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Is invariant under

e Weil restriction (Tate-Milne), so may work with AVs over
e Isogenies (Tate-Milne)

Non-trivial applications:
Examples of non-square I11[p]| for p < 25000 (Stein)
Joint work with V.D. on the Parity Conjecture
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Computing analytic ranks

Conjecture (Birch-Swinnerton-Dyer).
ords—1 L(A/K, s) = rank A(K)/torsion

C-Q- R-|I
1eads:1L<A/K7 S) — |AK‘dimA/2 . ‘A(K)tors‘z

Take g-dimensional A/Q, write L(s) = L(A,s).

Want: compute L(1) or L*)(1) explicitly (assuming every conjecture)
to predict the Mordell-Weil rank and |I11|.
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A/Q abelian variety of dimension ¢, want L(1) or L)(1).

Standard method based on the functional equation (works for any
motive, e.g. L(H.(X),s) for X smooth projective variety over QQ)

@)

L(s) =

An

(Res > 3/2)

1= () () () o

T3

Functional equation:
L(s) = wL(2 - s), w = +1

Inverse Mellin transform = exponentially convergent form

A > Ay, mwn
with G(s,x) a higher transcendental functlon depending only on g,
exponentially decaying with .
(E.g. for elliptic curves, G(s,x) = (@ ['(s,2x))
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Need w, N, a,, for all n (< F,(T) for all p); say A = J(C/Q).

e w = *£1 can determine for elliptic curves over number fields, other-
wise solve from the functional equation.

e N, F,(T) for p bad. Theoretically hard:

1 — T split mult. red.
g=1: F,(T)=< 1+T non-split mult. red. (Tate's algorithm)
1 additive reduction

g =2: > 100 reduction types (Namikawa—Ueno, Ogg, Liu)
But possible in practice.

Question: An algorithm to do this, e.g. for hyperelliptic curves?



n=1 P
M M
L(s) ~ ; %G( \7;—%) +w; = G(Q—s,:;—%)

o N, F,(T) for p good. Theoretically easy:

00 T Fp<T>
(3 #CE) ) = T =

Since F)(T') = pgTQQFp(piT), only need #C(Fn) for 1 <n < g.




n=1 P
M M
L(s) ~ ; %G( \7;—%) +w; = G(Q—s,:;—%)

o N, F,(T) for p good. Theoretically easy:

00 T Fp<T>
(3 #CE) ) = T =

Since F)(T') = pgTQQFp(piT), only need #C(Fn) for 1 <n < g.
M ~ /N, need a,, forn < M.




1 . p(p5)
M M
L(s) ~ ; %G( \7;—%) +w; = G(Q—s,:;—%)

o N, F,(T) for p good. Theoretically easy:

00 T Fp<T>
(3 #CE) ) = T =

Since F)(T') = pgTQQFp(piT), only need #C(Fn) for 1 <n < g.
M ~ /N, need a, forn < M.
Most of them are a, for p < M prime, determined by #C(IF,).




1 . p(p5)
M M
L(s) ~ ; %G( ;—%) HU; = G(Q—s,:;—%)

o N, F,(T) for p good. Theoretically easy:
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Since F)(T') = pgngFp(piT), only need #C(Fn) for 1 <n < g.
M ~ /N, need a, forn < M.
Most of them are a, for p < M prime, determined by #C(IF,).

Question: How to do this efficiently in practice?
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100,000,000 coefficients, 6 digits = N ~ 10%°

Curves:
y? = 2° + 23231z + 1437209 g=1
y2+y=a°+ 101z g —

v  + (42 + a4y = —o' T2 —zl gl g =38
Dedekind (-function:

((K,s), K=Q(V3

Twists:

L(E/K,s)/L(E/Q, s)
with £ = 4341, K = Q(v/2) (N = 2851043%).
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Example: A genus 3 curve

C/Q: y* -y’ —y’+y=2a"—z

A = 3% - 64689089
N = 3% - 64689089

Compute L(C, s)|s=1

L(1) = 0.00000
L'(1) = 0.00000
LL"(1) = 0.00000
=LB)(1) = 0.00000
+LW(1) = 0.00000
SLB)(1) = 3.64636

So expect J(C') have Mordell-Weil rank 5.
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> E:=EllipticCurve(CremonaDatabase(),"26B2");
> K:=CyclotomicField(27);
> G:=DirichletGroup(27,CyclotomicField (EulerPhi(27)));

> lvalue:=1;

> for Chi in Elements(G) do

> L:=TensorProduct(LSeries(E),LSeries(Chi), []1);
>  1lvaluex:=Evaluate(L,1);

> end for;

> Real(lvalue) * Sqrt(Abs(Discriminant(K)))

> / &*x[d[4]: d in LocalInformation(BaseChange(E,K)) ]
> / (2xPeriods(E) [1]*Imaginary(Periods(E) [2]))"9

> * #TorsionSubgroup(BaseChange (E,K)) ~2;
1214534039480 .99999999999999993 (::Q%ﬂlfﬁ
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Example: Non-abelian twists of elliptic curves

E = X;(11) over K = Q(y/m).
Semistable = root number w(E/K) = (—1)#{vlooit7#{v split mult.}

Sow =1 for 11 {m and w = —1 for 11|m,
thus expect even Mordell-Weil rank <= 111 m. In fact,

e 3°-Selmer rank is even <= 11 {m (Parity Conjecture)
e For 11 1 m, 3-Selmer is non-trivial <= p|m with E(F,)[p| # 0.

Analytic computation:

m 2356711 --- 2930313334 --- 71 ---
rk 000001 .- 0 001 0 -+ 2 ---
imyr114117? -+ 9 1 1 7 25.-- 7



