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INEQUALITIES AND INVERSE THEOREMS
IN RESTRICTED RATIONAL APPROXIMATION
THEORY

PETER BORWEIN

0. Introduction. The following lemma, part a) due to S. N. Bernstein and
part b) due to A. A. Markov, is fundamental to the proofs of many inverse
theorems in polynomial approximation theory.

LemMA 1. [2, p. 62 and p. 67] Let 11, denote the real polynomials of degree at
most n. Let p € 11, then

a) @I = =y llellea and

2
2n
—a

b) 1) = 2 el

From the lemma one can deduce, for example:

THEOREM 1. If there is a sequence of polynomials p, € I, and a & > 0 so that
f = pulliss < A/n¥+0 then f is k times continuously differentiable on (a, b).

We shall refer to inequalities, such as those of Lemma 1 that bound the
derivative 7’ of a rational function of degree # in terms of its supremum norm
||7|/(a.1 and =z, as Bernstein-type inequalities.

Bernstein-type inequalities do not exist for arbitrary rational functions and
neither do inverse theorems of the above type. Consider 7(x) = —e?/(x* + ),
then ||7(x)||i_in S 1 but 7' (e) = 1/(2e). 1, p. 83].

We shall show that for various restricted classes of rational functions,
Bernstein-type inequalities hold. In Section 1 we shall develop Bernstein-type
inequalities for the following three classes of rational functions: a) rational
functions whose denominators are monotone on an interval, b) rational func-
tions whose denominators have positive coefficients and c¢) rational functions
whose denominators have roots bounded away from the interval of approxi-
mation.

In Section 2, we derive the corresponding inverse theorems. We obtain, for
example:

THEOREM 2. If there is a sequence of rational functions pn/gs with Pu, ¢ € 1,
and q, monotone non-decreasing on [a, b] and a § > 0, so that ||f — Do/ Gallian =
A /n?™8 then f is k limes continuously differentiable on (a, b].
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We adopt the following notation. Let R, denote the real rational functions
Pa/qn where p,, q, € 1I,. Let R,* denote those rational functions p,/¢, € R,
where ¢, has non-negative coefficients. Let R,'[a, b] denote those rational

functions p,/g, € R, where g, is non-decreasing on [a, b].

1. Bernstein-type inequalities.

INEQUALITY 1. Let r = p/q € R, |a, b]. Then, if 0 < ¢ < b — «,

]
n
a) I llwren = = lrllwn  and

n/o R
n4(m(m+ )/)]

o 2m
b)Y ™ gen = [m o 7] a1

Proof. a) Let 0 < e < b — «, let { be a point where | ()| =

a+ e = ¢ =b,and let ¢ be a point where

|P(t)| = HpH[a,(]y a =214

Then

, P @)

"6 = T T

From Lemma 1 b) and the monotonicity of ¢ it follows that

POl o 2l 20%p(0)]

lg@©) = ¢ —a)lg(®)] (s“ ~ a)lg(t)]

2n’ _ p0)] _
< e =2l
g s 2ol

and that

¢’ (g‘)ll ©)| = 2n” gl ta.c1 P ()|

lg(©)] lg ()]
=2 o)l
Thus,
17 tarens = 17 () = 4n2e |7 0,0

Hr/H[a+e,b]y

b) Note that 7® € R,.: and that r*> has a monotone denominator if 7 does.

Let 0 < e < b — a and let v, == ¢k/m. Then by a)

452"

Yk — Vi-1 Ir" DH[”“%AM]

l |7(k)l l[u+~/kﬂ+(7k—7kﬂ),b] =
or

Hr(k)H[a-Mk.b] = mn*4te!|[r 0| latyy_, bl
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Thus, by iteration,

m |
Hr(M)H[!hLEJ’] < (Bl mn24k€_1)[|7|i[u.b]

2m
n
= [m" 4" Il

The next inequality is a strengthened version of the last inequality that
applies to the more restricted class of rational functions R,*.

INEQUALITY 2. Letr = p/q € R, IFO £ a < a < B < bthen

3/26(0—3) o

a) Hr"i[a,ﬁ] = [( a)(b 6)]1/- H H[a bl + ||rH[a bl and

b)) s £ Cn 7]

where C depends only on a, a, 8, b and m.

Proof. Suppose 0 < x < y then, since ¢ has non-negative coefficients,

q(x) = D h_q|anlx™ and

n

oy &
> (anly )yn

It

x"
(1) yq(y)

M=
n xn—m "

= Z S Jan|x™ S qlx).
m=0 y

Also, if x > 0 then
(2) xq¢'(x) = xZ’,‘,,=O midy|x™t = ngx).

Let ¢ be a point where |7 ({)| = |7'||1«,s. Then by (2)

o _|1_)_(U JQ_(_g-

@,
=g T a e

Set v = b — B then, by Lemma 1 a),

|p’(§‘)l n ||p“[a-§'+‘y/n]
I (G [T ) A 1G]

_ n |12 a4 m1

_[(;_@(Z’;B)]m )
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From (1) and (4)

(5) Ip,(§)| < n8/2 , Hp||[a,§‘+’7/n] (g. + 'Y/n)n
Vg0 T e —a)o = 81" lgG + v/n) ¢
3/2

== a)n(b L |7 et €.

Part a) now follows from (3) and (5).
Part b) is deduced from part a) by a similar iteration to that used in the
proof of Inequality 1 b).

We now consider rational functions with restricted poles. Let D (x, §) be the
closed disc in € with (real) center at x and radius 8.

INEQUALITY 3. Letr = p/q € R, and suppose that q has no roots in D (x, € + 8)
where 8 < ¢/(k + 1) for some integer k. Then

7 |tems,z0 = 20870 € ¥ |7 || (zmems ot et
We need the following lemma in the proof of Inequality 3.

LeEMMA 2. Suppose g € 11, and suppose g has no roots in D(x, (k + 1)¢) for
some integer k. Then supremum, pepe.o 1q(2)|/|g(w)] & e¥/*.

Proof. Let 30 and w, be points in D (x, €) where

|Q(20)| = MaXzcp(z,e lQ(Z)| and Ig(wﬂ)l = MiNy¢p(r 0 !Q(zﬂ

Suppose ¢(z) = a] %=1 (x + an). Then

L Z0 — Wo

laGo| _ 77 lzotam| _
|Q('w0)| B m=1 |w0 + aml - 71;11 1 + wWo + Oy,

Since 2o, wo € D(x, €) and «,, ¢ D(x, (k + 1)¢),

9@l < 1 (1+‘_2_e) < o
ke/ = '

lg(wo)| = m<i
Proof of Inequality 3. Let ¢ be a point where |/ ({)| = {[#'[|(z—s.2451. Now
' o', ¢’ ©
< 34 NS/
rOL= 50 g O
By Lemma 1 a)
[’ o 2 lpllis.ira
lg@1 =6 gl

IIA

n Iq(Z)I)
= e su i
) || H[( a’{+a](z,w6Dg,6) |Q('w)l

Since s £ ¢/(E+ 1)and ¢ € [x — 8, x + 8], an application of Lemma 2 to the
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above inequality yields

P n

g ~ 6 7| ig—s caie™ ™.

Similarly, by Lemma 1 a) and Lemma 2,

lg" @) n {|g|—s. 140
o] MOV = e PO

M onjk
e ().

iIA

Thus

||VIHII-—6,I+51 S 2n8t e |7 || (e et pt eror-

Inequality 4 is an analogue to the following lemma due to S. N. Bernstein.
Let E,(x, €), p = 1, be the closed ellipse with foci ¥ — ¢, x + € and semi-axes
zelp 4 7)) Felp — 7).

LemMa 3. [1, p. 42] If p € I, then ||p (3)|lz,r.0 S 0"/2l e ntar-

IngQuaLITY 4. Let v = p/q € R, und suppose that q has no roots in
D(x, (k + 1)e). Then, if § £

7@ oG Neyen = P17l —s.0ra - €7

LProof.

16! tz—s 2481 = |T|F[z~s,z+61||9|[[x—a.z+51
=<

|
| |1’| | [x—8,2+8] { |Q| |D(I,e)-

Thus, by Lemma 3,

ol 0 = 0°l[7llis.ctarllgllpe, o-

By Lemma 2, since ¢ has no roots in D(x, (k + 1)),

Min.ente, olg ()€™ 2 |igllpe.o-
Thus,

Irlioe,0 nm,ee S 0 l7]l0—s0ea - €5

2. Inverse theorems. If a function fis k times continuously differentiable on
la, 0] then there is a sequence of polynomials p, € II, so that ||f — pullwn =
A /n* for each . [1, p. 66]. Thus, in light of Theorem 1, 1/#* is, in some senses,
the right speed of polynomial approximation for C*[a, b]. The following inverse
theorems show that for C*[a, b] restricted rational approximation cannot be
dramatically more efficient. Note that we only deduce that f is & times differ-
entiable on the half open interval (a, b].
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TaeoREM 3. Suppose there is a sequence 1, € R,"[a, b] such that
:LD=1 ||f - 7'nHla,bl'n'Zk—l < 0,
then f € C*(a, b].

Proof. We may assume that {|f — 7,|[1..»7 is monotone non-increasing. Con-
sider the expansion:

(1) flx) = nx) + Zfzo (ronvi(x) — ron(x))

and observe that

[1f = roretlfinr + 11f = 79l 1001
20|f = ronllta,m-

Formal differentiation of the right side of (1) yields

HrQﬂ-H - r2"||[u.b]

IIA - IIA

@ )+ 3 Bl - )

where, by Inequality 1 b), for fixed ¢ there is a C independent of # such that

||7’élri)+1 - rélfl)i|[a+('b] é C[2n+2]2k||7’2n+1 — 7’2n||[,,'1,].

Thus,

IA

2 |15 — P8 |t ZU CI2 1201 f — ronl| e
- n=

IA

204 3 [27711f = ronlliam
=0
which converges because ||f — #,||(,5 is monotone and

Z:LD:I Hf - rn”[n,b]n(?k—l)
converges. Thus, (2) converges uniformly on [« + ¢, b and f € C¥la + ¢, b].

Theorem 2, stated in the introduction, is an immediate corollary to the
above result. The next theorem is deduced from Inequality 2 in the same way
that Theorem 3 is deduced from Inequality 1.

THEOREM 4. Suppose 0 = a and suppose there is o sequence r, € R, such
that

;z'ozl Hf - 7‘nH[u,b]n%k_l < o0,
then f € C*(a, b).

The following is an example of the type of inverse theorem attainable from
Inequality 3.

TarorREM 5. Let ¢ > 0 and suppose there is a sequence t, = P/, ¢ Ry 50
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that no root (complex or real) of g, lies within distance c/n of [a, b]. If
et [|f = 7alltan?® < o0,
then f € C'(a, b).
Proof. r, satisfies the conditions of Inequality 3 with ¢ = ¢/(n 4+ 1) and
8 = ¢/(n 4+ 1)2 Thus, for each n,
HrnI”[awLe.b—e] < 2n(n + 1)25_lezl|7n|,[rz.b]-

The result now follows analogously to Theorem 4.

It is interesting to note the close relationship between Theorem 4 and
Theorem 5.

Remark. 1f p € 11, has non-negative coefficients then p has no roots in the
region {z| |arg z| < =/n}.

Proof. Suppose p(z) = D %o anz™, @y > 0, ay = 0, and let ¢ be any point
where 0 < arg { < w/n. Then, for each m < n, 0 < arg {” < 7 and hence,
D% _o ant™ lies in the region {z] im z > 0}. In particular,

Dm0 @™ # 0.

Since p can have no positive real roots, we are finished.

The final result of this section is of a different character. It shows that under
sufficiently strong restrictions on the behaviour of ¢,, exponential rates of
approximation guarantee analyticity.

TuEOREM 6. Suppose ¢ > 0 and suppose there is a sequence r, = p,/q, € R,
so that no root (real or complex) of g, lies within distance ¢ of [a, b). If
Hf = 7allwns = 7" for some p > 1, then f is the restriction to [a,b] of some
function F analytic in a region containing [a, b].

Proof. Choose K > 1so that p71/2*% = g < 1. Leté = ¢/2(K + 1) and let
e = 2. Then applying Inequality 4 to r, — 7,.; € Ry, yields

172 — Tuilloe, 20 M Epraee = 170 — Pucall s pra - p" /2K
for each x € [a 4 6, b — 5]. Set

T = Uscrars o—a{D(x, 28) N Eave(x, 8)}.
Then, since ||r, — 7p1||fay S 20=@1), it follows that

[72(2) = 7,-1(2)] £ 2p- p"p"/2e"/E < 2p - B

for each z € T. Hence, 7, converges uniformly on T, the interior of T contains
[a, b] and the result follows.

The next example shows that no speed of approximation from R,* or R,’
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guarantees analyticity and hence there is no analogue of Theorem 6 for these
classes.

Example 1. Consider
fwy = 3 —ml

x"+(1—l)
n

Then f is not analytic in any neighbourhood of 1. However, for suitably small
a,, the speed of approximation from R,* on [0, 2] can be made as rapid as
desired.

Also, in contrast to polynomial approximation, no speed of approximation
from R,* or R, guarantees differentiability at the endpoints of the interval of
approximadtion.

Example 2. (1, p. 91] For suitably chosen 8, ™\ 0 and ¢, \ 0 the function

fw) = 3

fails to be differentiable at 0 while the speed of approximation from R,* can
be arbitrarily fast.

It is natural to enquire about the exactness of the constants in the preceding
inequalities and theorems. For instance: is the 2, in »#?*~1, the ‘‘correct’
constant in Theorem 3? Should it be 1 as in the comparable theorem for
polynomial approximation or perhaps some intermediated value?
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