837 —0-12600 -857 —1-56321
‘818 —0-35378 -838 —0-13514 -8568 —0-08124
-819 —0-32850 -839 —0-13999 -859 —0-10024

Note added September, 1958. Since submitting this paper the author
has demonstrated the failure of Turan’s inequality. The corresponding
function A% (u») was shown to be negative, for 7' = 1000, at u = 853-853
and » = 996-980. He has not been able to disprove Mertens’ conjecture,
but it may well be disproved when much faster machines now being planned
(about 1000 times faster than the EDSAC I and the Mark I) are available.
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THE PAIR CORRELATION OF ZEROS
OF THE ZETA FUNCTION

H. L. MONTGOMERY

1. Statement of results. We assume the Riemann Hypothesis (RH) through-
out this paper; ¢ =%+ iy denotes a nontrivial zero of the Riemann zeta function.
Our object is to investigate the distribution of the differences y —y’ between the
zeros. [t would thus be desirable to know the Fourier transform of the distribution
function of the numbers y —y’; with this in mind we take

T -t : .
(1) F(ox)=F(a, T)=<— log T> Y T w(y—y'),

2r 0<ysST;0<y'ET
where o and T=2 are real. Here w(u) is a suitable weighting function,
w(u)=4/(4+u?), so w(0)=1. Our results concerning F(x) are stated in the fol-
lowing

THEOREM. (Assume RH.) For real a, T=2, let F(a) be defined by (1). Then
F(a) is real, and F(o)=F(—a). If T> Ty(e) then F(a)= —¢ for all a. For fixed o
satisfying 0 Sa <1 we have

(2) F(@)=(140(1)) T **logT +a+o(1)

as T tends to infinity, this holds uniformly for 0La<1—e.

The first term on the right-hand side of the above behaves in the limit as a
Dirac -function; it reflects the fact that if « =0 then all the terms in (1) are positive.
With more effort we could show that (2) holds uniformly throughout 0<a <1.

To investigate sums involving y—y" we have only to convolve F(x) with an
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182 H. L. MONTGOMERY

appropriate kernel #(x); from (1) alone it is immediate that

+

logT

(3) O<V§T;Z()<ylérr<(y—v/) > >W(v—v’)=<%10gT> J F (o) (o) do.

— ®

Here 7 1s the Fourier transform of r,

+

(4) Fo)= J r(u) e( —au) du (e(0)=e").

—

Our theorem gives us little information about F («) for « 2 1, so for the most part we
restrict our attention to kernels 7 which vanish outside [ — 1+, 1 —§]. Particular
choices of 7(a) give us

COROLLARY 1. (Assume RH) If 0<a<1 is fixed then

(3) > (Sina(y —7)log T> wly—7) ~ <i+§> L ogr,

o<ysTo<y=t \ aly—7y)logT 20 2

sin(%/2) (y—7)) 10gT>2 o (} 95)1
© 0<y§T;0<y'§T< (2/2) (y—7y') log T Wi =) 23 2nIOgT‘

In the latter assertion one can delete the factor w(y—y’) if one wishes. We use
(6) to derive

COROLLARY 2. (Assume RH.) As T tends to infinity

T
(7) Y 1g(%+o(1)}2—n log T.

0 <y £ T;esimple

The number of zeros of {(s) with 0<y<T is ~(T/2%)logT, so the above
asserts that at least 2 of the zeros are simple. It is known (see [6]) that the first
3,500,000 zeros are simple and lie on the critical line 0 =4. Although one expects
that all the zeros of { (s) are simple, the only other result in this direction is due to A.
Selberg [7]. His result holds unconditionally; it states that a positive density of
the zeros of {(s) are of odd order and lie on the critical line.

Let 0<y, =y, <... denote the imaginary parts of the zeros of {(s) in the upper
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half-plane. The average of y,, ; —7, is 2n/logy,; our Theorem enables us to show
that y,,, —7y, is not always near its average.

COROLLARY 3. (Assume RH.) We can compute a constant A so that
(8) lim inf (7, —7v,) (logy,/2r) <A< 1.

A complicated argument would permit one to show that in fact y,,,—7,=
2ni/logy, for a positive density of n. This, with the fact that the average value 1s
2n/logy,, enables one to assert that

©) lim sup (y,+1~7,) (logya/2m)2 4> 1.

We note that if {(s) has infinitely many multiple zeros then we may take 1 =0
in (8). Our proof allows us to take 1 =0.68. It would be of interest to have A <%, as
P. J. Weinberger and I have established the following: Let d>0 be square-free,
and put K=0Q/((—d)"?). Let h(—d) be the class number of K, and let {x(s)={(s)
- L(s, x) be the Dedekind zeta function of K. For each positive 4, ¢ there is an effec-
tively computable constant d,=d,(4, ¢) such that if h(—d)< A, d>d,, then all
zeros of {k(s) which are in the rectangle 0<o<1,0<t<d"?7¢ lie on the line
o=%;if 3 +iy, ¥ +iy,+, are consecutive zeros of {k(s) in this range then

2n 2n

10 l—g) ——==< — V.Sl +8) .
( ) ( 8) logd(yn+2)2 =Vn+1 yn—( 8) logd('yn‘i‘z)z

Omne may inquire about the behaviour of F(a) for « = 1. Our first observation
1s that (2) cannot hold uniformly for 0<a < C if C is large. For if it did then (6)
would hold for 0<a < C. Write (6) as G(x)~ H(«). On one hand [sin2x| < 2|sin x|,
s0 G(20) < G(a) for all a. On the other hand H (2a)>3H () for &= 2. This suggests
that F(x) makes some change in its behaviour for « = 1. Further considerations
of the above sort lead one to believe that certain averages of F(«) over large « are
close to 1. At the end of § 3 we describe two heuristic arguments which suggest that

(11) F(e)=1+0(1)

for «=1, uniformly in bounded intervals. This, with the Theorem, completely
determines F, so an appropriate use of (3) leads immediately to a

CONJECTURE. For fixed a <,
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8
sinzu |2 T
(12) M;g 1 ~<Jl—< — ) du +0(a, ﬁ))zzlogT

0<y' ST o
2raflog T<y—y S2nfllogT

as T tends to infinity. Here 5(a, f)=1if 0€[a, f], 6(x, f)=0 otherwise.

The Dirac é-function occurs naturally in the above, for if Oe[a, ] then the
sum includes terms y=7y'.
The assertions (11)and (12) are essentially equivalent. From either it inmediately
follows that almost all zeros are simple. From (11) it is easy to see how Corollary 1
ought to be extended: If (11) is true then for a21,

<sinoc(y ~v)1logT
o<ysTio<yst \ a(y—7y)logT

. , T
(13) W(v—v)~§—10gT,
T

and

Sin(m/2)(v—*y’)10gT>2 B ,N( L)l
(14 0<y§T;z<:><y'§T< (/2) (y—7) log T wir=7) 1+30<2 27tlogT'

In a certain standard terminology the Conjecture may be formulated as the
assertion that 1 —((sinnu)/nu)?* is the pair correlation function of the zeros of the
zeta function. F. J. Dyson has drawn my attention to the fact that the eigenvalues
of a random complex Hermitian or unitary matrix of large order have precisely
the same pair correlation function (see [3, equations (6.13), (9.61)]). This means
that the Conjecture fits well with the view that there is a linear operator (not yet
discovered) whose eigenvalues characterize the zeros of the zeta function. The
eigenvalues of a random real symmetric matrix of large order have a different pair
correlation, and the eigenvalues of a random symplectic matrix of large order
have yet another pair correlation. In fact the “form factors” F, («), F () of these
latter pair correlations are nonlinear for 0 <a <1, so our Theorem enables us to
distinguish the behaviour of the zeros of { (s) from the eigenvalues of such matrices.
Hence, if there is a linear operator whose eigenvalues characterize the zeros of
the zeta function, we might expect that it is complex Hermitian or unitary.

One might extend the present work to investigate the k-tuple correlation of
the zeros of the zeta function. If the analogy with random complex Hermitian
matrices appears to continue, then one might conjecture that the k-tuple correla-
tion function F(u,, u,, ..., u,) is given by

(15) Flug, uy,..., u)=detA,
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where 4=a;;] is the k x k matrix with entries a; =1, a;;=(sin 7 (u; —u;))/7 (u; — u))
for i#j. Here the normalization is the same as in the Conjecture, which is the case
k=2 of the above.

If one continues to draw on the analogy with random complex Hermitian
matrices then one may formulate a conjecture concerning the distribution of the
numbers y,.; —7y,. The precise conjecture involves a complicated (but calculable)
spheroidal function. Thus, or otherwise, one may conjecture that

(16) lim inf(y, , ; —v,) logy,=0,
and
(17) lim sup(y,+; —7y,) logy,= +0;

n

so Corollary 3 is probably far from the truth.

It would be interesting to see how numerical evidence compares with the above
conjectures. The first several thousand zeros have been computed, so it would not
be difficult to assemble relevant statistics. However, data on the failures of “Gram’s
law” indicate that the asymptotic behaviour is approached very slowly. Thus the
numerical evidence may not be particularly illuminating.

2. An explicit formula. In proving our Theorem we require the following
formula, which relates zeros of {(s) to prime numbers.

LeMMA. Ifl<o<2 and x21 then

%)24_([—?)2 n<x ; n>x

(18)
+xM277 % log T4 0, (1)) + Oy (x*?171),

where 1= |t|+ 2. The implicit constants depend only on .

Proor. It is well known (see [2, p. 353]) that if x> 1, x#p", then

C/ xl—s X2 s © x-—2n—s

+ 2

_+_
n=x { l—s G 0—S .=12n+s

provided s# 1, s#¢, s# — 2n. This does not depend on RH, but if we assume RH
then the above may be expressed as
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xl—s ]

e i L

x—2n s
—5+it—iy n=x T 1-s n=1 2n+s>'
If we replace s by 1 —g + it in the above then we have

Y l—jiv——_”—,:xl/z“‘7 <% (l—o+it)+ ) A(myn°~t7H

¢ 2—o0+it—1y nsx
(20)

xa—it [o9) x—Zn—1+a-it
o—it = 2n+1—a+it>'

We subtract respective sides of (20) from (19), and use the relation

!

U

(21) E(s)= —'21 A(n)n~

which holds for 6> 1. We find that

xiy 1 X 1—-o+it x ot+it
(20—1)%:(0'—%)24—@—))) ! <anA ( ) +anA(n)< > >

{ ) L x1/2(2a—-1)
2 12-a+it .
(2 ) : (1 o*+1t)x +( 1 it)( it)

(26 —1) x™2"
—1—it—2n) (o +it+2n)

—1/2 Z

Both sides of the above are continuous for all x=1, so we no longer exclude the
values x=1, x=p". If ] <o <2, then from the logarithmic derivative of the func-
tional equation of the zeta function (see [1, pp. 75, 82-83]) we have

’ ’

%(1 —o+it)= —% (o—it)—logt+0,(1);

from (21) we see that this is = —logt+ 0,(1). Hence the right-hand side of (22) is

= (gan(Z) g an(C) )

+x1277  (log T+ 0, (1) + 0, (x 21 72) + 0, (x 271,

which gives the result.



THE PAIR CORRELATION OF ZEROS OF THE ZETA FUNCTION 187

3. Proof of the Theorem. The first assertion of the Theorem follows from
the observation that we may interchange y and y’ in (1). To prove the remaining
assertions, take ¢ =3% in the Lemma, and write (18) briefly as L(x, t)=R(x, t). We
evaluate the integrals 7 |L(x, ¢)|* dt, [T|R(x, t)\* dt.

We treat the left-hand side first. We have

T

T
(23) J|L(X, ) dt =4 Z X = Jv dt

s / (L+ (=99 (1+E=v)")

We wish to exclude those numbers y¢[0, T]. It suffices to show that

T

(24) D J a <log®T

< b

riveio. T 1+(=7) 1 +(=7))
for then (23) is
T .
(25) =4 Z xi(v—v’) f dt +0 (10g3 T).
0<ysST;0<y =T (1+(=y?) (1+(=7)?)

0

To prove (24) we use the fact (Theorem 9.2 of [8]) that if T'> 2 then there are
<log Tzeros for which T <y< T + 1. From this it is immediate that if 0 <t < T then

1 1
< + logT,
/ y;7¢%),T]1+(t—V)2 <t+1 T—[+1>

and

1
——<logT.
2 1+(t—7') 2

¥’

On the left-hand side of (24) we take the sums inside and use the above estimates.
The integration is then trivial, and we obtain (24).
Arguing similarly we may also show that

v o] o0

dt dt
) <10g2TJ‘——-——<10g2T
0<V§T§<y’§TJV(1+(t—'}7)2)(1+(t_'y)2) (t—T+1)*

T T
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The estimation of > o<, <r0<y<T Jow---iS the same, so we see that (25) is

+

Y ity =7') J dt +
X
0<yST;0<y'ST I+ A+@—v)

e ¢}

=4 O (log®T).

From the calculus of residues we deduce that the definite integral is =(7/2) w(y — '),
so the above is

=2n D X0~ w(y—y)+0 (log® T).

0<ysT;0<y' 8T

If we put x=T" then we have

T
(26) flL(T“, f2dt =F («) Tlog T + 0 (log® T).
0

Here the left-hand side is clearly nonnegative, so we have the second assertion of
the Theorem.

To complete the proof of the Theorem we prove (2); to this end we evaluate
[SIR(x, £)|* dt. In the first place

T

(27) Jlx“”" logt)2dt =

0

T
X2

(log? T+ O0(log T))

for all x=1, T=2. To compute the mean square of the Dirichlet series on the
right-hand side of (18) we use the following quantitative form (see [5]) of Parseval’s
identity for Dirichlet series:

T

o9 |

0

2

dt =Y [a,*(T +0(n).

Z an"
n

We could instead use the weaker relation

|

2

dt =(T+O(N)) Y la,;

n<N

Z ant

nsN
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this is Theorem 1.6 of [4]. However, the latter is restricted to Dirichlet polynomials,
so we simplify our treatment by arguing from (28). We have

s g a3

n<x n

T

g

0

2

dt

=13 () " rom+L T aw (2] rvoe

By the prime number theorem with error term this is
(29) =T(logx+0(1))+O0(x logx).

As for the error terms in (18), we see that

T

; T
(30) . Jlx—l+zt|2 dt =,
0 x?
and
T
(31) fxr—z dt <x.
0

We now combine our estimates (27), (29), (30), (31); we employ the following
consequence of the Cauchy-Schwarz inequality: If M, = |7 |4, (/)|* dt and M, = M,
=Mi=2M,, then

T

|

0

2

i dt =M, +0((M;M,)'"?).

k=1

Ay(t)

We consider three cases.

Case 1. 1=x=(logT)** Then our M, term is given by (27). Our other terms
are uniformly o(M,), so our expression is = (1 +o0(1)) (T/x?) log? T.

Case 2. (log T)** <x<(log T)*? In this case all our estimates are uniformly
o(TlogT).

Case 3. (logT)*?<x<T/logT. Then our M, term is given by (29). All our
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other terms are uniformly o(M,), so our expression is =(1 +o(1)) T logx.
If we put x=T* then we may express our result by saying that

T

JIR(T“, OFdt =((1+0(1)) T **logT+a+o0(1)) Tlog T,

0

uniformly for 0« <1—e¢. This and (26) give (2), so the proof is complete.

If «>1 in the above then x> T, so the second error term in (29) is no longer
smaller than the main term. The error term (31) also gives problems; a little con-
sideration reveals that what we require is to know the size of

. . 2xliz=it |2
= > Amn? T 4x Y AM)n TP e ———— 1.

() J :

xn§.x n>x (%+lt) (%_lt)
0

If we multiply out the integrand and integrate terms individually, we find that
there are too many nondiagonal terms to be ignored. We may, however, collect
terms so that the above is expressed in terms of sums of thesort Y, ., A(n) A(n+ h).
There are various indications that this sum is approximately c(h) y, where c(h)
is a certain arithmetic constant. If we replace these sums by their conjectured
approximations c(h) y, then our new expression is ~ T log T. Moreover, there is a
reasonable hypothesis as to the size of the differences

(33) Y A(m) A(n+h)—c(h) y

nsy

which if true would allow us to carry out our program for 1 <o < 2. If the differences
(33) are not only reasonably small but also behave independently for different A
then (32)is ~ T'log T for all a > 1.

Another indication of the behaviour of the expression (32) can be obtained by
considering its “g-analogue.” The expression

2

Z Z Am) x(n)n'2+ 3 Am) x(n)n =32

1
(34) —

; QD V4 n<x n>x
may be shown to be ~ Q logx for Q = x, in analogy with (29). If x (logx) 4 <Q<x
then we may use an established technique [4, Chapter 17] to show that (34) is
~QlogQ. If GRH is true then this latter asymptotic relationship holds for
x* "¢ < Q < x. This corresponds to 1 Sa<%. One does not expect a change in the
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behaviour for larger o, but a more delicate error-term analysis is needed if the result
is to be extended.

4. The corollaries. To prove Corollary 1 we use our Theorem in conjunction
with (3). To obtain (5) we take r(u)=(sin2now)/2noau. The Theorem makes it a
simple task to compute

f FP)H(B) df = J F()dp.

To obtain (6) we take r(u)=((sin row)/nou)?. Again from the Theorem it is easy
to compute

-0 -a

We now prove Corollary 2. Let m, be the multiplicity of the zero ¢. In a sum
over 0<y=T, our convention concerning multiple zeros is that zeros are counted
according to their multiplicities. This is accomplished by allowing y to take on
the same value m, times. In particular,

for on both sides a given zero g is counted with weight m_. But

sin(a/2) (y—7y) log T\? ,
i< - w(y—y),
0<y<T o<ysT;o<yst\ (/2)(y—7y)logT
O0<y =T
y=y

and if we take o =1—0 then from (6) the above is
<(3+¢)(T/2n)logT.
Hence we have demonstrated that

me< (¢ +0(1) (T/2n) log T.

O<y=T
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Now

12 T (2-m)z@-$+o(l)5-logT,

0<y<T;gsimple O0<y=sT

v

so we have Corollary 2. The kernel #(u) which we have used does not appear to
be optimal for our purpose, so presumably one can improve slightly on the con-
stant 2.

We now turn to the first assertion of Corollary 3. We take r(u)=
max (1 —(ju|/A), 0) in (3), and choose A later. Now #(¢) is nonnegative, and
& F(a) da< o0, so our Theorem permits us to calculate a lower bound for the
right-hand side of (3). We see that

+ o 1

J F (@) #(o) dot = (1 +0(1)) <,1+2z Ja(

" 0

sin nia)

T
da) —logT.
AN

2r

We may assume that all but finitely many zeros are simple, so the terms y=1y’
in (3) contribute an amount ~(7T/2n) log T. Hence

T
Y 12G+0(1) C(2)5-logT
0<5<T 2n
0<y' 2T
O0<y—y <2millog T

where
C(A)=A+(1/n*2) Cin(2rA)—1.

Here Cin(x) is the “‘cosine integral,”

X

. 1—cosu
C1nx=J du.
u

0

Note that the integrand is nonnegative, so that Cin(x)>0 for x>0. To obtain
(8) we show that C(1)>0 for some A<1. This is easy, because C(1)=(1/x?)
-Cin(27)>0, and C(4) is continuous. In fact a little calculation reveals that C(0.68)
>0. We have not determined the optimal kernel 7(«), so one should be able to
improve on the constant 0.68.
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