Constr. Approx. (1992) 8: 381-399 CONST RUCTIVE
APPROXIMATION

© 1992 Springer-Verlag New York Inc.

Rational Approximation to Lipschitz and
Zygmund Classes

P. B. Borwein and S. P. Zhou
Abstract. In this paper, characterizations for lim,_, (R, (f)/o(n" 1) =0 in H®

and for lim,., W **R,(f)=0in W Lip a, r > 1, are given, while, for Z, a
generalization to a related result of Newman is established.

1. Introduction
Let C{_,,; be the class of continuous functions which have r continuous deriva-
tives on [—1, 1], for notational convenience, let C;_, ;= C{-; ),
Lipa={feCr,yolfi)<tl, O<a<l,
Z={feC, . w(f,0) <t},
where
o(f,):== max [ f(x + h) — (-1, 1-1>

O<hs<t

w,(f, )= max

i(—l)’”‘f(".“)f(x +jh) “ ,
J [—1,1—mh]

O<h<ti] j=0
[fla=suplfN.  If1=1fli-1.1
xed

Also, for any set H,
WrH = {fG Cf—l‘l]: f(r)eH}.

Rational functions are a classical tool in approximation theory that turn out
to be more convenient in many cases than polynomials. After the classical results
of Zolotarjov, substantial progress was made in 1964 when Newman (see [3])
showed that |x| is uniformly approximated by rationals much better than by
polynomials. Newman’s result stimulated the appearance of many substantial
results in this field.
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In the case of polynomial approximation to Lip 1 functions, the error bound
is well known to be O(1/n), and this is unimprovable. For rational approximation
to Lip 1 functions the story is different. Newman conjectured that

lim nR,(f)=0

n— o

for any fixed f e Lip 1. Here, for feC;_, 43,
R(f)= inf | f —rl,

reRan

where

R, .= {B: pell,, qeﬂn},
q

and TIT, is the class of all polynomials of degree <n.

Newman’s conjecture was proved by Popov [7]. Further interesting results of
Popov, Petrushev, and others concern rational approximation for the class of
absolutely continuous functions, bounded variation functions, and convex func-
tions (see [6]). For example, they established the following results:

1. If f is defined on [—1, 1] and f® is absolutely continuous for r > 1, then

R.(f) = O(n“"1 max Jl—h|f"+1)(x +h) — fr(x)] dx).

O<h<n—! J -1
2. If fis defined on [—1, 1] and f® is convex and bounded for » > 1, then
R(f)=0(n"""?).
On the other hand, Newman [4] showed if feZ and f'(x) exists almost
everywhere on [ —1, 1], then
lim nR(f) =0,

n—>w
and thus gave another proof to his own conjecture.

A natural question now arises: If dropping the assumption that f’(x) exists
almost everywhere (which is guaranteed by such conditions as absolute continuity,
bounded variation, convexity, etc.), can we still get some benefit from rational
approximation?

Newman’s work [5] shows that if feLip o, 0 <a < 1, and for almost all
xe[—-1,1],

lim h™%(f(x + h) — f(x)) =0,

=0+
then
lim #*R.(f) = 0.

R
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Let w(t) be a nondecreasing continuous function on [0, co) with

(1) of)>0 for t>0,
() w(0) = 0.
Define

H® = {feCi_, 3 o(f, 1) < 0(t)}.

In trigonometric approximation, the sufficient condition for which®

3) E(f)y=olw(n™), n- oo,
is equivalent to
) olf, 1) = o(et)),  t->0+,

is exactly the following condition:
' o)

5) t| =5 du=0(),
. U

where E,(f) is the best uniform approximation to f by nth-degree trigonometric
polynomials (see [1]).

Moreover, we can show that if we want (4) to hold for all functions satisfying
{3), then condition (5) is also necessary.

It should also be noted that H® is not the class for which the rational
approximation is better than the polynomial one. Szabados [9] proved that under
the condition

w(t)

lim — = 400,
-0+
there exists a function f € H® such that

< .
lim sup "({) > 0.

Following Newman, with some careful calculation, we prove the following
theorem which gives a characterization for lim,_ ., " "*R,(f) = 0 in W™ Lip « for
O<a<l.

Theorem 1. Let r be a nonnegative integer, 0 < o < 1, f(x)e W" Lip a. Then
(6) lim n**R(f)=0

n— o

if and only if

™ lim h™* J ) Hf®(x + B) — fO(x)| dx = 0.

h—0+ -1

'1n (3) and (4) “0” can also be replaced by “0” or “~7,
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Remark 1. Recall that (see [6]) R,(x%) = O(e "™/ for any positive noninteger a,
so we see that the condition (7) for » = 0 cannot guarantee that f € Lip « without
additional assumptions.

In the particular case r = 0, we have the following theorem.

Theorem 2. Let w(t) be a nondecreasing continuous function on [0, c0) satisfying
(1), (2), (5), and?

(5) f # du = O(w(t)).
Assume f(x)e H®. Then
(8) lim R"({) =0
if and only if
1 1—h
) lim —MJ‘ [ f(x + h) — f(x)| dx = 0.
h~0+ -1

Remark 2. From an example given by the referee, we see that condition (5') is
required for Theorem 2 to hold for all f € H®. This is another difference between
rational approximation and polynomial approximation.

In the Zygmund class we have the following theorem.

Theorem 3. Let r be a nonnegative integer, f(x)e WZ. If

(10) Fi(x) converges to zero in measure as h — 0+,
then
(11) lim #*1R,(f) =0,
where
SO+ hy) = ) fOx) = fOx — hy)
(x) = max - :
hy h,

O<hy,hy<h x+hy,x—he[—1, 1]}.

Remark 3. Since £ V)(x) exists almost everywhere on [ —1, 1] implies (10), we
see that Theorem 3 improves the result of Newman [4] mentioned above.

2 Condition (5) is one of the “equivalence conditions” in [1].
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2. Proof of Theorem 2

First we deduce (8) from condition (9). Fix an ¢, 0 < ¢ < 1. Note that convergence
in mean implies convergence in measure, so there is an h, > 0 such that, for every
h,0 <lh| < h,,

mes{x: | f(x + k) - f(x)| > ea(|h])} < &
Write
Spe={x: 1f(x + h) — f(x)| > e(|h])},
we then have, for every h, 0 < [h| <k, and xe[— 1, 1]\S,, x + he[—1, 1],
12 |f(x + k) — f(x)] < ew(]h]).

Let

=11
Se) = S
i=1

J

where [x] is the greatest integer not exceeding x, then evidently,

mes(S,(e)) < &

N= [@] >h L

30

Given n such that

Set S:= Sy_i(g). Denote
J j+1 .
I=|-1+=, —1+7—2] =0,1,...,2N -1,
: [ N N] !

A={I;1;28,j=0,1,..,2N—1)}.

Lemma 1. Let I = [a, b]le A4,

b) —
09 =101 o)+ 0,

then, for all xel,

|f() — )] < 6eo(eN1).

Proof. Since I ¢ S, there is a ye I\S. For any given x € I, we have a y, eI such

that
JNT!
|

ly — el = for somej, 0<j<[e '],

and
-1
(Ve — x| < —.

e
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Hence, by (12),

)= fWI 1) = FI+ 1) — fF)
< 20(eN ") + eo(N 1) < 3w(eN 1)

Thus it follows that

- b— ‘
F0) = I6] < |57 () = fB) + . (1) = f@) | < 30eN ),

and we get

[f(x) = Ix)] <1 f(x) = S+ [f(3) — Ux)| < 6c(eNT). ]

Now break up each I of {I;:I;c S, 0<j<2N —1} into K =[1/e] equal
subintervals. Denote the collection of all such subintervals by B. Note that
mes(S) < ¢, so B contains at most Ne of the {I;}, consequently B has at most
NeK < N subintervals.

Lemma 2. Let I =[a,b]eB,

f®) - fla)

o) = b—a

(x—a)+ f@)

then, for all xel,
| f(x) — I(x)] < 20(eN"1).

Proof. Write
g(x) = f(x) — U(x)

and
lg(y)| = max |g(x)|,
xela,b]
then
16091 < 1903) — 9(@)] < 1 /() — ﬂ|+V( ﬂw )
Since f e H®,
Lf(y) ~ f(a)l <ofly—al) < wEeN™Y),
f(b; — l (y —a) < o(eN ),
SO

/() — i) < 20(eN""). ]
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Define L(f, x) as follows: For each I € 4 U B, let L(f, x) be equal to f(x) at the
endpoints of the interval I, and be linear in between. Combining Lemmas 1 and
2, we obtain, for all xe[—1, 1],

(13) |f(x) — L(f, x)] < 6w(eN 7).
Lemma 3 [2, p. 175]. Let feC_, 1y and r > 1. Then there exists an nth-degree
polynomial p,(f, x) such that
1f = POl < Cew(f, n™1),
(NI < Crmolf, n™?),
where here and throughout the whole paper, C(x) always indicates a constant
depending upon x only (C(x) may have different values in different places).

Let I = [a, b] be a subinterval in 4 U B. With x € I, by direct calculation,

,b) — ,
pM(f Z—ZM(f a) (x_a) - [pM(f, X)—pM(fa a)l

<2lpm(NINTY,

and with Lemma 3, we have

Ipmlf, x) — Lipy, X)| <

(14) |prlfs X) — Lpyy, ¥)| < CMo(M™HN™1,
Moreover,
(15) |L(f, X) = Lipps, X)| < Cll f — ppll < Cax(M ™)

also follows from Lemma 3.
Lemma 4 [4]. Let T(x)=|x — 1| + |x + 1| — 2|x|, then
N*
L(f, X) = L{py, x) = Z ij(llj(x - xj)),
j=1

where N* < 5N, |y;| < Cao(M™") (see (15), —1<x, <X, < <Xy <1, and
each J; is either N or NK.

Lemma 5 [4]. There exists a t(x)€ Ryp1 1. 3m+1 Such that

| T(x) — tx)] <

—./mf3
ze

1+x

on the whole line.

Write

N*
R(x) = Z yjt(j‘] X — X)),
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from Lemmas 4 and 5,
N* 1
|L(f, ) — L(pys, X) — R(x)| < Co(M™Ne V™3 ¥ — o,
=1 L+ Aj(x — x]-)2

let xe[x;-y, x;], and, say j > i, from A; > N and |x — x;| > [i = jINT'K ™', we
have .

1 K2
T e e ST
1+Aj(x—xj) 1+ i—j

a similar conclusion also holds for j < i. Summing over all j we get

N* 1 © 1
_— < K2 ,
jgl 1 + ljz(x — xj)z jgo 1 +]2
so we obtain for all xe[—1, 1] that
(16) | L(f, %) — Lipas, X) — R(x)| < Ce ™M~ Y™V Y 1 i 2
j=0 J

< Ce 2(M ™~ Ye~m3,
and combining (13), (14), and (16), we get

(A7) 1f = pulf) = RE< 1S = LINI + | Lpa) — PN + 1L(S) ~ L(pa) — R]
< 60(EN 1) + CMo(M™ YN "' + Ce™2w(M ~e V3,

Lemma 6.1. Let w(t) be a nondecreasing continuous function on [0, co) satisfying
(1), (2), and (5). Then there exists a constant M, > 1 such that, for all 1,0 < t < Mg,

w(M,yt)

Pl APyt

w(t) o

Proof. Let
e ) _
J; 7 du < Mlt l(l)(t).

Suppose 0 < t < t; < 1. Since w(t) is nondecreasing,

1 1
Jig)duzj‘ @du
¢ U n Y
U du
Z(D(tl)j -
t1u

= aft)tr ' — 1),
hence

ot )t —1) < Mt o),
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thus there is a constant M, for 0 <t <t; <1 such that
tilof(t) < Myt~ 1oft),

and in the case 0 < t; <1, < 1,

wlty) [ du 2 w(u ot
(2)_[ _SMZJ (2)dusM1M2 (1),
tz t u t u 1
or
wlt t wlt
—(2)log—st1M2 (1).
2 ly 1
In particular when ¢, = e*M'Mz |

t, 2 &

w(t,) < l w(tl)'

Take M, = ¢*M™2 then, from above discussion for Myt < 1,

o(Mo1) _1 o(t)

Mgt — 2 t°
that is,
Mt
C_O(__O_)S%Mo. [
o(t)

Lemma 6.2. Let w(t) be a nondecreasing continuous function on [0, o0) satisfying
(1), (2), and (5'). Then there exists a constant M| > 1 such that, forall 1,0 <t < 1,

oMy 't) <
(t)

B

Proof. The proof is somewhat similar to that of Lemma 6.1. Let
t
J @) du < Aw(t),
o U
then, since «(t) is monotone for 0 < t, <1,
t fd !
olt) log(—> = o(t,) f Rl f ) 1 < do)
ty y U y U
therefore when t/t, > ¢*# we have
ofty) < 30(t).
Let

= 24
M =e

2
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it follows that, for all £, 0 <t < 1,

(M7 1) < $o(0). u

Fix a natural number [ satisfying

e <27 < 2,
set
it = M,
then
(18) 561 < Ma(logS)/(logZ) = g~ (logMo)/(log 2)

On applying Lemma 6.1, we have
(19) w(ey 'n~Y) < IMy oMy tn™?)
<27 %5 lon™Y

< 2ee5 ta(n™ ).

Take

and

From (17)-(19),
If — palf) — R

< C{(D(gl/ln— 1) + 81/2w(n— 1) +et —(logMo)/(10g2)e—3—1/2871/4('0(”_ 1)}’
thus, for small enough &,
If — pulf) — Rl < Coofe'*n™ 1),

while
deg(pp(f) + R) = 15SNm + M < n.

Taking Lemma 6.2 into account, we obtain
IS = palf) — RIl < C2o8/osMigon 1)

and we have proved the sufficiency part.
Now we turn to the necessity part of Theorem 2.
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Lemma 7 [6, p. 162]. Let r(x)eR, ,, then

Jl |7 (x)] dx < 2n|r].

-1

Now applying Lemma 7, in a way similar to the proof of Petrushev and Popov
[6, p. 1637, we have

1-h [h—13
f [f(x + h) — f(x)] dx < Ch Z R.(f)-
Because
. R(f)
) R

there is a sequence ¢, lim,, ¢, = 0, such that

R(f) < g,o0(n™").
By standard method,

[h—172] [h—1/2] 1 [h—1/2} i/n 1
Y R{i<C ¥ w(—)ﬁc )) f i?duﬁ(ff Y
n=1 n=1 1 4

n+1 =1 Jim+1) Y 2 U
similarly,
= ' ol)
>  R()<C max skJ —5- du.
n=[h= 2]+ 1 hY2<k<hl n U
Therefore,

[} [n—172 -1

1 1
R(N= 2L RN+ Y R

n=1 n=[h—172]+1
1 1
o(u) w(u)
< J‘ — du+ max g — du.
w2 U h=2<k<h-! n U

Combining all the above estimates and condition (5), we get

J [ f(x + k) — f(x)] dx < C{h”zw(h”z) +  max {sk}a)(h)},
x,x+hef—1,1}

h~12<k<h~!

lim max {g}=0,
h—>0 h—12<k<h~i

and, with Lemma 6.1,
' B2 a)(hl/z)

< 2—mo+ 1’
w(h)
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where
logh

T 2log My

my =

Altogether, we have now obtained (9) and finished the proof of Theorem 2. W

3. Proof of Theorem 1

It is easy to deduce (6) from condition (7) by using Theorem 2 and the following
lemma:

Lemma 8 [6, p. 244). If f € C[_, iy, then the estimate

n

R(f)<Crin™"2 3 jR{f), n=r,
j=0

holds.

Now we turn to the necessity part of Theorem 1.

Lemma 9 [3]. Let R(x)eR, ,, A < (—o0, ). Then, for each given 6 > 0, there
exists a set e < (— oo, o) with mes(e) < & such that, for all x, x' € A\e,

2
IR(x) — R(x)| < § IR 1% — x|.

Lemma 10 [3]. Letr > 1. Assume feC,_, ) and
v [R{FP\HEHD
Z(.’m) o
j=o + 1

Then, for euch given & > 0, there exists a set E} < (— 00, 00) with mes(E?) < 6 such
that f(x) has r continuous derivatives on A,:=[—1, 1]\E} and

L™, A= 1| f7x) — RS, X)L,

SC@{ 5 (Rk(f))”"*”}'*"
3 s\ + 1

where R, ([, x) is the best rational approximant to [ from R, .

Let r > 1. In our case, from Lemma 10, for each given 6 > 0, there exists a set
E" = (— 0, ov) with mes(E]) < 6/2 such that

N\ e+ 1)) rt 1
1"(_/"",An>sc(r){ )) <Rk(j)> }

& ez \k+ 1

r+1
_ 0<C8‘) { Z k—l—-a/(r+1]} " )
" lazm2)

=00 'n" %), n— .
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Write
(20) L(f", A4,)=67"e¥n + 1)7°,
g —0, n— oo,
t(x) = RP(S, x)-
For any given h > 0, fix k satisfying
zk < h— 1 < 2k+1
then
k
O + B — fO0)] < 2L, A2) + Y 1AP)] + |4 Po(x)]
j=1
for x, x + he A,., where
Po(x) = t1(x) — to(x),
Pi(x) = t(x) — ty-1(x), j=12,...,k,
and
Ay f(x) = fx + h) — f(x).

By (20), we can find a sequence of sets e} with mes(e¥) < 6;/3 such that, for
xe[—1, 11\e%,

I(fO,[-1,1\e§) < 0o 7e§,  j=0,
L [-L1N\eY) < 87ek27%  j=12,... .k

At the same time there is another sequence of sets e; with mes(e}) < 6;.,/3 such
that, for xe [ -1, 1]\ej,

Lf", [—1, 11\¢) < §;7,e527%  j=0,1,...,k— L

While, by applying Lemma 9, we have the third sequence of sets ] with
mes(e]) < 6;/3 such that, for x, x + he[—1, 1]\¢],

IA,,PJ(XH < 2n5;1hHP]"[_]|]\L,J’, j = 0, 1, sees k
Altogether for x, x + he[—1, 1]\e;,
2
184 Pol < hIo(f7, [=1, 1\eo) + I1(f, [—1, 1]\eo))

0
Cr)

+1
9%

S Soh, ] = 0’

1A, P;| S; VI, [-1, 1\e) + Iy f, [ 1, 1]\e)
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where
e ok ’ " .
ep=efue;_uej, mes(e;) < d;, e =, i=0,1,...,k
go = max{e}, ef},

ey = max{e¥_, &5}, Jj=1,2...,k

Choose

k -1
50 — 2_ {(80)1/(r+ 2) + Z (Szizi(l—a))l/(r+2)} (80)1/(r+ 2)’

i=1

b)) k . -1 7
5,-=5{(so)”"”>+ Z(aza‘“*”)”"”’} (220D, =10k,

i=1
then, for x, x + he Ay\e:= A*, e = { k., e; with mes(e) < 6/2,
LfO + h) — [
k r+2
< 212k(f(’), A*) + C(r)hahr—l{(eo)ll(r-kl) + Z (82;‘2i(1~a))1/(r+2)}
i=1
< C(F)3 ey 2™ + C(NS~

r+2
% ( z S;J[(r+ 2)9J(1 —a)f(r+2) + max{a%,/(” 1)} Z 2j(1 —a)/(r+ 2))

0<j<k/2 jzk/2 kj2<j<k
< C(r)(S"‘1<h(“"")/2 + max{s,}h“)
j=k/2

= O'hé_r— lhd’

where

lim g,=0
xtheA*, h—0+

for each xe 4*.
From the above discussion we obtain

mes{{x} U {x + h}: k™% fOx + h) — fOx)| > 0,67~} := mes(E}) < 26.

Thus, for any given ¢ > 0, we have

1—k
h=* J | fOx + ) — fOx)] dx

-1

< h‘“(J + J )If")(x + h) — fOx)] dx
B [—1,1—hn]\E:

<2 + 20,67
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since f® e Lip «, so, for smali enough ,
1-h
B f | FO(x + h) — O] dx < 3e.

-1

So we have proved Theorem 1. ]

4. Proof of Theorem 3
Fix an & 0 < ¢ <3, and assume r = 0. There is an h, > 0 such that, for every
O<h<h,
mes(S,) := mes{x: Fp(x) > &} <e¢,
we then have, for all 0 < hy, h, < h, and xe[—1, 1]\S,,

St h) —f) )= flx—h)|
hy hy Bl

Given n such that N = [e*°1/84] > h;" 1, set S:= Sy,

21

. 11
Ij=|:_1+ia_1+.’-+—a j=0,1,...,2N -1,
N N

1
A ={Ij: mes(Iij)sW,sz 1,...,2N — 1},
and break up each interval in
L.
{Ij: mes(Iij)>m,}=0, 1,...,2N—1}

into K =[1/¢] equal subintervals. Denote the collection of all (at most
4NeK < 4N) such small subintervals by B.

Lemma 11. Let I =[a,b]eB,

) — fla)

hor) = b—a

(x —a) + fla),

then, for all xel,
|f0x) ~ l(x)| < eN™*.

Proof. Let
g(x) = f(x) — (x)

and

lg(»| = max |g(x)].

xela,b]
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Without loss we may suppose y < (b — a)/2. From g(a) = 0 and fe Z,
191 < 2(g(»)] — 192y — a)| < |g(a) + g2y — a) — 24(y)|
=@+ f2y—a YW <ly—a|<eN7,

which is the required result. [ |

Lemma 12. Let I =[a, ble A,

b
0=1""1 a4y,

then, for all xeI,

| f(x) — Ix)] < 16eN 1.

Proof. Write
g(x) = f(x) — Ix)
and

tg(y)l = max |g(x)|,

xel[a,b\S

then, from (21),
goNb—a) | _ /B —JO) SO - fla)] _ .

(y —a(y —b) b—y y—a |77
that is,
(22) lg(y)| < eN~.
Now we show that
(23) sup |g(x)] < 16eN~ 1.
xefa,b}nS

Suppose (23) does not hold, which is equivalent to the existence of a ze § such
that

(24) 1g(z)] > 16eN %,

Assume by symmetry that

Since

mes([a, b1 n S) < ZJ_\J
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there is a point ue[a, (b — a)/2]\S such that

1
25 —az—,
(25) u—azos

consequently,

gz —a)  ¢(2)

_ g9(z) —gw)  g(w) — g(a)
w—afu—z2) u—z

zZ—u u—a
_| @ —-fw fu)-— fla
B z—u u—a

<eg,
which follows from (21) together with ue [a, (b — a)/2]\S. At the same time, by
(22) and (29),
9wz — a)

< 8N Yu—z|™},
—au—z| = N e

and, with assumption (24), we get

|g(2)]

2lu —z|’

gz —a) gz
u—afu—2z u-—z

That is,

lg(z)| < 2e|lu —z| <2eN"1,
which leads to a contradiction to (24). Therefore Lemma 12 follows from combin-
ing (22) and (23). m

Define L(f, x) as follows: For each I € A U B, let L(f, x) be equal to f(x) at the
endpoints of the interval I, and be linear in between. Combining Lemmas 11 and
12, we get, for all xe[—1, 1],

(26) | f(x) — L(f, x)| < 16eN~ 1.
Applying Lemma 3, we can find an Mth-degree polynomial p,(f, x) such that
1/ — PN < CM ™,
(27) I3 1) < CrM.
Hence, for I =[a,b] € A U B and x €, on considering

pM(fa a) = L@M? (1), pM(fs b) = L(pM7 b),

we have

(pulf, %) — Lipypg, x))b — a)
(x —a)(x — b)

= |pulS B) — Pl V)

< 1PN B =l
<CN™'M
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from (27), where 8, y € (a, b), that is,
(28) |pr(f X) = Lpps, X)) < CN72M

for xel.
At last, as in the proof of Theorem 2, using Lemmas 4 and 5, we can deduce
that there is a rational R(x) € Rysym, 42nm Such that

(29) IL(f) — L(py) — Rl < Ce™*M 'm~%.
Altogether from (26), (28), and (29),

1fG) = pulfs x) = RO < C{eNT! + N72M + 7 2M " 'm ™}

Now choose

v-[ned

84

m=[s745],
and

M = [ne®?].
We have

If = pu(f) — R| < Ce*®n~!

and

deg(py(f) + R)=42Nm + M < n.

For general r > 1, the result (9) follows by applying the above result and Lemma
8. The proof is complete. [ |
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