MARKOV AND BERNSTEIN TYPE
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WITH CONSTRAINTS

PETER BORWEIN anp TAMAS ERDELYI

ABSTRACT

The Markov-type inequality

f |/ ()P dx < e(p) (n(k+ 1))"f |x)IP dx
Y -1

is proved for all real algebraic polynomials f of degree at most n having at most k, with 0 < k < n, zeros
(counting multiplicities) in the open unit disk of the complex plane, and for all p > 0, where
c(p) = (1 +p~?) with some absolute constant ¢ > 0. This inequality has been conjectured since 1983
when the L case of the above result was proved. It improves and generalizes many earlier results.
Up to the multiplicative constant ¢(p) > 0 the above inequality is sharp. A sharp Bernstein-type analogue
for real trigonometric polynomials is also established, which is interesting on its own, and plays a key role
in the proof of the Markov-type inequality.

1. Introduction, notation

Bernstein’s inequality [16, pp. 39-41] asserts that

max |f(Y)] € n max |f{t)| 0.1)

-n<t<n -nstLn

for every fe 7, where , denotes the set of all trigonometric polynomials of degree
at most n with real coefficients. The corresponding algebraic result [16, pp. 39-41],
known as Markov’s inequality, states that

max |f’(x)] < n® max |[f{x)| 0.2)

~-1€z<1 -1<z<1

for all fe 2, where 2, denotes the set of all algebraic polynomials of degree at most
n with real coefficients. The Chebyshev polynomials @, 7, and T,e 2, defined by

Q.0 =cos(nt+a) foraeR, 0.3)

T, (x)=cos(narccosx) for —1<x<1 0.9)
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show that (0.1) and (0.2) are sharp. The substitution x = cos¢ in (0.1), together with
(0.2), yields

n
"(y)] € min nz,—} max |f{x) with —1<y<g1 (0.5)
£ < minft,— s max 1 y
for every fe #,. The sharp L, version of Bernstein’s inequality was first established by
A. Zygmund [25, II (3.17) p. 11] for p > 1. It states that

IfOPde<n® | |0 dt (0.6)

-n -n

forevery feZ, and 1 < p < 0. For0 < p < 1, first G. Klein [14] and later P. Osval’d
[21] proved (0.6) with a multiplicative constant c¢(p). In [20] Nevai proved that
¢(p) =8/p is a possible choice. Subsequently, Mdté and Nevai [19] showed the
validity of (0.6) with a multiplicative absolute constant, and then V. V. Arestov [1]
proved (0.6) (with the best constant 1) for every 0 < p < 1. Recently M. von
Golitschek and G. G. Lorentz [13] found a very elegant proof of Arestov’s Theorem.
Markov’s inequality in L, gives

J1 | (x)|?Pdx < c”“n“’f [A(x)|? dx 0.7)
-1 -1

for every fe %, where ¢ > 0 is an absolute constant. This can be proved from the
above L, Bernstein-type inequalities by the substitution x =cos¢ and by using
Nikolskii-type inequalities (cf. [19, 17]). Finding the best constant in (0.7) is still an
open problem. Markov and Bernstein type inequalities in weighted spaces and in L,
norms play a key role in proving inverse theorems of approximation and of course
have their own intrinsic interest.

Denote by P(n,k) the set of all pe? having at most k zeros (counting
multiplicities) in the open unit disk {zeC:|z] < 1}. Markov and Bernstein type
inequalities for constrained polynomials have been studied in many research papers
where the classes 2(n, k) for 0 < k < n are of special interest. One might correctly
suspect that the restrictions on the zeros of a polynomial imply an improvement in
inequalities (0.5), (0.6) and (0.7). In 1940 Erd6s [12] proved that there is an absolute
constant ¢ > 0 such that

max |fx)] with —1<y<1 0.8)

-1gz<1

en c\/n}

FO< min{ e

for every fe #(n,0) having only real zeros. By taking the polynomials p, e 2(n,0)
defined by p,(x) :=(1+x)""'(1—x), it is easy to see that the constant }¢ in (0.8) is
asymptotically sharp. In 1963 G. G. Lorentz [15] showed that there is an absolute
constant ¢ > 0 such that

() < cmin{n,#j_’yz)} max |fix)] with —1<y<1 (0.9)

-1€z2<1
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for every fe 2 of the form

fx) =Y a(l1+xyY(1-x)"7 withalla,>0oralla, <O0. (0.10)
j=0
By an observation of G. G. Lorentz [22], every fe #(n,0) is of the form (0.10),
and therefore (0.9) holds for every fe 2(n,0). Inequality (0.9) is sharp up to the
multiplicative absolute constant ¢ > 0; namely it is shown in [8] that there is an
absolute constant ¢ > 0 such that

1) [ yn
P Tmax 1Sl cm‘“{’” va—yz)} ©.11
-1<z<1

for every neN and ye[—1, 1]. In 1972 Scheick [22] found the best possible constant
in Lorentz’s Markov-type inequality. Extending Erdos’s Markov-type inequality, he
proved that

max |[f'(x)] <jen max |fx)| (0.12)
-1g2z2<1 -1<z<1
for every fe 2, of the form (0.10), and hence for every fe #(n, 0). In 1980 Szabados and
Varma [24] showed that there is a constant c(k) > 0 depending only on & so that

max |f'(x)| < ck)n max |[fx) (0.13)

-1gz<1 -1<z<1

for every fe 2(n, k) with 0 < k < n, having only real zeros. Subsequently Mdté [18]
proved that

max |f'(x)| < 6nexp(nv/k) max |f(x)| 0.14)

-1€z<1 -1€z<1
for every fe?(n,k) with 1 <k < n, having n—k zeros in R\(—1,1). Szabados’
conjecture, proved by P. Borwein [2] in 1985, establishes the Markov-type inequality

max |f'(x) <9n(k+1) max |fx)| (0.15)

~-1<zg1 -1<zg1

for every fe 2(n, k) with 0 < k < n, having n—k zeros in R\(—1, 1). Inequality (0.15)
was extended in [6] to all fe P(n, k) with 0 < k < n. Another proof of (0.15) for all
feP(n,k) with 0 < k < n, is obtained in [9] with the constant 11 instead of 9. The fact
that (0.15) is sharp up to the multiplicative absolute constant was shown by Szabados
[23, Example 1]. While (0.15) is essentially sharp, it is a good estimate only for |f{y)|
with |y| close to 1.

It was proved in [11] that there is an absolute constant ¢ > 0 such that

eV () (k+ 1) o
V=79 _ln:);llf(x)l with —1 <y <1 (0.16)

for every fe Z(n, k) with 0 < k < n. Subsequently it was shown in [9] that there is an
absolute constant ¢ > 0 so that

c\/(n(k+ )
-)y?

IO <

1) < max [f{x)] with —1<y<1 0.17)

-1€z<1
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for every fe P(n, k) with 0 < k < n. When y = 0, inequality (0.17) is sharp up to the
multiplicative constant ¢ > 0; so it is verified in [6] that there is an absolute constant
¢ > 0 such that

I/ (O)l

sup ——mMm——
repmpn max |fix)
~1€z<1

= c+/(nlk+1)) (0.18)

forevery 0 < k <n.

The unpleasant thing about the Bernstein-type inequalities (0.16) and (0.17) is the
fact that none of them matches the inequality (0.5) in the unrestricted case k = n (note
that 2(n,n) = 2). In [4] the authors established the ‘right’” Markov-Bernstein type
inequality in L, for #(n,k) with 0 < k < n, which contains all of the earlier L
results as special cases up to a multiplicative constant ¢ > 0. Namely, there is an
absolute constant ¢ > 0 such that

1/2
I < cmm{n(k+l) (n_(k—;l)) } max |[flx)] with —1<y<1 (0.19)
-1€z<1
for every fe P(n, k) with 0 <k <n
The purpose of this paper is to establish the ‘right’ Markov and Bernstein type
inequalities for P(n,k) with 0<k<n in L, for every 0 <p<oo. Up to a
multiplicative constant ¢ (p) depending only on p, our results are sharp and contain
all the earlier results as special cases. Our proofs are based on a nice combination of
results and methods worked out in [9, 4, 5, 19, 10]; however we have to cope with a
lot of technical details.

2. Results and Proofs

Throughout this paper N will denote the set of nonnegative integers.

THEOREM 1. Let x:[0,00) = R be a convex and nondecreasing function and let
0 < p < 1. There is an absolute constant ¢, > 0 such that

f (e |20

for every fe T, of the form

Nar< [ xanoma

A1) = h(cos ) q(1), )

where he P,_, has no zeros in the open unit disk, and qe 7, n,keN for 0 <k < n.

Using y(x)=x if 0<p<1, and y(x)=x" if p> 1, immediately gives the
following corollary.

COROLLARY 2. There is a constant c,(p) > 0 such that
f I/ (O dt < ¢o(p) (nk + 1))”’2J- | dr

for every fe 7, of the form (1) and for every p > 0, where c,(p) = cE*(1+p~?) with
some absolute constant ¢y > 0.
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THEOREM 3. There is a constant c,(p) > 0 such that

[ 1rera <a@ sy [ 1

for every fe P, of the form
Six) = h(x) g(x), 2

where he #,_, has no zeros in the open unit disk, qe Z, n,keN for 0 < k < n, and for
every p > 0, where c,(p) = c?**(1+p~?) with some absolute constant c; > 0.

The following examples show the sharpness of Corollary 2 and Theorem 3 up to
a multiplicative positive constant depending only on p.

ExAMPLE 4. There are h, , ,€7, of the form

hy v () = (1+cost)q, , () forg,, €7, 3)
such that

f iy, p(OIPdt = 2 p(p+ 1) (n(k + 1)) 2J Ay, e, o(DIP dt
for all integers 0 < k < n and for all p > 0, where ¢, > 0 is an absolute constant.

EXAMPLE 5. There are H, , €%, of the form

H, . (x)=10+x) 0, , (x) forQ,, e 4)
such that

1 1
f |H;,k,,,(x)|ﬂdx>c;’“p(p+1>-l(n(k+1»ﬂf H, o (9P dx

for all integers 0 < k < n and for all p > 0, where ¢, > 0 is an absolute constant.
To prove Theorem 1 we need a series of lemmas.

LeMMA 1.1. There is an absolute constant cg > 0 such that

lg (2] < csmax|g(2)]

for every ge .., of the form
g(1) = (1 —cos (t—B))'* (1 +cos (t—a))™(1 —cos (1 — )" *""q(1), (5)

where a, BeR, ge T, 10 k,m,leN with 0 <k <n, 0 <m < n—k, and for every
zeC such that
Imz| < 327'(1+ 1) *(n(k + 1))~

The proof of the above lemma rests on the following result.
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LEMMA 1.2. There is an absolute constant ¢, > 0 such that
|P(@)] < ¢, max |P(x)|
-1€z<51
for every Pe®,,, ., of the form
P(X) = (x_al)zun—k)(x_az)'lm(x _ a3)2(n—k—m)Q(X)’ (6)

where a,, a,, a;e[—1,1], Q€ 1)y, nk,mleN with0 <k <n, 0 <m < n—k, and

for every
ae(l, 1+(1024(/+ 1)*n(k + 1))7'].

We reduce the proof of Lemma 1.2 to the following two results proved in
[4, Lemma 13; 7, Lemma 1, Corollary 1], respectively.

LemMma 1.3.  There is an absolute constant ¢,, > 0 such that
|P(0)] < ¢y max |P(x)|
for every Pe,,,,,, of the form
P(x) = (x4 D0 (x— g JAn4-mQ(x), )
where a,e[—1,1], Q€% ,1y,, 1, k,m,leN with 0 < m < n—k, and for every
oe[l, 14+ @4/ + 1)2n(k + 1))

LeMMA 1.4.  Assume that Pe%,,,,, and that

|P(1)] = max |P(x)]. ®)
-1€z<1
Then P has at most ¢, (I+ 1) nr'’? zeros (counting multiplicities) in [1 —r, 1] for every
r> 0, where ¢, = 2+/2 is a suitable choice.

Proof of Lemma 1.2. 1If 3n <[ < n, then the conclusion of the lemma is a well-
known consequence of the Chebyshev inequality [16, p. 43] for all PeZ,,,,.
Therefore, in what follows, let 0 < k < 1n. Without loss of generality we may assume
that {(n—k) < m < n—k, otherwise {(n—k) < n—k—m < n—k. Note that 0 < k < }n
and (n—k) < m imply that jn <m. A simple variational method yields that it is
sufficient to prove the lemma under the assumption that Qe Z,,,,, has all its zeros in
[—1,1]. We may also assume that

max |P(x)| =1, &)
-1<z<1
the general case can easily be reduced to this by a linear transformation (note that | P|
is increasing on [1, o), since all the zeros of Q are in [— 1, 1]). Therefore, by Lemma
1.4, we can deduce that

max{a;,a,} < 1 —cy, (10)
with ¢, = (4(/+ 1) ;)% = (8.2Y%(/+ 1))2. For the sake of brevity let
d,=min{a,,a,} and d,:=max{aq,,a,}. (11)
Let P be of the form (6) and
P(x) = (x = 3,)" P (x — 3, X" Q(x). (12)
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Since (x—d,)/(x—d,) is increasing on [d,, 0c0), we obtain

P o I1PO) | P(a0)|
max |P(x)) = max [P(x)] ~ max |B(x)|

-1<z<€1 d,<z<1

(13)

G, <z<1

for every ae[l,00). From Lemma 1.3, by a linear transformation, we can easily
deduce that .
1P(e)]

max |[P(x)|

d,<z<1

(14)

where
1 <o 1+(1-3)@BU+1)Pntk+ 1)) < 141024/ + 1)*nk+ 1))
Combining (13) and (14), we get the lemma.

Now we obtain Lemma 1.1 from Lemma 1.2 as follows.

Proof of Lemma 1.1. If fe 7,,,,, is of the form (5), then there is a Q€. ,,,
such that

g(t) g(—1t) = (cos t —cos B)2™~8) (cos t + cos &)*™(cos t —cos a)2" ™ g(£) g(— ¢)
= (cos t —cos B)* " 9(cos t + cos &) *™(cos t —cos &)X "™ O(cos 1). (15)

For the sake of brevity let
P(x) = (x—cos f)**9(x + cos &)*™(x —cos a)**~*™ Q(x). (16)
Then Lemma 1.2 yields
g0 = 1g(i6) g(—id)| = | P (cos (i9))|

£ max |P(a) € max | P(ax)|
1<a<1+6° 1 <a < 1+(1024+ D) n(k+1)) "

< ¢ max |P(x)| = ¢,omax|g(t) g(—1)| < ¢,y max|g(1)]?
-1<z<1 teR teR
whenever
|0] < 3271+ 1) ¥(n(k + 1)), (17)

and the lemma follows for all zeC with Rez =0 and

Imz| < 327'(I+ 1) *(n(k+ 1)),

If Rez # 0; then we study g(7) =g(t—Rez); this is of the form (5) as well with
@:=ou+Rez f:=pF+Rez and §(1) = g(t—Rez)€ J,,,,,, and the case already proved
gives the lemma.

From Lemma 1.1, by Cauchy’s Integral Formula, we immediately obtain the
following.

COROLLARY 1.5. There is an absolute constant c,, > 0 such that

max [g'(8)] < cy5(/+ 1)*(n(k + 1)) max |g(1)|

teR teR

Sor every ge J,,,,,, of the form (5).
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From Corollary 1.5, by a variational method, we easily obtain the next corollary.

COROLLARY 1.6. Let ¢, be as in Corollary 1.5. Then

[g'(ty)] < c,5(1+ 1)*(n(k +3))*max |g(z)] with t,eR

teR

for every ge T, , of the form
g(1) = (1 —cos (1 —B)""~ h(cos 1) q(1), (18)

where BeR, ge T, 1.k, 1€ N with 0 < k < n, and where he #,_, has no zeros in the
open unit disk.

Proof. Let t,eR, n,k,leN with 0 <k <n, feR, and geJ,,,,,, be fixed. By a
simple compactness argument there is a function

g*(1) := (1 —cos (1= B))*Ph*(cos 1) q() (19)

with h*e€Z,_, having no zeros in the open unit disk such that

gl _ g™ (1)l
, max|g(t))  max|g*(7)|’ (20)
eR eR

where the sup in (20) is taken for all g of the form (18). We show that h*e 2_\Z_, _,
has all but one of its zeros (counting multiplicities) at either —1 or + 1. If f*(a) =0
and ae C\R, then for a sufficiently small ¢ > 0,

N oy [ = Bx—c0s 1)
h(x)=h (,\)(l CErYeEry €EP._, (03}
has no zeros in the open unit disk, and
g.(t)=(1—cos(t— )" h,(cos ) q(r) (22)

contradicts the maximality of g*.
Now assume that there are a, fe R\[—1, 1] such that (x—a)(x—f) is a factor of
Six). Then for a sufficiently small ¢ > 0 it follows that

N e esign (aff) (x —cos 1,)?
h(x)=h (,\)(1 )= . )e?;,_,, (23)

has no zeros in the open unit disk, and (22) would contradict the maximality of g*.
Also, deg h* = n—k—1, otherwise for sufficiently small ¢ > 0 it would follow that

h(x) = h*(x)(1 —e(x—cost))e P _, (24)

has no zeros in the open unit disk, and g, defined by (22) would contradict the
maximality of g*. So now we get the desired conclusion by Corollary 1.5.

LEMMA 1.7.  There is an absolute constant ¢,, > 0 such that

max  [g(0)|” < ¢y,(1+ 1)*(n(k +3))"" J lg(0)]? dr

A S X4

for every g€ J,.,,, of the form (18) and for every 0 < p < 2.
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Proof. Let t,e[—m,n] be such that

lg(z)l = max |g(7)].

S

581

25)

By Corollary 1.6 and the Mean Value Theorem we obtain that there is a £ between

t, and ¢ such that

(D] = 18(2o)l —18(1) —&(20)] = lg(te)| — |2 =16l 1g"(S)
= max [g(t)|—|t— | cyy(I+1)*(n(k +3))"* max |g(7)

-a<t<”n —-aLT<”n

=227 max [g(7)|
-r<t<7

whenever
[t—to] < 2cya) (14 1) 2(n(k +3)) 712

For the sake of brevity let
I'=[t,— Qe Y+ 1) (ntk +2)) 72, t,+ (2c,5) (U + D73 (n(k + 2)) ).

Then (26) and 0 < p < 2 imply that

fﬁ lg()I” dr > f lg(@IP dr = c35(1+1)*(n(k +3))7°27* max [g(2)I”,

-1L1&n

and the lemma is proved.

LEMMA 1.8. There are f,, €7, of the form
(@) fu. ()= +cost)" " g, (1) withgq, €T,
such that
(ii) J o ()2 dr =1,

(iii) (fs, o(0))* 2 cy5(n(k +3))"",
(iv) f7,0)=0

hold for all integers 0 < k < n, where ¢,; > 0 is an absolute constant.

Proof. 1t follows from [S, Corollary 3.3] that there are F, ,€, of the form

E, (0)=0+ x)* Q.. (x) with 0..:€%
so that

f (B @)dx =1,

|F,, KD = cgn(k+3)

hold for all integers 0 < k < n, where ¢,; > 0 is an absolute constant. Now let

fui)= (f (F, , (cos t))2dz)_l/2 F, ,(cos).

(26)

27)

(28)

29)

(30)
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Obviously f, €7, is of the form (i), and

f a0 dt =1, (1)
S (0)=0 (32)

for all integers 0 < k < n. To prove (iii), first note that Lemma 1.7 implies (with
g=fow!=0,h=1,p=mn,p=2)that

f i (f,.,,,<z))2dr=f o (D) di+ f o (D) dr

(-m, n)\4

< m(A)ymax (f, J(0)*+ f o ()
[=n, 7]\ 4

teR

< m(A) ¢y4(n(k +3))" f (o k(D) dt +f (fo(D)?dt (33)

[-n, ")\A

holds for any measurable set 4 < [— 7, n]. Hence m(A4) < (2¢,,)*(n(k + 3))~*/* implies
that

f T Ordi<2 f o )P d. (34)

(-7, n]\4

Since f,, (1) = aF, ,(cos?), there is an absolute constant c,, > 0 so that with the
notation

51;, k= 1— (C” n(k + 3))_1 (35)
we have
J1 (F, () (1=x*)"dx <2 - (F, «(x))*(1 = x*)""dx. (36)
Now n.k

(o 02 = (E, ()" ( f ",y (cos ) dt)_
> ¢,y n(k+3) (2f (E, ()1 —x?) 2 dx)_l

> ¢, n(k+3) (4 J o (F, (()2(1—x®) e dx)_l

_6n< k

> contls ) eonter 2704 ([ 6 ora)

-Jn,k
> e+ ([ ELPd) = 6D
-1
with ¢,; :=47"¢,;c;7%, and the lemma is proved.

Proof of Theorem 1. Let f be of the form (1), let /:==[2p7']+1 for 0 < p < 1, and
let

g=f/n )" (38)
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Applying Lemma 1.7 to g, and then to f, ,, we obtain
max| f{z) (f,, (1)1

teR

< eyg(l+ Dl +3)) f R O D

< coull+ 1¥nlk + 3) max | f, ()7 f P, w1 de

TeR

< e+ D¥(n(k +3)1 (clq(n(k+3))"2 f (o 1(O)? dt)(“’—2)/2
X th LA (f,, (7)) de

< (4 1) n(h+ 3))7 f DR (W), (39)

where Ip > 2 and Lemma 1.8 (i) were also used. Applying Corollary 1.6 to g defined
by (38), we get
g’ (DI < efy(I+ 1)*"(n(k + 3))"* max |g(7)|” (40)

1eR

for every teR. Putting ¢ = 0 and using f, ,(0) = 0 and (39), we conclude that

VAV ()] g
< e+ 1)*P(n(k + 3))* max | f{z) (f,, (D)

< y(I+ 1) (nlk + 3))"2(1+ 1)*cii(n(k + 3))7" J_ SO (D) dr. (41)

Combining this with (f,, (0))* > c,5(n(k+3))"* (see Lemma 1.8 (ii))) and
I+1 < 2(1+p7"), we deduce that

I/ O < cfa(+ 1)*?(n(k + 3)P*(1+ 1)%ciy” e fﬂ LA, () dT

< e 0+ )" | P, (o de @)
with an absolute constant ¢, > 0. Applying (42) to f,(7) = f{r + f), we obtain
el VO N [ i pmr e o e
vt (LAY < [ ort, - @)
Since .
f (fo(t—=0)dr=1 forteR 44)

and y:[0, c0) - R is a convex and nondecreasing function, (44) and an application of
the Jensen inequality yield

x ((cls VI (%)) <y (f NP e dr)

< J x(ADP) (f,, or— )P de. (45)
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Integrating both sides of (45) with respect to ¢, and using

J (fut—0)dr =1, (46)
we get the desired inequality by the Fubini Theorem.

Proof of Corollary 2. This result follows from Theorem 1 with = p and y(x) := x
if0<p<1,and with g:=1 and y(x) =x?if p > 1.

To prove Theorem 3 we need some lemmas.

LemMa 3.1 ([2], [6, Corollary 1.3], [9, Theorem 1], or (4, Theorem 3.4]). There is
an absolute constant ¢,y > 0 such that

max [f'(x)| € c;gn(k+1) max |Ax)|

-1€z<1 -1gz<1

Sor all fe P, having at most k (with 0 < k < n) zeros (counting multiplicities) in the open
unit disk.

LeMMA 3.2 [3, Theorem 3.3). There is an absolute constant c,y > 0 such that

max |fx)|? < ¢yl +p*) nlk+ I)J1 | fx)? dx

-1<z<1

for all fe 2, having at most k (with 0 < k < n) zeros (counting multiplicities) in the open
unit disk and for all p > 0.

LEMMA 3.3.  There is an absolute constant c,, > 0 such that
1
J AP —x*) " dx < ¢5,(1 —a)7(1 +p) (n(k + 1))“J1 | )P dx
-1 -1

Sfor all fe P, having at most k (with 0 < k < n) zeros (counting multiplicities) in the open
unit disk, and for allp >0 and 0 < o < 1.

Proof. Letd, ,=1—(n(k+1))”". Using Lemma 3.2, we obtain

J AP —x*)™ dx

()

<-0,07 [ ifoopaxs | (1-xdx max ISP
(=1, 1IN0y, 4.0 4]

~Onk “1<y<1
1 1
< (ke + 1)y J OO doe+2(1 = 23 (1 =8, )" con(1 4 ) nll+ l)j 0P dx
-1 -1
1
< ey (1—a) (1 + %) (il + )" f P d,
-1
where ¢,, =1+ 2c,,, and the lemma is proved.

Proof of Theorem 3. We distinguish two cases.



MARKOV AND BERNSTEIN TYPE INEQUALITIES IN L, 585

Case 1: p>=1. Corollary 2 and the substitution x = cos¢ yield
1 1
J |/ GAP(1 = x®) D" dx < cy(p) (n(k + 1))* ZJ A)P(1=x7)"2dx  (47)
-1 -1

for every fe %, of the form (2). Now let §, ,:=1—(n(k+1))™". Then, by (47) and
Lemma 3.3, we get

On.
f_ P dx

‘sn.k

< (n(k + 1)) -ore ’r"‘k L ()[P(1 — x2)®D72 dx

_6n,lc

< (nlk + 1) P™ey(p) (ke + 1)) f fIP(1—x*) ™2 dx
< (n(k + 1)) P~¢,(p) (n(k + 1))"22¢,,(1 + p*) (n(k + 1)) J ‘ LA dx

< con(p) (nlk + 1) f AP dx, 48)

where ¢,,(p) = 2¢,,(1 +p?) co(p) = 2¢,,(1+p?) c&*'(1 +p7?) for every fe 2, of the form
(2). Using Lemmas 3.1 and 3.2 we can easily deduce that

J S dx <2(1=3, ) max |fGIP
[=1, 1\(=0p, &+ O, &)

-1€zx<1

< 2(ntk + 1)) Y(c,gntk+1))? max |fAx)?

-1gz<1

< 2l + ) Hego ke + DYer(1 4 n(k +1) f "
< culp) (nlk+ 1))ﬂj AP d, “9)

where ¢,5(p) = 2¢?, c,0(1 + p?), for every fe &, of the form (2). Now (48) and (49) yield
the theorem.

Case 2: 0 <p<1. Letu:=[p'] Since 0 <p <1, we have |a+b|” < |a|®+|b”

for any two real numbers a and 4. Combining this with the product rule and
Corollary 2, we obtain

j ") sin® 47 de

n
SJ
-n

<cy(p) (n+u) (k+u+1))72 J " A0 sin® z|vdz+ur A sin* f7dt  (50)

d b 7}
E(ﬂt) sin*f)

b4 4
dt+ J | ) usin®** tcost|? dt
-n
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for every fe 7, of the form (1). Substituting x = cosz, we get
1
J |f/(x)| (l _x2)(u+1)p/2—1/2 dx
-1
1
< () () (ke +u+ 1))”’2J U1 — 33212
-1
1
+uJ P = xe-0w2-1 g -
-1

for every fe 2 of the form (2). Observe that 0 < p < 1 and u = [p™!] imply that

A+ )p-320, (52)
—3<pu—Dp—3<qup—3;<0. (33)

Let 9, , =1 —(n(k+1))". Using (51), (52), (53), and Lemma 3.3, we can deduce that

6n.k
J LfGol” dx

‘5n.k

< (n(k + 1))twrvriz-1i2 J’éﬂ'k Lf/(x)|P(1 — xB)@ /2172 gy

‘sn.k

< (nk+ 1) P72, (p) (n+u) (k +u+ 1) f NP1 — x?) P22 dx
-1
+ (n(k + 1))@V -1z, J’l AP (1 — x2)w-Dpiz-172 gy
-1
< )1+ Pt Dy e [ s
-1
+4c,, pi(n(k + 1)) D PR-YDHA @D B/ ‘[l U dx
-1

< cu(p) (n(k + 1))vf SO dx (54)

for every fe 2, of the form (2), where c,,(p) = c,(p) (1 + p~")P4c,y +4cy, p < cps p~°
with a suitable absolute constant c,; > 0. Further, using Lemmas 3.1 and 3.2 we get

f S dx<21-6,,) max S
-1, 1]\[_‘5n,k,‘sn.k]

-1€z<1

< 2(ntk+ 1)) M(c,gntk+1))? max [fx)?

S 2nth+ D) el DP2enticr 1) [ 00 s
< ol 1)? f o, (55)

where ¢,q :=4c, (1 +¢,,) for every fe 2, of the form (2). Now (54) and (55) give the
theorem.
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We prove only Example 5, the proof of Example 4 is quite similar.

Proof of Example 5.  From [5, Corollary 3.3] it follows that there are G, €, of
the form

G, ) = (14300, () with 0, €2 (56)
such that
f LGy dx =1, 57)
G (D > e+ 1), (58)
Gy (D > cypnk+1) (59)

for all integers 0 < k <n, where c,; >0 and c¢,3 >0 are absolute constants. Let
u=[2p7"]+1,7:=[n/u] and k :=[k/u]. We distinguish two cases.

Casel:fiz 1. LetH,, =(G; ;)" Obviously H, , €%, and it is of the form
(4) for all integers 0 < k < n and for all p > 0. Using Lemmas 3.2 and 3.1, and 7 > 1,
we obtain

1
f Y, o (P dx 2 (ol +p)nlk+ D) max |H, , (7
-1

-1€z<1

2 (Coo(1+p*) (ke + 1)) 7w max [(G; ¢(x))*7G g(x)I”

-1<z<1

(CunL+P5) -+ D) ek, (AR + 1)) =0
B p(p+ 1) (n(k + 1)) w+2 721 (60)

with a suitable absolute constant ¢,y > 0. Further, up > 2, Lemma 3.2 and (57) imply
that

=
=

1 1
J |H, i, oI dx = f |G 5P dx
-1 -1

1
< J (G, ) dx max |Gy £
-1

-1<z<1
- 1 (up-2)/2
< (020(1 +p°) Ak + l)j (Gs (%)) dx)
-1

< e+ 1) (61)

with a suitable absolute constant c¢,, > 0 which, together with (60), gives the desired
result.

Case 2: Ai= Then n<u<2p™'+1. Let H,, (x)=1+x if n>0, and
n

0
H, . ,=1if n=0. A simple calculation yields the desired inequality.
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