NIKOLSKII-TYPE INEQUALITIES FOR
SHIFT INVARIANT FUNCTION SPACES
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ABsTRrRACT. In this note we prove the following.

Theorem. Let V,, be a shift invariant vectorspace of complex-valued functions defined on R
of dimension n+ 1 over C. Let p € (0,2]. Then

> (n+1\1/7P
lhassi-s < 202" ("52) 7 sl o

for every f € Vy, and § € (0, %(b - a)) .

Let V,, be a vectorspace of complex-valued functions defined on R of dimension n + 1
over C. We say that V,, is shift invariant (on R) if f € V,, implies that f, € V,, for every
a € R, where f,(z) :== f(xr —a) on R. Let A, := {Ao, A1,..., A} be a set of distinct
complex numbers. The collection of all linear combinations of of e*ot e*t .. . et gver
C will be denoted by

E(A,) := span{e*? eMt it}

Elements of F(A,) are called exponential sums of n+ 1 terms. Examples of shift invariant
spaces of dimension n + 1 include E(A,,). In this note we prove the following.

Theorem. Let V,, be a shift invariant vectorspace of complex-valued functions defined on
R of dimension n+ 1 over C. Let p € (0,2]. Then

2 (n+1 1/p
||f||[a+6,b—5]§22/p< 5 ) 1Nl z a0

for every f €V, and § € (0, 3(b—a)) .

Remark It is proved in [2] that if A, := {Xo, A1,--., A} is a set of distinct real numbers,
then the inequality

1/p
n+1
lhosso-a < 8 () 100
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holds for every f € E(A,), p> 0, and 6 € (0, %(b — a)).
Problem Is it possible to extend a version of the theorem for all p > 07

Proof. Since V,, is shift invariant, it is sufficient to prove only that
2_
[£(0)] <227 =P (n 4+ 1)| | fl|L, 2,2

for every f € Vj,. Take an orthonormal basis (Lg)7_, on [—3, 1] so that

(1) LieV,, k=0,1,...,n,

and
1/2

(2) / Lj(x)Lk(:c) dr = 5j,k:a 0 S] S k S n,
—-1/2

where 9§, is the Kronecker symbol. On writing f € V;, as a linear combination of
Ly, L1, ... Lyp, and using the Cauchy-Schwarz inequality and the orthonormality of (Lg)7_,

on [—3, 1], we obtain in a standard fashion that
£t v
02V [ llzar (1)/2 1/2] (kz% L(to) ) ek
Since

1/2 n
/ Z|Lk(ﬂf)\2d$:”+1,

—-1/2 k=0

there exists a to € [—3, 3] such that

1/2
max £ (to)] (Z | Ly (to)| ) <+vn+1.

0#Vr ||f||L2[ 1/2,1/2]

Observe that if f € V,,, then g defined by g(t) := f(t — to) is also in V,,, so

(3) max ——————— F(0) <vn+1.

0#Va || fll 2o[=1,1]

We introduce

Vii={g:9(t)=f(X), fe€Vn,A€[-22]}.
It follows from (3) that

maXMS\/n+1.

02V, [1fllzor—2



Let

o e O
02V, 1f Nz, 12,2

Let 0# f € V... We define g € V,, by g(t) = f(t/2+y). Then

fWl o Wl o 9O g gy

< < yE [_L 1] .
1z 22 — Ifllzyiw—1+1) ~ ll9llz,—2.2

Hence

max @l <2'/rC, y € [-1,1].

0#£V, ||f||Lp[—2,2]
Therefore, for every f € 17”,

IO < Vn+ 1 fllza-1,1
) oep \1/2
<Vt 1 (118, oI )
1/2

p 1/p) P 2-p
<V (I8 (27€) T 112

1-p/2
<V 1(277C) T I lln o2
< 2MP2\ 1CT P2 fl =20 -

Hence

C = max _FOf < oV/p=1/2 /1ot -P/?
0#£V, ||f||L,,[—2,2]

and we conclude that
C < 22/P*1/p(p 4 1)1/P.
So .
1£(0)] < 27 =P (n+ D)V £l 1, —22

for every f € 17'", and the result follows. [
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