REMEZ-TYPE INEQUALITY FOR NON-DENSE
MUNTZ SPACES WITH EXPLICIT BOUND

PETER BORWEIN AND TAMAS ERDELYI

ABSTRACT. Let A := (A\;)p2, be a sequence of distinct nonnegative real numbers
with Ao := 0 and > 32, 1/Ax < oo. Let g € (0,1) and ¢ € (0,1 — ) be fixed. An

earlier work of the authors shows that

C(Av €, Q)

= sup {[Ipllp.qg : € span{a, 220, }, m({w € o, 1] |p(a) < 1}) >

is finite. In this paper an explicit upper bound for C(A,¢, p) is given. In the special
case A := k%, a > 1, our bounds are essentially sharp.

1. INTRODUCTION

In this paper A := ()2, always denotes a sequence of real numbers satisfying
0:)\0<)\1 <)\2<"' .

In [1] a Remez-type inequality for Miintz polynomials:

n

p(z) = Z apz
k=0
or equivalently for Dirichlet sums:
n
P(t)= Z ape Mt
k=0

is established. The most useful form of this inequality states that for every sequence
(Ar)52, satisfying 37~ 1/Ar < oo, there exists a constant C'(A,€) depending only
on A and € (and not on n, g, or A) so that

I2llf0,q < C(A, €)[|plla
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for every Miintz polynomial p, as above, associated with the sequence (A;)72,, and
for every set A C [g, 1] of Lebesgue measure at least € > 0. Throughout this paper
| < ||4 denotes the uniform norm on A C R.

Using this Remez-type inequality, we resolved two reasonably long standing con-
jectures in [1]. In this paper we give an explicit upper bound for the best possible
C(A,€) in the above Remez-type inequality for non-dense Miintz spaces. Theorem
2.3 extends an inequality of Schwartz [4] in two directions. Theorem 2.1 offers a
more explicit bound for the sequences A := (k%)?2,. a > 1. The sharpness of the
Remez-type inequality of Theorem 2.1 is shown by Theorem 2.2.

2. RESULTS

Theorem 2.1. Let Ay := k%, k=0,1,..., a>1. Let g € (0,1), e € (0,1 — p),
and € < 1/2. There exzists a constant c, > 0 depending only on « so that

Ipllo ) < exp (cac/0=2)) [ip]La

for every p € span{;L')‘“,.r)‘l,... } and for every set A C [o,1] of Lebesgue measure
at least € > 0.

The next theorem shows that the inequality of Theorem 2.1 is essentially the
best possible.

Theorem 2.2. Let A\, := k%, k =0,1,..., a > 1. For every @ > 1 and € €
(0,1/2], there exists a constant co > 0 depending only on o and Mintz polynomials
0 #p = Pa,e € Span{m)\naljlv' . }

depending only on o and € so that

1p(0)] > exp (cae =) Ipll e

Theorem 2.1 is a special case of the following more general, but less explicit
result.

Theorem 2.3. Suppose 0 = Xg < A\j < Ay < «++ and Y~ 1/A;, < oco. Let
0€(0,1) and e € (0,1 — g). Let 6 := —%log(l —€). Let N € N be chosen so that

= 1 ¢
2 %<3
k=N+1 k
Let 5
o = A\ with A= SN
Then, with c := ||t~  sint||1,(w),
]V
3¢ 1
< — 2+ —
I#loa <5 TT (2+5-) ol

k=1
for every p € span{z*, 2™ ...} and for every set A C [o,1] of Lebesque measure
at least € > 0.
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3. LEMMAS

Our first lemma shows that C'(A,€) in the Remez-type inequality is related to a
much simpler (Chebyshev-type) extremal problem. This is proved in both [1] and

[2].
Lemma 3.1. Suppose 0 = Ao <A\ < X2 <:-+, p€(0,1), and € € (0,1 —p). Then
sup{||p||[0‘g] : pE€ span{x)‘“,mh,...}, m{z € [p,1] : p(z)| < 1} > e}

0
=sup{M . pE€ span{w“,x)‘l,...}}.
||P||[1fe,1]

Our key lemma is the following.

Lemma 3.2. Suppose 0 = Ao < A\j < Ay < =+ and Y poy 1/ < 0o. Given
6 €(0,1), let N € N be chosen so that

1 b
— < —.
~ AR~ 12
k=N+1
Let s
oy 1= A\ with A= N
Then
N
. 3¢ 1
peol s IT (2457 ) IPles
for every P € span{e=*! e=M! } with c:= ||t7" sint| 1,

In the proof of Lemma 3.2 we will need the following observation.

Lemma 3.3. Let 0= Xy < A\{ < Ay < ---. Suppose
(1) F e E°NLy(R);
(2) F(ix)=0, k=1,2,... (i1is the imaginary unit);
(8) F(0)=1.
Then

|P(o0)| < [ Fllym 1Pl Ly1-s6)
for every P € span{e~ 0t e=Mt 1.

An entire function f is called a function of exponential type 6 if there exists a
constant ¢ depending only on f so that

|f(2)] < cexp(é|z]), =z€C.
The collection of all such entire functions of exponential type & is denoted be E®.
The Paley-Wiener Theorem (see, for example, [3]) characterizes the functions F

which can be written as the Fourier transform of some function f € La[—6,6]. We
will need it in the proof of Lemma 3.3.
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Theorem (Paley-Wiener). Let 6 € (0,00). Then f € E® N Ly(R) if and only
if there exists an f € Lo[—6,6] so that

&
F(z)= /_6f(t)e"tz dt .

The following comparison theorem for Mintz polynomials is proved in [2]. We
will need it in the proof of Theorem 2.3.

Lemma 3.4. Let A := (Ar)72, and T := (71)72, be increasing sequences of non-
negative real numbers with Ao =0, v = 0, and A, < v for each k. Let 0 < a < b.
Then

0
max{ |p( )l Tp ESpan{xAU’.TAl,..- ,-7/‘)\"}}

Zma,x{ |§( ) : p €span{z”,z",... ,;L‘A’"}}.

4. PrROOFS

Proof of Lemma 3.3. By the Paley-Wiener Theorem
5 .
F(z)= / f(t)e't” dt
J =6
for some f € Ly[—6,6]. Now if

PO = a0+ ape
k=1

then

6 6 n )
' = ag a t)e At
| rop@it=a [ e+ > o [ e
= aoF(0)+ Y _ arF(i\y) = ap = P(c0).
k=1

Hence by the Cauchy-Schwartz Inequality and the Ly inversion theorem of Fourier
transforms, we obtain

[P(co)| < [l zar-s.61 1P 2ar-s.60 £ 1 F | zacmy 1Pl 215,61

and the lemma is proved. 0O
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Proof of Lemma 3.2. We define
F(s) = smé(;s;;m I (( T) U‘/(“) I <1 . ((/A))) |
k=N+1
where 7 is the imaginary unit. It is a straightforward calculation that
FeE’, F(0)=1, F(i\)=0, k=12,...
and

sin(6 al
|F(t)] < %H <2+i> , teR.

g
k=1 k

Hence Lemma 3.3 implies that

for every P € span{e %, e~ ...} with c:= [|t"'sin tr,m. O

Proof of Theorem 2.3. When A = [1 — ¢,1], the theorem follows from Lemma 3.2
by the substitution x = e®¢~*. The general case follows from Lemma 3.1. O

Proof of Theorem 2.1. Let
1
(4.1) 5= -3 log(1—¢).

Observe that N in Theorem 2.1 can be chosen so that

(4.2) N:= K%)I/OMJ +1.

Also, o}, in Lemma 3.2 is of the form

ok”
3N

O =

Let M + 1 be the smallest value of £ € N for which

1 3N
~ <1, thatis, o <1
o = s, ey s

Note that
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If0 <M < N, then

Eal
1] =z
T
N
Do
+
2=
N——
1]
N
[N%)
+
N o
k‘
2| 2
N——

IN
N
kol
ﬂ

v N -~ M —aM
H9N I 3) < 9N M oN-M
bk - 6 e
k=M+1
M
) M—od\/13]\7—f\l

o M 1/a\ —oM
966z\f> G (¥) / ) .y

< (3(2e)M) M3V < (3(2¢)M)7
and the theorem follows by (4.1), (4.2), and Theorem 2.1.

If N < M, then

o)1)

k=1

. ] —a 1-a)N
gea]\rl—a N < Qe N (5(04 _ 1) 1/(1 ) (
6 - 6 12
a\ NV _ N o _ N
< 9e 6(a—1) < 3e“(a—1) ’
) 12 4

and the theorem follows by (4.1), (4.2), and Theorem 2.1.

If M =0, then
N 1 N
— )< — 3N
H<2+Uk) <[[3=3",
k=1 k=1
and the theorem follows by (4.1), (4.2), and Theorem 2.1. O

Proof of Theorem 2.2. Let n € N be a fixed. We define 73 := kn®~1, k=0.1,....
Let Tp(z) := (%(m — 1))n and

-1

221" 1+(1-em )" o ,
Qn(z) =T, <1 “ 1= B él — e;”"‘l) € span{z”,z" ... 2" }.

Then, by Lemma 3.4,

a—1

e P | e AU P
Sup{||P||[1—c,1] ' PEspan{I T ’} 2 ||Qn||[1—c,1] —|Qn( )|

—_— l !
()
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Now let n be the smallest integer satisfying n®~1 > ¢~!. Since (1 - 6)1/€ is bounded
away from 0 on (0,1/2], the result follows. O
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2.3 to establish Remez-type inequalities for non-dense Mintz spaces with good
explicit bounds. We also thank him for helping us to close the gap between the
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