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Abstract

Borwein, J.M. and P.B. Borwein, Class number three Ramanujan type series for 1/, Journal of Computa-
tional and Applied Mathematics 46 (1993) 281-290.

There is a class of remarkable series for 1/ of the form

v-C? i‘_": A+nB  (6n)!
T ST € Gr)(n)Y
where A, B, C are certain algebraic numbers. These were first examined by Ramanujan. These examples arise
by computing singular invariants for j and the constants involved will have degree equal to the class number of
the associated imaginary quadratic field. Qur intention is compute all such class number three examples. The
largest such example, with discriminant —907, adds 37 additional digit accuracy per term. A class number four
example with discriminant — 1555 gives 50 digits per term.

Keywords: Ramanujan; series; pi; class number.

1. Introduction

Ramanujan produced a number of remarkable series for 1 /ar; for example,
1 2V2 = (4n)! [1103 + 26390 n]

w9801 2 4¢(n1)? 994

This series adds roughly eight digits per term. Such series exist because various modular
invariants are rational (which is more or less equivalent to identifying imaginary quadratic fields
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with class number one). The larger the discriminant of such a field, the greater the rate of

convergence. Thus with d = —163 we have the largest of the class number one examples:
1 * (6n)! 13591409 + 545140134 n
_=122('1) 3 A\ +1/2
w n=0 (n!)" (3n)! (6403207)

a series first discovered by the Chudnovsky’s in [4]. Quadratic versions of these series
correspond to class number two imaginary quadratic fields. The most spectacular and largest
example is d = —427 and

= (—1)"(6n)! (A +nB)

1
*=122 , -

o - (n!)3(3n)! cn1/?

where
A=1212175710912 V61 + 1657145277365,
B = 13773980892672 Vol + 107578229 802750,

3

C = [5280 (236674 + 30303 V61 )|

The series adds roughly 25 digits per term, VC /(12 A) already agrees with pi to 25 places. One
also has a conjugate series

=7.12§) (—1)"(6n)! A +nB

1
w o (nY@m)t

where A, B and C are the conjugate quadratic numbers
A:=212175710912 V61 — 1657145277365,

B = 13773980892 672 V61 — 107578229 802750,
T = [5280 (236674 — 30303 V6T )]
In this case convergence is much slower: less than one digit per term.

For a further discussion of these, see [3] where many such quadratic examples are consid-
ered. One might note that various of the recent record setting calculations of pi have been
based on these series. In particular, the Chudnovsky’s computed over two billion digits of w
using the second series above.

There is an unlimited number of such series with increasingly more rapid convergence. The
price one pays is that one must deal with more complicated algebraic irrationalities. Thus a
class number p field will involve pth-degree algebraic integers as the constants 4, B and C in
the series. The largest class number three example corresponds to d = —907 and gives 37 or 38
digits per term. It is

-C3 * 6n)! A+nB
= s _m Ax

w =0 Gn)! (n)) O
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where
C= (4320)22/3 31/3 (—4711544 446661 617873062970 863

+52735595419633 (2721))

—(4320)2%/3 31/ (4 711544446 661617873 062970863

+52735595419633 (2721)/%)”
— 16580537033 280,
A =27136 (2581002591 670714 650084 289 323 501 202067 163 298 721

99780432501 542041707016 500 (2721)"7%)""

— 27136 ( —2581002591 670714 650084 289323 501 202 067 163 298 721

+99 780432501 542041 707016 500 (2721)"%)'”

+ 37222766 169818947772,
B = 193019904 (907)"/*(6 696 886 031 513 505 648 275 135 384091 973 612

1/3
+22970050316 722125 (2721)"?) "~ 193019904 (907)"/
X — 6696886031 513 505 648 275 135 384091973612

+22970050316 722125 (2721)%)

+ 35217794936 040022065 512.
The largest discriminant series we computed was the class number four example for d = — 1555,
with
C = —214772995063 512240 — 96 049 403 338 648 032 % 51/2
— 1296 +5'/2(10 985234 579 463550323713 318 473

1/2

+4912746253 692362754 607395912 5'/2)'/?,
A = 63365028312971999 585 426 220 + 28 337 702 140 800 842 046 825 600 + 51/2
+384 %512 (10891728551 171 178 200467 436 212 395 209 160 385 656 017
+4870929 086 578 810225 077 338 534 541 688 721 351 255 040+ 51/2)'?,
B = 7849910453496 627210289 749 000 + 3 510 586 678 260 932 028 965 606 400 + 5'/2
+ 2515968311072 (6260208 323789 001 636 993 322 654 444 020 882 161
+2799 650 273 060 444 296 577206 890 718 825 190 235 % 51/2)',

The above series with these constants gives 50 additional digits per term.
Our intention in this note is to exhibit all such series that correspond to class number three
fields and to using the absolute invariant J. (Some examples based on other modular functions
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and forms are discussed in [2,3]. Since J is rational in these invariants, the algebraic complexity
of these series will always be at least as complicated and usually more $0.)

Ramanujan’s seminal paper on the subject is [11] (see also [8]). For the necessary theory of
elliptic modular functions, and singular invariants, se¢ [1,2,4-6,9,13]. Some of the special
function theory may be found in [2,7,14]. References [10,12] contain some related results.

2. The series

All the series are of the form

® (6n)! 1 =il -
£ )+ ) s Gy T ()

where
B _ . 1/2 1 E4(t) 6
(1) = (T8 — i) el == | Bl T )
' 1728E3(¢)
0= B0 -E2)
Here
% nqn © n3 n
Ez(q)=l—24ngl Tl E4(q)=1+240n§1 gl
Eﬁ(q)=1—504i 1_; and g= —exp(—mVt).

So j is the absolute invariant, and E,, E, and E, are Eisenstgain series, E, and E4 are entire
modular forms of weight four and six, respectively (in g == e>™'%), while E, satisfies

1 . 1 ) B 12
s —— | = z)+ —
227z A2) 2riz
Table 1
t Number of correct digits t Number of correct digits
23 3/4 307 20/21
31 4/5 331 21/22
59 7/8 379 23 /24
83 9/10 499 27/28
107 10/11 547 28/29
139 12/13 643 31/32
211 16/17 883 37/38

283 19,20 907 37/38
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Identity (*) holds for all > 0. It is of particular interest when ¢ is a positive integer
(=3 mod 4), in which case

exp{%(3 + \/——t)ZTri} - exp(—\/fw)

and j(¢) is the singular j-invariant corresponding to the imaginary quadratic fields with
discriminant ¢, When the class number is p, then (j(¢))!/3 and also a(¢) and b(¢) are algebraic
integers of degree p. There are ten of class number one fields

[1,2,3,7,11,19, 27, 43, 67, 163].
The class number two fields are

[5, 6, 10, 13, 15, 22, 35, 37, 51, 58, 91, 115, 123, 187, 235, 267, 403, 427].
For class number three we have

[23, 31, 59, 83, 107, 139, 211, 283, 307, 331, 379, 499, 547, 643, 883, 907],
all of which are 3 mod 4. In Table 2,

PI[t],  PA[t],  PB[t]
will be the minimal polynomials for

()7 a(e),  b(o),
respectively, while

CIle],  cA[t], CB[t]
will be the appropriate values of

o \1/3

)" a(e),  b(2),
which in each case is the unique real root of the minimal polynomial. The computations were
all carried out in Maple. The minimal polynomials were computed using the expansions above
and then a lattice basis reduction algorithm. (The precision required is quite high, though 300
digits suffices in all cases.) It is possible of course to compute CJ[t] = Jj(£)'7? by other methods,
see [1] where implicit forms of these cubic invariants are given. The number of correct digits
per term in the associated series is easy to estimate (it behaves like 1728 /j(2)) (see Table 1). In
Table 2 the series are all in the form (1 = —d)

5> CA[t] +nCB[t]  (6n)!
o ()" @a)t ()

-] e

™ n
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