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Properties of Padé approximants to the Gauss hypergeometric function 2F1(a, b; c; z) have
been studied in several papers and some of these properties have been generalized to several
variables in [6]. In this paper we derive explicit formulae for the general multivariate Padé
approximants to the Appell function F1(a, 1, 1; a + 1; x, y) = ∑∞

i,j=0(axiyj /(i + j + a)),

where a is a positive integer. In particular, we prove that the denominator of the constructed
approximant of partial degree n in x and y is given by q(x, y) = (−1)n

(m+n+a
n

)
F1(−m −

a, −n, −n; −m−n−a; x, y), where the integer m, which defines the degree of the numerator,
satisfies m � n + 1 and m + a � 2n. This formula generalizes the univariate explicit form
for the Padé denominator of 2F1(a, 1; c; z), which holds for c > a > 0 and only in half of
the Padé table. From the explicit formulae for the general multivariate Padé approximants, we
can deduce the normality of a particular multivariate Padé table.

Keywords: Padé approximant, hypergeometric function, multivariate
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1. Introduction

The study of generalized hypergeometric functions of several variables has been
extensive, due to their frequent occurrence in the solutions of statistical and physical
problems. In this paper we focus on the first Appell function F1(a, b, b′; c; x, y) as
given below.

∗ Research supported in part by NSERC of Canada.
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For any positive integer i, let

(a)i :=
{

a(a + 1)(a + 2) · · · (a + i − 1), i � 1,

1, i = 0.
(1.1)

Then the Gauss or ordinary hypergeometric function is given by

2F1(a, b; c; z) :=
∞∑
i=0

(a)i(b)i

(c)ii! zi, (1.2)

where the parameters a, b, c and z may be real or complex. The natural generalizations
of the Gauss hypergeometric function to two variables are the following four functions,
each called Appell function (see [12] for more details):

F1(a, b, b′; c; x, y) =
∞∑

i,j=0

(a)i+j (b)i(b
′)jx

iyj

(c)i+j i!j ! ;

F2(a, b, b′; c, c′; x, y) =
∞∑

i,j=0

(a)i+j (b)i(b
′)jx

iyj

(c)i(c′)j i!j ! ;

F3(a, a′, b, b′; c; x, y) =
∞∑

i,j=0

(a)i(a
′)j (b)i(b

′)jx
iyj

(c)i+j i!j ! ;

F4(a, b; c, c′; x, y) =
∞∑

i,j=0

(a)i+j (b)i+j x
iyj

(c)i(c′)j i!j ! .

All four Appell functions reduce to the Gauss function if one of the variables is
equal to zero.

Properties of Padé approximants to the Gauss function 2F1(a, 1; c; z), where
c > a > 0, have been given in several papers [8,11,13,15]. Among these we find the fol-
lowing explicit formula for the Padé denominator. Let us denote the Padé approximant
of degree m in the numerator and n in the denominator by p(z)/q(z). Then if c is not a
negative integer and if n � m + 1, the denominator of the Padé approximant is given by

q(z) = 2F1(−a − m, −n;−c − m − n + 1; z).

Also, the table of Padé approximants to the Gauss function 2F1(a, 1; c; z), where
c > a > 0, has been proven to be normal, meaning that every Padé approximant occurs
only once in the entire table.

In this paper, our goal is to find explicit formulae for some general multivariate
Padé approximants to the Appell function F1 when b = b′ = 1 and c = a + 1, i.e. to
the Appell function

F1(a, 1, 1; a + 1; x, y) =
∞∑

i,j=0

axiyj

i + j + a
. (1.3)
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To this end we first explicitly construct the general multivariate Padé approximants to
the q analogue of F1(a, 1, 1; a + 1; x, y), namely

Lq(x, y) :=
∞∑

i,j=0

(qa − 1)xiyj

qi+j+a − 1
,

where |q| > 1, |x|, |y| < |q|, and a � 1 is an integer, by using the residue theorem and
the functional equation method (see [2,16–18] for more applications of this method).
Then, under suitable conditions, we find the limit of the Padé approximant to Lq(x, y)

when q approaches one, which equals the general multivariate Padé approximant to the
Appell function F1(a, 1, 1; a + 1; x, y). When considering the table of general multi-
variate Padé approximants that can be constructed using this procedure, we can prove
that this table is normal.

Let

F(x, y) :=
∑

(i,j)∈N2

cijx
iyj , cij ∈ C, (1.4)

be a formal power series, and let M, N, E be index sets in N × N =: N2. An (M, N )
general multivariate Padé approximant to F(x, y) on the lattice E is a rational function

[M/N ]E(x, y) := P(x, y)

Q(x, y)
, (1.5)

where the polynomials

P(x, y) :=
∑

(i,j)∈M

aijx
iyj , aij ∈ C,

Q(x, y) :=
∑

(i,j)∈N

bijx
iyj , bij ∈ C,

are such that

(FQ − P)(x, y) =
∑

(i,j)∈N2\E
dijx

iyj , dij ∈ C, (1.6)

with

M ⊆ E, (1.7)

#(E\M) � #N − 1 (1.8)

and E satisfies the inclusion property

(i, j) ∈ E, 0 � k � i, 0 � l � j =⇒ (k, l) ∈ E. (1.9)

Equation (1.6) translates to the linear system of equations

dij = 0, (i, j) ∈ E. (1.10)
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Using condition (1.7), we can split the system of equations (1.10) in an inhomogeneous
linear system defining the numerator coefficients aij ,

i∑
µ=0

j∑
ν=0

cµνbi−µ,j−ν = aij , (i, j) ∈ M, (1.11)

and a homogeneous linear system defining the denominator coefficients bij ,

i∑
µ=0

j∑
ν=0

cµνbi−µ,j−ν = 0, (i, j) ∈ E\M, (1.12)

where bkl = 0 for (k, l) /∈ N. Condition (1.9) takes care of the Padé approximation
property, provided Q(0, 0) �= 0, namely(

F − P

Q

)
(x, y) =

∑
(i,j)∈N2\E

eijx
iyj , eij ∈ C.

It is clear that a nontrivial general multivariate Padé approximant always exists if the
equal sign applies in condition (1.8), and that it will be unique up to a constant factor
in the numerator and denominator if the coefficient matrix of the linear system (1.12)
has maximal rank #N − 1. If the rank of the coefficient matrix of (1.12) is less than the
maximal rank, then multiple solutions of Q(x, y) and P(x, y) exist and we refer to [1]
for a detailed discussion of this situation. For all definitions covered by the general
definition given here, one cannot guarantee the existence of a unique irreducible form if
multiple solutions of (1.12) exist. One may find more properties of general multivariate
Padé approximants in [3,4,7].

For the sequel we need the standard q-analogues of factorials and binomial coeffi-
cients. The q-factorial is defined by

[n]q ! := [n]! := (1 − qn)(1 − qn−1) · · · (1 − q)

(1 − q)n
,

where [0]q ! := 1. The q-binomial coefficient is given by[
n

k

]
q

:=
[
n

k

]
:= [n]!

[k]! · [n − k]! , 0 � k � n.

Note that for all 0 � k � n,

[n]q−1 ! = q−n(n−1)/2[n]!,
[
n

k

]
q−1

= q−k(n−k)

[
n

k

]
,

n∏
h=0, h�=k

(
q−k − q−h

) = (−1)k+nq−k(k−1)/2−n(n+1)/2[n − k]! [k]! (1 − q)n,
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and for |t | < q−n (see [9]),

1∏n
k=0(t − q−k)

= (−1)n+1qn(n+1)/2
∞∑
l=0

[
n + l

l

]
t l . (1.13)

We also need the Cauchy binomial theorem

n∑
k=0

[
n

k

]
qk(k+1)/2xk =

n∏
k=1

(
1 + qkx

)
. (1.14)

2. Padé approximants to the q analogue of the Appell
function F1(a, 1, 1; a + 1; x, y)

In this section, we explicitly construct some general Padé approximants to the q

analogue of the Appell function F1(a, 1, 1; a+1; x, y) by using the residue theorem and
the functional equation method. The functional equation and the appropriate integral
we construct, play a crucial role in finding the explicit formulae for the multivariate
Padé approximants for this function. The functional equation used here is simple but the
integral is relatively more complicated. We also prove that the rational approximants we
obtain are irreducible.

Let |q| > 1, |x|, |y| < |q|, and let a � 1 be integer, and let

L(x, y) := Lq(x, y) :=
∞∑

i,j=0

(qa − 1)xiyj

qi+j+a − 1
. (2.1)

As

qi+j+1 − 1 = (q − 1)
(
qi+j + qi+j−1 + · · · + 1

)
,

we find

lim
q→1

L(x, y) =
∞∑

i,j=0

axiyj

i + j + a
= F1(a, 1, 1; a + 1; x, y).

Hence we call L(x, y), as defined above, the q analogue of the Appell function
F1(a, 1, 1; a + 1; x, y). Since for k � 0 integer, and |x|, |y| < |q|,

L
(
q−1x, q−1y

)= ∞∑
i,j=0

(qa − 1)q−(i+j)xiyj

qi+j+a − 1

=
∞∑

i,j=0

(qa − 1)(1 − qi+j+a + qi+j+a)xiyj

qi+j (qi+j+a − 1)
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=
∞∑

i,j=0

qa(qa − 1)xiyj

qi+j+a − 1
− (

qa − 1
) ∞∑

i,j=0

xiyj

qi+j

= qaL(x, y) − (qa − 1)

(1 − q−1x)(1 − q−1y)
,

then the functional equation we need is given by

L
(
q−kx, q−ky

)= L
(
q−1q−k+1x, q−1q−k+1y

)
= qaL

(
q−k+1x, q−k+1y

)− (qa − 1)

(1 − q−kx)(1 − q−ky)

...

= qkaL(x, y) −
k∑

j=1

(qa − 1)q(k−j)a

(1 − q−j x)(1 − q−j y)

= qkaL(x, y) − Sk(x, y), (2.2)

where

Sk(x, y) :=
k∑

j=1

(qa − 1)q(k−j)a

(1 − q−j x)(1 − q−j y)
(2.3)

and

S0(x, y) := 0.

Theorem 2.1. Let L(x, y) and Sk(x, y) be defined by (2.1) and (2.3), and let

Rn(x, y) :=
n−1∏
j=0

((
1 − qjx

)(
1 − qjy

))
. (2.4)

Let m, n ∈ N, m � n + 1 � 1, and

W := {(i, j) : 0 � i, j, 0 � i + j � m
}
, (2.5)

N := {(i, j) : 0 � i, j � n
}
, (2.6)

M := N ∪ W, (2.7)

E := {(i, j) : 0 � i + j � m + n, i, j � 0
}
. (2.8)

Let

I (x, y) := 1

2π i

∫
�

Rn(tx, ty)L(tx, ty)

tm+1
∏n

k=0(t − q−k)
dt, (2.9)
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where � is a circular contour containing 0, q0, q−1, . . . , q−n, and let

Q(x, y) := (−1)nqn(n+1)/2

(1 − q)n[n]!
n∑

k=0

(−1)k

[
n

k

]
qk(k+1)/2+k(m+a)Rn

(
q−kx, q−ky

)
(2.10)

and

P(x, y) := (−1)nqn(n+1)/2

(1 − q)n[n]!
n∑

k=0

(−1)k

[
n

k

]
qk(k+1)/2+kmRn

(
q−kx, q−ky

)
Sk(x, y)

− 1

m!
dm

dtm

{
Rn(tx, ty)F (tx, ty)∏n

k=0(t − q−k)

}
t=0

. (2.11)

Then: (i)

I (x, y) = L(x, y)Q(x, y) − P(x, y);
(ii)

Q(x, y) =
∑

(i,j)∈N

bijx
iyj , bij ∈ C, (2.12)

P(x, y) =
∑

(i,j)∈M

aijx
iyj , aij ∈ C. (2.13)

More precisely,

Q(x, y) = (−1)nqn(n+1)/2

(1 − q)n[n]!

×
n∑

i,j=0

{
(−1)i+j qi(i−1)/2+j (j−1)/2

(
n∏

k=1

(
1 − qk+m+a−i−j

)) [n
i

][
n

j

]
xiyj

}
,

(2.14)

P(x, y) = (−1)nqn(n+1)/2

(1 − q)n[n]!
n∑

k=0

(−1)k

[
n

k

]
qk(k+1)/2+kmRn

(
q−kx, q−ky

)
Sk(x, y)

+ (−1)n
(
qa − 1

)
qn(n+1)/2

×
∑

i + j + h + l + k = m

0 � i, j, h � m, 0 � k, l � n

(−1)k+lxi+kyj+l

(qi+j+a − 1)

[
n

k

][
n

l

][
n + h

h

]
qk(k−1)/2+l(l−1)/2;

(2.15)

(iii)

I (x, y) =
∑

(i,j)∈N2\E
dijx

iyj , dij ∈ C, (2.16)
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with

Q(0, 0) �= 0;
(iv)

M ⊆ E and #(E\M) � #N − 1.

Hence an (M, N ) general multivariate Padé approximant to L(x, y) on the lattice E is
given by

[M/N ]E(x, y) = P(x, y)

Q(x, y)
.

Proof. (i) We can see that the integrand in (2.9) has simple poles at t = 1, q0, q−1,

. . . , q−n, and a pole of order m + 1 at t = 0, all inside the contour �. By the residue
theorem, the functional equation (2.2) and (1.13), (1.14), we have

I (x, y) = 1

2π i

∫
�

Rn(tx, ty)L(tx, ty)

tm+1
∏n

k=0(t − q−k)
dt

=
n∑

k=0

Rn(q
−kx, q−ky)L(q−kx, q−ky)(∏n

h = 0
h �= k

(q−k − q−h)
)
q−k(m+1)

+ 1

m!
dm

dtm

{
Rn(tx, ty)L(tx, ty)∏n

k=0(t − q−k)

}
t=0

= (−1)nqn(n+1)/2

(1 − q)n[n]!
n∑

k=0

(−1)k

[
n

k

]
qk(k+1)/2+kmRn

(
q−kx, q−ky

)

× (qkaL(x, y) − Sk(x, y)
)+ 1

m!
dm

dtm

{
Rn(tx, ty)L(tx, ty)∏n

k=0(t − q−k)

}
t=0

= Q(x, y)L(x, y) − P(x, y).

(ii) It is easy to see from the definition of Q(x, y) and Rn(x, y) that (2.12) holds.
Now from the Cauchy binomial theorem (1.15), we have

Rn(tx, ty) =
n−1∏
j=0

((
1 − qj tx

)(
1 − qj ty

))

=
n∏

j=1

((
1 − qjq−1tx

)(
1 − qjq−1ty

))

=
(

n∑
i=0

(−1)i

[
n

i

]
qi(i+1)/2−i t ixi

) n∑
j=0

(−1)j

[
n

j

]
qj(j+1)/2−j t j yj




=
n∑

i,j=0

(−1)i+j

[
n

i

][
n

j

]
qi(i−1)/2+j (j−1)/2xiyj t i+j , (2.17)
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and then

Rn

(
q−kx, q−ky

) =
n∑

i,j=0

(−1)i+j

[
n

i

][
n

j

]
qi(i−1)/2+j (j−1)/2−k(i+j)xiyj .

Putting this into (2.10), we have, by using (1.15) again,

Q(x, y) = (−1)nqn(n+1)/2

(1 − q)n[n]!
n∑

k=0


(−1)k

[
n

k

]
qk(k+1)/2+k(m+a)

×
n∑

i,j=0

(−1)i+j

[
n

i

][
n

j

]
qi(i−1)/2+j (j−1)/2−k(i+j)xiyj




= (−1)nqn(n+1)/2

(1 − q)n[n]!
n∑

i,j=0

{
(−1)i+j

[
n

i

][
n

j

]
qi(i−1)/2+j (j−1)/2xiyj

×
n∑

k=0

(−1)k

[
n

k

]
qk(k+1)/2+k(m+a−i−j)

}

= (−1)nqn(n+1)/2

(1 − q)n[n]!
n∑

i,j=0

(−1)i+j

(
n∏

k=1

(
1 − qk+m+a−i−j

)) [n
i

][
n

j

]

× qi(i−1)/2+j (j−1)/2xiyj .

This proves (2.14). Now for 0 � k � n,

Rn

(
q−kx, q−ky

)= n−1∏
j=0

(
1 − qj−kx

)(
1 − qj−ky

)

=

 k∏

j=1

(
1 − q−j x

)(
1 − q−j y

)

n−k−1∏

j=0

(
1 − qjx

)(
1 − qjy

) ,

which implies that

Rn

(
q−kx, q−ky

)
Sk(x, y) = (qa − 1

)n−k−1∏
j=0

(
1 − qjx

)(
1 − qjy

)

×
k∑

h=1

q(k−h)a

k∏
j=1,j �=h

(
1 − q−j x

)(
1 − q−j y

)
,

and hence

Rn

(
q−kx, q−ky

)
Sk(x, y) =

∑
(i,j)∈N

sijx
iyj , sij ∈ C. (2.18)
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Also

L(tx, ty) =
∞∑

i,j=0

(qa − 1)xiyj t i+j

qi+j+a − 1
. (2.19)

Then from (1.14), (2.17) and (2.19), for |t | � q−n,

Rn(tx, ty)L(tx, ty)∏n
k=0(t − q−k)

= (−1)n+1qn(n+1)/2
∞∑

i,j,h=0

n∑
k,l=0

{
(−1)k+l

[
n

k

][
n

l

][
n + h

h

]

× qk(k−1)/2+l(l−1)/2 (qa − 1)xi+kyj+l t i+j+h+k+l

(qi+j+a − 1)

}
.

So

1

m!
dm

dtm

{
Rn(tx, ty)L(tx, ty)∏n

k=0(t − q−k)

}
t=0

= (−1)n+1
(
qa − 1

)
qn(n+1)/2

∑
i + j + h + l + k = m

0 � i, j, h, 0 � k, l � n

{
(−1)k+lxi+kyj+l

(qi+j+a − 1)

×
[
n

k

][
n

l

][
n + h

h

]
qk(k−1)/2+l(l−1)/2

}
, (2.20)

and hence

1

m!
dm

dtm

{
Rn(tx, ty)L(tx, ty)∏n

k=1(t − qk)

}
t=0

=
∑

(i,j)∈W

rijx
iyj , rij ∈ C. (2.21)

Thus (2.13) follows from (2.18) and (2.21), and (2.15) follows from (2.11) and (2.20).
(iii) From (2.9), (2.17) and (2.19),

I (x, y) = 1

2π i

∫
�

Rn(tx, ty)L(tx, ty)

tm+n+2
∏n

k=0(1 − 1/(qkt))
dt

= 1

2π i

∫
�

Rn(tx, ty)L(tx, ty)

tm+n+2


 ∑

j0,...,jn�0

n∏
k=0

(
1

qkt

)jk


 dt

=
∑

j0,...,jn�0

q−∑n
k=0 kjk × 1

2π i

∫
�


 1

tm+n+2+(j0+···+jn)

×
∞∑

i,j=0

n∑
k,l=0

(−1)k+l

[
n

k

][
n

l

]
qk(k−1)/2+l(l−1)/2 (qa − 1)xi+kyj+l t i+j+k+l

(qi+j+a − 1)


 dt
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=
∑

j0,...,jn�0

q−∑n
k=0 kjk

∑
i + j + l + k − (m + n + j0 + · · · + jn + 2) = −1

0 � i, j < ∞, 0 � l, k � n

(−1)k+l

[
n

k

][
n

l

]

× qk(k−1)/2+l(l−1)/2 (qa − 1)xi+kyj+l

(qi+j+a − 1)

=
∑

i + j + l + k = m + n + j0 + · · · + jn + 1
0 � i, j < ∞, 0 � l, k � n

0 � j0, . . . , jn

q−∑n
k=0 kjk (−1)k+l

[
n

k

][
n

l

]

× qk(k−1)/2+l(l−1)/2 (qa − 1)xi+kyj+l

(qi+j+a − 1)
.

So (2.16) holds. Now from (2.10) and (1.15), for |q| > 1,

Q(0, 0) = (−1)nqn(n+1)/2

(1 − q)n[n]!
n∑

k=0

(−1)k

[
n

k

]
qk(k+1)/2+k(m+a)

= (−1)nqn(n+1)/2

(1 − q)n[n]!
n∏

k=1

(
1 − qk+m+a

) �= 0.

(iv) M ⊆ E is obvious, and

#W = #
{
(i, j) : 0 � i + j � m, i, j � 0

} = (m + 1)(m + 2)

2
.

For n < m < 2n, i.e. n + 1 � m � 2n − 1,

m − n � 1, 2n − m � 1,

and

#M = #N + 2 × (m − n)(m − n + 1)

2
= (n + 1)2 + (m − n)(m − n + 1) = m2 + 2n2 − 2mn + m + n + 1,

#E = (m + n + 1)(m + n + 2)

2
,

so

#(E\M) = 1

2
(m + n + 1)(m + n + 2) − (

m2 + 2n2 − 2mn + m + n + 1
)

= 3mn − 1

2
m2 − 3

2
n2 + 1

2
m + 1

2
n

= mn − 1

2
m(m − n) + 3

2
n(m − n) + 1

2
(m + n)
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= mn + 1

2
(m − n)(3n − m) + 1

2
(m + n)

� mn + 1

2
(n + 1) + 1

2
(m + n)

� (n + 1)n + 1

2
(n + 1) + 1

2
(2n + 1)

� n2 + 2n = #N − 1.

For m � 2n,we have N ⊆ W, and hence M = W and

E\M = {
(i, j) : m + 1 � i + j � m + n, i, j � 0

}
.

Then

#(E\M) = (m + n + 1)(m + n + 2)

2
− (m + 1)(m + 2)

2

= n(2m + n + 3)

2

� n(5n + 3)

2
(as m � 2n)

� n2 + 2n = #N − 1.

Then for all m � n + 1,

#(E\M) � #N − 1.

Combining (i)–(iv), we have

[M/N ]E(x, y) = P(x, y)

Q(x, y)
.

This completes the proof of theorem 2.1. �

Theorem 2.2. Let M, N, E and L(x, y), P(x, y), Q(x, y) be defined in theorem 2.1
and let m � n + 1. Then the coefficient matrix of the homogeneous linear system (1.12)

i∑
µ=0

j∑
ν=0

cµνbi−µ,j−ν = 0, (i, j) ∈ E\M,

has rank #N − 1, where bkl = 0 for (k, l) /∈ N.

Proof. From part (iv) of theorem 2.1, #(E\M) � #N −1, so the number of variables in
the homogeneous linear system is less than or equal to the number of equations. Since we
have obtained a nontrivial solution Q(x, y) in theorem 2.1, the rank r of the coefficient
matrix of the homogeneous linear system (1.12) is at most #N − 1, i.e.

r � #N − 1. (2.22)
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To prove that also r � #N − 1, we consider the following points in the set E\M,

(0, m + 1) . . . (0, m + n − 1) (0, m + n)

(1, m) (1, m + 1) . . . (1, m + n − 1)

(2, m) (2, m + 1) . . .

...
...

(n, m)

(2.23)

and

(m + 1, 0) (m + 2, 0) (m + 3, 0) · · · (m + n − 1, 0) (m + n, 0)

(m + 1, 1) (m + 2, 1) (m + 3, 1) · · · (m + n − 1, 1)

(m + 1, 2) (m + 2, 2) (m + 3, 2) · · ·
...

...
...

(m + 1, n − 2) (m + 2, n − 2)

(m + 1, n − 1)

(2.24)

These n + 2n(n + 1)/2 = n(n + 2) = (n + 1)2 − 1 = #N − 1 points of E\M
represent (#N − 1) homogeneous linear equations of the linear system (1.12). The first
n + n(n + 1)/2 equations corresponding to the index points given in (2.23) are

c0,m+1b0,0 + c0,mb0,1 + · · · + c0,m−n+1b0,n = 0,

c0,m+2b0,0 + c0,m+1b0,1 + · · · + c0,m−n+2b0,n = 0,

...

c0,m+nb0,0 + c0,m+n−1b0,1 + · · · + c0,mb0,n = 0;




n equations (1st row in (2.23))

c1,mb0,0 + c1,m−1b0,1 + · · · + c1,m−nb0,n

+ c0,mb1,0 + c0,m−1b1,1 + · · · + c0,m−nb1,n = 0,

c1,m+1b0,0 + c1,mb0,1 + · · · + c1,m−n+1b0,n

+ c0,m+1b1,0 + c0,mb1,1 + · · · + c0,m−n+1b1,n = 0,

...

c1,m+n−1b0,0 + c1,m+n−2b0,1 + · · · + c1,m−1b0,n

+ c0,m+n−1b1,0 + c0,m+n−2b1,1 + · · · + c0,m−1b1,n = 0;




n equations

(2nd row in (2.23))

...
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cn,mb0,0 + cn,m−1b0,1 + · · · + cn,m−nb0,n

+ cn−1,mb1,0 + cn−1,m−1b1,1 + · · · + cn−1,m−nb1,n

+ · · · + c0,mbn,0 + c0,m−1bn,1 + · · · + c0,m−nbn,n = 0


 1 equation

and the following n(n+1)/2 equations corresponding to the index points listed in (2.24)
are

cm+1,0b0,0 + cm,0b1,0 + · · · + cm−n+1,0bn,0 = 0,

cm+2,0b0,0 + cm+1,0b1,0 + · · · + cm−n+2,0bn,0 = 0,

...

cm+n,0b0,0 + cm+n−1,0b1,0 + · · · + cm,0bn,0 = 0;




n equations

cm+1,1b0,0 + cm+1,0b0,1 + cm,1b1,0 + cm,0b1,1

+ · · · + cm−n+1,1bn,0 + cm−n+1,0bn,1 = 0,

cm+2,1b0,0 + cm+2,0b0,1 + cm+1,1b1,0 + cm+1,0b1,1

+ · · · + cm−n+2,1bn,0 + cm−n+2,0bn,1 = 0,

...

cm+n−1,1b0,0 + cm+n−1,0b0,1 + cm+n−2,1b1,0 + cm+n−2,0b1,1

+ · · · + cm−1,1bn,0 + cm−1,0bn,1 = 0;




(n − 1) equations

...

cm+1,n−2b0,0 + cm+1,n−3b0,1 + · · · + cm+1,0b0,n−2

+ cm,n−2b1,0 + cm,n−3b1,1 + · · · + cm,0b1,n−2

+ · · · + cm−n+1,n−2bn,0 + cm−n+1,n−3bn,1 + · · · + cm−n+1,0bn,n−2 = 0,

cm+2,n−2b0,0 + cm+2,n−3b0,1 + · · · + cm+2,0b0,n−2

+ cm+1,n−2b1,0 + cm+1,n−3b1,1 + · · · + cm+1,0b1,n−2

+ · · · + cm−n+2,n−2bn,0 + cm−n+2,n−3bn,1 + · · · + cm−n+2,0bn,n−2 = 0;




2 equations

cm+1,n−1b0,0 + cm+1,n−2b0,1 + · · · + cm+1,0b0,n−1

+ cm,n−1b1,0 + cm,n−2b1,1 + · · · + cm,0b1,n−1

+ · · · + cm−n+1,n−1bn,0 + cm−n+1,n−2bn,1 + · · · + cm−n+1,0bn,n−1 = 0


 1 equation.

The coefficient matrix of this subsystem of (1.12) equals

D :=
[
A

B

]
,
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where A has n + n(n + 1)/2 rows and (n + 1)2 columns, B has n(n + 1)/2 rows and
(n + 1)2 columns, and A and B are respectively given by

A :=




c0,m+1 . . . c0,m−n+1

...
...

...

c0,m+n . . . c0,m

c1,m . . . c1,m−n c0,m . . . c0,m−n

...
...

...
...

...
...

c1,m+n−1 . . . c1,m−1 c0,m+n−1 . . . c0,m−1

...
...

...
...

...
...

cn,m . . . cn,m−n cn−1,m . . . cn−1,m−n . . . c0,m . . . c0,m−n




B :=


cm+1,0 . . . cm−n+1,0

...
...

...

cm+n,0 . . . cm,0

cm+1,1 cm+1,0 . . . cm−n+1,1 cm−n+1,0

...
...

...
...

...

cm+n−1,1 cm+n−1,0 . . . cm−1,1 cm−1,0

...
...

...
...

...
...

cm+1,n−1 cm+1,n−2 . . . cm+1,0 . . . cm−n+1,n−1 cm−n+1,n−2 . . . cm−n+1,0




.

We observe that the coefficients cij of L(x, y) defined in (2.1), satisfy the property that
for i + j = k + l, then

cij = ckl .

Let us now perform some elementary row operations on the matrices A and B. We start
with the last row and subtract the one but last row from the last one, the 4th last from the
2nd last, the 5th last from the 3rd last, . . . , then the nth from the 2nth, . . . , and finally
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the first from the (n + 1)th. In this way A is transformed to

A →




c0,m+1 . . . c0,m−n+1
...

...
...

c0,m+n . . . c0,m

c0,m . . . c0,m−n

...
...

...

c0,m+n−1 . . . c0,m−1

. . .

c0,m . . . c0,m−n




.

We now perform similar row operations on the matrix B, starting with the last row,
subtracting the 2nd last from the last one, the 4th last from the 2nd last, . . . , then the nth
from the (2n − 1)th, the (n − 1)th from the (2n − 2)th, . . . , and finally the 2nd from the
(n + 1)th. Then B is transformed into

B →




cm+1,0 . . . cm−n+1,0

...
...

...

cm+n,0 . . . cm,0

cm+1,0 . . . cm−n+1,0

...
...

...

cm+n−1,0 . . . cm−1,0

. . .
. . .

cm+1,0 . . . cm−n+1,0




.

Hence

D → [D1 D2 . . . Dn+1],
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where each Dj for j = 1, 2, . . . , n + 1, has n(n + 2) rows and (n + 1) columns, and the
matrices Dj are given by

D1 :=




c0,m+1 . . . c0,m−n+2 c0,m−n+1

...
...

...
...

c0,m+n . . . c0,m+1 c0,m

0 . . . 0 0
...

...
...

...

0 . . . 0 0

cm+1,0

...

cm+n,0

. . .

cm+1,0 0




,

D2 :=




0 . . . 0 0
...

...
...

...

0 . . . 0 0

c0,m . . . c0,m−n+1 c0,m−n

...
...

...
...

c0,m+n−1 . . . c0,m c0,m−1

0 . . . 0 0
...

...
...

...

0 . . . 0 0

cm,0

. . .

cm+n−1,0

. . .

cm,0 0




,

...
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Dn+1 :=




0 . . . 0 0
...

...
...

...

0 . . . 0 0

c0,m . . . c0,m−n+1 c0,m−n

cm−n+1,0

...

cm,0

. . .

cm−n+1,0 0




.

By exchanging columns and rows in D, namely moving the (k(n + 1) + 1)th column to
the (n+k+1)th column for k = 2, 3, . . . , n, and moving the (n(n+1)/2+n+k)th row
up to the (n+ k)th row for k = 1, . . . , n, and by pulling the nonzero entries between the
rows together and moving them up, we have transformed D into

D =




An+1

Bn

An O
. . .

D∗ B2

A2

B1

A1




,

where

An+1 :=




c0,m+1 c0,m . . . c0,m−n+1

...
...

...
...

c0,m+n c0,m+n−1 . . . c0,m




n×(n+1)

,

An :=




c0,m−1 . . . c0,m−n

...
...

...

c0,m+n . . . c0,m−1




n×n

,

...

A1 := [c0,m−n]1×1
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and

Bn :=




cm,0 . . . cm−n+1,0

...
...

...

cm+n−1,0 . . . cm,0




n×n

,

Bn−1 :=




cm−1,0 . . . cm−n+1,0

...
...

...

cm+n−3,0 . . . cm−1,0




(n−1)×(n−1)

,

...

B2 :=
[
cm−n+2,0 cm−n+1,0

cm−n+3,0 cm−n+2,0

]
2×2

,

B1 := [cm−n+1,0]1×1,

and O contains only zero entries. Observe that all the square matrices Aj and Bj for
j = 1, . . . , n, are encountered in the computation of Padé approximants to the univariate
function 2F1(a, 1; a + 1; z). Since the Padé table for 2F1(a, 1; a + 1; z) is normal, these
matrices are all regular (see [8,13] for details) and then the rank of Aj and the rank of Bj

are both j . Now write

An+1 = [CA∗],
where

C :=



c0,m+1
...

c0,m+n




n×1

and

A∗ :=



c0,m . . . c0,m−n+1
...

...
...

c0,m+n−1 . . . c0,m




n×n

.

Since the rank of A∗ is n, so is the rank of An+1. Therefore the rank of D is the sum of
the ranks of Aj where j = 1, . . . , n + 1, and Bj where j = 1, . . . , n, i.e. the rank of
D equals n + 2n(n + 1)/2 = n(n + 2) = #N − 1. Since D is the coefficient matrix of
a subsystem of the linear system (1.12), we find that the rank of the coefficient matrix
of (1.12)

r � #N − 1.
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Combined with (2.22), we have

r = #N − 1. (2.25)
�

Theorem 2.3. Let M, N, E and L(x, y) be defined in theorem 2.1 and let m � n + 1
and m + a � 2n. Then the (M, N) general multivariate Padé approximant to L(x, y) on
the set E

[M/N ]E(x, y) = P(x, y)

Q(x, y)

is irreducible.

Proof. From part (iii) of theorem 2.1, Q(0, 0) �= 0. This implies that a common factor
of P(x, y) and Q(x, y) needs to have a nonzero constant term. Suppose that t (x, y) is a
true common factor, not only a constant, then t (x, y) has to contain a nonzero constant
term. From (2.14) and m + a − 2n � 0 we know

bnn = (−1)nqn(3n−1)/2

(1 − q)n[n]!
n∏

k=1

(
1 − qk+m+a−2n

) �= 0.

Hence p(x, y) in P(x, y) = p(x, y)t (x, y) and q(x, y) in Q(x, y) = q(x, y)t (x, y)

must be indexed by some index sets strictly smaller than and contained in M and N ,
respectively. As t (0, 0) �= 0, then 1/t (x, y) can be expanded around the origin and then

(Fq − p)(x, y) = 1

t (x, y)
(FQ − P)(x, y) =

∑
(i,j)∈N2\E

eijx
iyj , eij ∈ C.

This implies that p(x, y)/q(x, y) is another solution to the (M, N) general multivariate
Padé approximant to L(x, y) on the set E. It is impossible because of theorem 2.2. Then
t (x, y) must be a constant. This completes the proof of theorem 2.3. �

3. Padé approximants to the Appell function F1(a, 1, 1; a + 1; x, y)

Now we can obtain the Padé approximant [M/N ]E = p(x, y)/q(x, y) to the Ap-
pell function F1(a, 1, 1; a + 1; x, y) by taking the limits

lim
q→1

L(x, y) = F1(a, 1, 1; a + 1; x, y),

lim
q→1

Q(x, y) = q(x, y),

lim
q→1

P(x, y) = p(x, y).

This is guaranteed by [5, theorem 3]. It states that the general multivariate Padé operator,
which maps a power series to its general multivariate Padé approximant, is continuous, if
two conditions are satisfied. First of all the system (1.12) must have maximal rank. The
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second condition, in the particular case of the sets M, N and E defined by (2.6), (2.7)
and (2.8), translates to bnn �= 0 with bnn defined by (2.12). The former condition was
proved in our theorem 2.2. The latter is satisfied when m + a � 2n as in theorem 2.3:

bnn = (−1)nqn(3n−1)/2

(1 − q)n[n]!
n∏

k=1

(
1 − qk+m+a−2n

) �= 0.

Moreover,

lim
q→1

bnn = (−1)n

(
a + m − n

n

)
�= 0.

In this section, we derive an explicit formula for the general multivariate Padé approxi-
mants [M/N ]E to the Appell function F1(a, 1, 1; a + 1; x, y) in theorem 3.1, and prove
the normality of the so-called contracted table of multivariate Padé approximants for the
Appell function F1(a, 1, 1; a + 1; x, y) in theorem 3.2.

Theorem 3.1. Let m and n be integers such that m � n + 1, m + a � 2n and let N, M

and E be defined by (2.6), (2.7) and (2.8), respectively. Then the general multivariate
Padé approximants [M/N ]E to the Appell function F1(a, 1, 1; a+1; x, y), where a � 1
is an integer, are given by

[M/N ]E = p(x, y)

q(x, y)
,

where

q(x, y) = (−1)n

(
m + n + a

n

)
F1(−m − a, −n, −n;−m − n − a; x, y) (3.1)

and

p(x, y) = (−1)n
∑

0 � i + h1 � n,

0 � j + h2 � n,

0 � i, j, h1, h2 � n

{
(−1)i+j a

h1 + h2 + a

(
n

i

)(
n

j

)
xi+h1yj+h2

×
((

m + n + a − i − j

n

)
−
(

m + n − i − j − h1 − h2

n

))}

+ (−1)n
∑

0 � i + j + l + k � m

0 � i, j, h � m, 0 � k, l � n

(−1)k+laxi+kyj+l

i + j + a

(
n

k

)(
n

l

)(
m + n − i − j − k − l

n

)
.

(3.2)
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Proof. From the discussion above and (2.14), we have

q(x, y) = lim
q→1

Q(x, y)

= (−1)n lim
q→1

qn(n+1)/2

(1 − q)n[n]!
n∑

i,j=0

{
(−1)i+j

[
n

i

][
n

j

]
qi(i−1)/2+j (j−1)/2xiyj

×
n∏

k=1

(
1 − qk+m+a−i−j

)}

= (−1)n lim
q→1

n∑
i,j=0

(−1)i+j

[
n

i

][
n

j

]
qi(i−1)/2+j (j−1)/2xiyj

∏n
k=1(1 − qk+m+a−i−j )∏n

k=1(1 − qk)

= (−1)n lim
q→1

n∑
i,j=0

(−1)i+j

[
n

i

][
n

j

]
qi(i−1)/2+j (j−1)/2xiyj

[
m + n + a − i − j

n

]

= (−1)n

n∑
i,j=0

(−1)i+j

(
m + n + a − i − j

n

)(
n

i

)(
n

j

)
xiyj

= (−1)n

n∑
i,j=0

(−1)i+j (m + n + a − i − j)!
n!(m + a − i − j)! · n!

i!(n − i)! · n!
j !(n − j)!x

iyj

= (−1)n 1

n!
n∑

i,j=0

(−n)i(−n)j

i!j !
(m + a)!(m + n + a)!/(m + a − i − j)!

(m + a)!(m + n + a)!/(m + n + a − i − j)!x
iyj

= (−1)n (m + n + a)!
n!(m + a)!

n∑
i,j=0

(−n)i(−n)j

i!j !

× (−1)i+j (m + a)!/(m + a − i − j)!xiyj

(−1)i+j (m + n + a)!/(m + n + a − i − j)!
= (−1)n

(
m + n + a

n

) n∑
i,j=0

(−n)i(−n)j

i!j ! · (−m − a)i+j

(−m − n − a)i+j

xiyj

= (−1)n

(
m + n + a

n

) ∞∑
i,j=0

(−m − a)i+j (−n)i(−n)jx
iyj

(−m − n − a)i+j i!j !

= (−1)n

(
m + n + a

n

)
F1(−m − a, −n, −n;−m − n − a; x, y).

Here we used the fact that

lim
q→1

[
n

k

]
q

=
(

n

k

)
.
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So (3.1) holds. We calculate the limits of the two parts of P(x, y) in (2.15) separately to
prove (3.2). First,

lim
q→1

(−1)nqn(n+1)/2

(1 − q)n[n]!
n∑

k=0

(−1)k

[
n

k

]
qk(k+1)/2+kmRn

(
q−kx, q−ky

)
Sk(x, y)

= (−1)n lim
q→1

(
qa − 1

) ∑
0 � i + h1 � n,

0 � j + h2 � n,

0 � i, j, h1, h2 � n

n∑
k=0

{
(−1)i+j+k qn(n+1)/2

(1 − q)n[n]!
[
n

k

][
n

i

][
n

j

]

× qk(k+1)/2+k(m−i−j)
(
qka − q−k(h1+h2)

)
qi(i−1)/2+j (j−1)/2 xi+h1yj+h2

qh1+h2+a − 1

}

= (−1)n lim
q→1

(
qa − 1

) ∑
0 � i + h1 � n,

0 � j + h2 � n,

0 � i, j, h1, h2 � n

{
(−1)i+j

[
n

i

][
n

j

]
qi(i−1)/2+j (j−1)/2 xi+h1yj+h2

qh1+h2+a − 1

×
([

m + n + a − i − j

n

]
−
[
m + n − i − j − h1 − h2

n

])}

= (−1)n
∑

0 � i + h1 � n,

0 � j + h2 � n,

0 � i, j, h1, h2 � n

{
(−1)i+j a

h1 + h2 + a

(
n

i

)(
n

j

)
xi+h1yj+h2

×
((

m + n + a − i − j

n

)
−
(

m + n − i − j − h1 − h2

n

))}
,

and

lim
q→1

(−1)n
(
qa − 1

)
qn(n+1)/2

∑
i + j + h + l + k = m

0 � i, j, h � m, 0 � k, l � n

(−1)k+lqk(k−1)/2+l(l−1)/2

(qi+j+a − 1)

×
[
n

k

][
n

l

][
n + h

h

]
xi+kyj+l

= (−1)n
∑

i + j + h + l + k = m

0 � i, j, h � m, 0 � k, l � n

(−1)k+la

i + j + a

(
n

k

)(
n

l

)(
n + h

n

)
xi+kyj+l

= (−1)n
∑

0 � i + j + l + k � m

0 � i, j, h � m, 0 � k, l � n

(−1)k+la

i + j + a

(
n

k

)(
n

l

)(
m + n − i − j − k − l

n

)
xi+kyj+l .

So (3.2) holds and this completes the proof of theorem 3.1. �

Now let us consider the table of Padé approximants [M/N ]E for the Appell func-
tion F1(a, 1, 1; a + 1; x, y) for increasing m � 0 and n � 0. Then we have to define the



272 P.B. Borwein et al. / Padé approximants

sets M, N and E for all m and n, also when m < n + 1 and we cannot get an explicit
formula for p(x, y) and q(x, y). Let m, n ∈ N, and

W := {(i, j) : 0 � i, j, 0 � i + j � m
}
, (3.3)

N := {(i, j) : 0 � i, j � n
}
, (3.4)

M := (N ∪ W) \ {(i, 0), (0, i) : m + 1 � i � n
}
, (3.5)

E :⊃ {(i, j) : 0 � i + j � m + n, i, j � 0
}
. (3.6)

Since the index set M is mainly determined by m and N solely depends on n, we can
also denote

[m/n]m+n := [M/N ]E
Then the Padé table looks like

[0/0]0 [0/1]1 [0/2]2 [0/3]3 . . .

[1/0]1 [1/1]2 [1/2]3 [1/3]4 . . .

[2/0]2 [2/1]3 [2/2]4 [2/3]5 . . .

[3/0]3 [3/1]4 [3/2]5 [3/3]6 . . .
...

...
...

...
. . .

.

We know that the univariate Padé table for the Gauss function 2F1(a, 1; a + 1; z) is
normal, which means that for each m and n the Padé approximant of degree m in
the numerator and n in the denominator occurs only once in the table. It was shown
in [6] that the table of general multivariate Padé approximants for the Appell function
F1(a, 1, 1; a + 1; x, y) is highly non-normal if one considers less specific index sets
M, N and E than the ones used in this paper. Compared to the table discussed in [6],
the above table of functions [m/n]m+n(x, y) should actually be called a contracted mul-
tivariate Padé table.

Theorem 3.2. The contracted table of multivariate Padé approximants for the Appell
function F1(a, 1, 1; a + 1; x, y) is normal.

Proof. The proof heavily relies on the univariate results obtained for F1(a, 1, 1; a +
1, x, 0) =2 F1(a, 1; a + 1; x). From the definitions for M, N and E it is easy to see that
for each m and n, the projected function [m/n]m+n(x, 0) equals the univariate Padé ap-
proximant for 2F1(a, 1; a+1; x) of degree n in the numerator and m in the denominator.
This is by the construction of the sets M , N and E and not because of the explicit form
for q(x, y) which was only obtained under the conditions m � n + 1 and m + a � 2n.
Then the proof goes by contradiction. Suppose that for some specific integers m1, m2

and n1, n2 it holds that

[m1/n1]m1+n1(x, y) = [m2/n2]m2+n2(x, y)
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with m1 �= m2 or n1 �= n2. Then

[m1/n1]m1+n1(x, 0) = [m2/n2]m2+n2(x, 0)

which contradicts the normality of the Padé table for 2F1(a, 1; a + 1; x). �

From theorem 3.2 we can also conclude that in the explicit formula (3.1) for p(x, y)

the coefficients am0 and a0m are nonzero. These coefficients are the highest degree co-
efficients in the numerators of degree m of the Padé approximants to the Gauss function
2F1(a, 1; a + 1; z). This nicely complements the result that the coefficients b00 and bnn

in q(x, y), as given in (3.2), are nonzero, as we already pointed out at the beginning of
this section.
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