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UNSOLVED PROBLEMS

EDITED BY RICHARD GUY

In this department the MONTHLY presents easily stated unsolved problems dealing with notions
ordinarily encountered in undergraduate mathematics. Each problem should be accompanied by
relevant references (if any are known to the author) and by a brief description of known partial results.
Manuscripts should be sent to Richard Guy, Department of Mathematics and Statistics, The
University of Calgary, Calgary, Alberta, Canada T2N IN4.

The Way of All Means

J. M. BORWEIN and P. B. BORWEIN,
Dalhousie University, Halifax, N. S., Canada B3H 3J5

We are interested in presenting some problems concerning the limits of mean
iterations. For our current purposes, a mean is a continuous real-valued function M
of two strictly positive real variables a and b so that, for all such a and b

min(a, b) < M(a, b) < max(a, b).

This inequality, which ensures that M(a, b) lies between a and b, is the absolutely
essential part of the definition. We also assume that means are symmetric and
positively homogeneous, that is,

M(a,b) = M(b,a) and M(Aa,Ab)=AM(a,b) A0,

though often these assumptions are unnecessary. Three particular classes of means
are:

HOLDER’S MEANS.
= 1/p
H,(a,b) = [(a? + b?) /2] p#0
G(a,b) =Hy(a,b) = ]jn})Hp(a, b) = J(ab) .
p-—i
Then A = H, is the arithmetic mean and G is the geometric mean. The mean H _,
is called the harmonic mean. Holder’s means are sometimes called power means.
LEHMER’S MEANS.
L,(a,b) = (a? + b?) /(a?~* + b>~1),

Note that L, =4, L,,, =G and L, = H_,. These are the only means that are
both Lehmer means and Holder means [7].

STOLARSKY’S MEANS. .
S,(a,b) = [(a® = b?)/(pa — pb)]*™P  p+0,1.

The limiting cases (p = 0,1) give the logarithmic and identric means, respectively.
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Thus
So(a, b) = lin})Sp(a, b) =(a—b)/(loga — logb)
p—P

and

Sl(a9 b) = limlSp(a, b) = e_]-[aa/bbll/(a—b).
p—P

Note that S, =4 and S_; = G.

A (Gaussian) mean iteration associated with two means M and N is the two-term
iteration

ayi1 = M(dn, bn) and bn+l = N(an’bn)

with initial values a,, = a and b, == b. The common limit of {a,} and {b,} when it
exists, is called the (Gaussian) compound of M and N and is denoted by M ® N :=
M ® N(a, b). The compound M ® N exists under very general assumptions on M
and N. For any pair of means from the three classes above M ® N(1, z) is an
analytic function in a neighborhood of 1 and the underlying convergence is
quadratic—in the sense that |a, , — b,,,| = O(|a, — b,|?), so that n iterations
typically give c¢” digits of M ® N for some ¢ > 1. (See [3] or [6] for the reasons
behind these assertions.)
In certain cases it is easy to identify the limit function. For example

H,(a,b) ® H_,(a,b) = /(ab),
which follows from the fact that
[(a? + b7) /2] [(a7? + b™2) /2] "7 = ab.
The Gaussian arithmetic-geometric mean iteration (AGM) is given by
a,1=(a,+b,)/2 and b, = (a,b,).

In our notation this is the compounding of 4 and G and the common limit is
A ® G. The remarkable fact is that this has a closed form in terms of complete
elliptic integrals, namely

4®G(1,z) = (77/2)/[)7/2[1 - (1 - 2?)sin’] " a.

The AGM sits at the heart of the most rapid algorithms for the extended precision
algorithms for 7 and all the elementary functions. (See [2], [3], [4], [8], and [9].) The
reason for this is that, up to trivial changes of variable, this is the only known
quadratically convergent algebraic iteration with an identifiable nonelementary
limit. Thus H, ® G are the only compounds of two means from the above three
classes where we know that we get an explicitly identifiable nontrivial limit.

This leads to the first question.
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Question 1. Can one identify, in closed form, either

a] A(a,b) ®H,(a, b)
or
b] A(a,b)®L,(a,b)?

These are perhaps the two most tantalizing of the unknown mean iterations and
almost any information about them would be of some interest. Case b] is analyzed
in some detail by Lehmer [7], where various expansions are provided. What
constitutes a closed form answer is not always clear. We can be more precise. A
function is said to be hypertranscendental if it satisfies no algebraic differential
equation of any order (the solutions of an equation like (f- """ + Txf’)? = x*f3
are thus not hypertranscendental). Virtually all the special functions are not
hypertranscendental, precisely because they arise as solutions of D.E.s. An excep-
tion is the Gamma function, which was shown to satisfy no algebraic differential
equation by Holder.

Question 2. Are either

a] A(a,b)®H,(a,b)
or

b] A(a,b)®L,(a,b).
hypertranscendental?

An easier problem might be to determine whether either of the above functions is
hypergeometric. We say that a function is hypergeometric if it has a power series
expansion (around some point x,) with coefficients {c,} that satisfy c,/c,_, =
R(n), where R is a fixed rational function. Many familiar transcendental functions
are hypergeometric including exp(x,:=0 and R(x):=1/x), log(x,:=1 and
R(x) = (1 — x)/x), and the complete elliptic integrals.

One can show that none of the most elementary of the transcendental functions
(exp, log, sin, etc.) can be Gaussian compounds of algebraic means. This is done in
[3]. Some of these functions are, nonetheless, limits of two term iterations.

For example

a,,1=(a,+{(a,b,))/2 and b,,,=(b,+ [(a,b,))/2

converge to (b, — a,)/(log b, — log a,). This, however, isn’t a Gaussian mean
iteration by our definition (because of the lack of symmetry) and the convergence
isn’t quadratic.

The class of possible compounds of rational means (means which are also
rational functions) is probably more structured. We show in [3] that the only
algebraic functions in this class are pth roots of rational functions. In fact, 4 ® L,
is not algebraic while H; ® H _, clearly is. This leads to

Question 3. Characterize (or say something interesting about)
a] Fg+={M ® N(1, z)| where M and N are rational means}.
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b] F, = {M ® N(1, z)| where M and N are algebraic means}.
c] Fy={M ® N(1, z)| where M and N are analytic means}.

Here rational, algebraic, or analytic means are means which are, respectively, also
rational, algebraic, or analytic functions of each variable (in some neighborhood of
1). Thus 4 and H_, are rational means; G and H, are algebraic means; and S, is
an analytic mean. Of course, 4 and H _, are also algebraic and analytic means, as is
any rational mean.

Question 4. Do Fy or F, contain any of the special functions other than algebraic
functions or complete elliptic integrals (or some essentially trivial variant thereof)?

There are many multidimensional quadratically convergent analogs of com-
pounding due to Borchardt and others. (See [1] and [3].) To our knowledge none are
known to lead to new explicit transcendental limits.

Question 5. What can be said about multidimensional compounds?

An example of a three-dimensional compound is the following. Let
ay+1 = Ml(an’ bn’ cn) = (an + bn + cn)/3

bn+1 = M2(an’ bn’ cn) = (arzr + bn2 + Crzl)/(an + bn + Cn)

curr = My(a,, by, c,) = [(af + 87 + ) /3]
Then, if a,, by, and c, are positive, the three sequences {a,}, {b,}, and {c,}
converge quadratically to a common limit. What can be said about the limit
function?

The fourth question may be the most interesting. A positive answer would be of
astonishing consequence. A negative answer would explain the central role of the
AGM.

Additional related material is developed in [1], [3], [10], and [11].
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