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Abstract
We prove that for integers ¢ > 1,m > 1 and positive rationals 71,72, -+, 7m # ¢/,j =

1,2,---, the series

oo -

3 | C |

2 T=qir) (L—gqim) (L= 7rm)
is irrational. Furthermore, if all the positive rationals r1, 72, - -, 7y, are less than ¢, then the
series o . )

Pt pim
Z gt Fim ]
J1,im =0

is also irrational.

AMS Class: Primary 11J72.

1 Introduction and Results

The main result of this paper is the following theorem:

Theorem 1.1: If ¢ is an integer greater than one, m is a positive integer, r1,79,- -, 7, are any
positive rationals such that ry,rq,- -, 7y #¢°, j =1,2,---, then the series
= U=gIr) (1 =g7Ir2) - (1 =g 7rm)
is irrational. Furthermore, if all the positive rationals 7,73, -+, 7, are less than ¢, then the
series . )
ad Pt pim
J1,Jm =0

is also irrational.

This generalizes the irrationality results of the single variable case proved in Borwein [3],
Erdés [6], and Erd6és and Graham [7]. The approach is via Padé approximants. These pro-
vide, when appropriately specialized, rational approximations that are “too good” to allow for
rationality. These methods are also used in Borwein and Zhou [4], Mahler [9], Chudnovsky and
Chudnovsky [5], Wallisser [10], and Zhou and Lubinsky [11]. Unfortunately the methods are
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not sufficiently general to allow a unified treatment and each new class of functions requires
considerable additional work.

As in [4] we use the standard ¢ analogues of factorials and binomial coefficients. The
q—factorial is

e ) —g™1)... (1=
! =[]t = L4 )(1(1 < q)g -9 (L.1)
where [0],! := 1. The g—binomial coefficient is
n] o] _ [n]!
AR =" )
As
¢ =1=(@=-1) "+ ++1), i1,
we have
lim[nl,! =nl, and  lim [Z] = (Z) (1.3)
q
Note that (see Borwein [3])
[]y-1t =g "D 2m]t, (14)
el
q—l
ﬁ(qfk _ qfh) — (_l)nfkqfk(kfl)/2fn(n+1)/2[n _ k]'[k‘]'(l _ q)", (1.6)

hzk
and (see Gasper and Rahman [8]) for |t| < ¢ ™,

1 = [n+1
_ (_q)rHLn(n1)/2 [ ]tl_ 1.7
ey R P Pl w0

We prove some properties of approximants to a related function in section 2, and use those
properties to prove Theorem 1.1 in section 3.

2 Some Results On A Related Function

Let ¢ > 1, |21|, -, |zm| < ¢, and integer m > 1, and let
0 '71 ... ]m
* — E ! Tm
L (IL']_, PN 7$m) = —qj1+"'+jm+1 1 . (21)
Jisjm=0
For m =1, and |z| < 1,
fma—DEY@) = ),
>
per 1
1
= “In(1-
“in(1 - 2)



So we call L*(z1, - - -, #,) a multivariate ¢ analogue of log. Now for k > 1 integer and |2/,
g, as

o0 —(7 ++ .m jl PR lm
L(q ‘o1, q ‘o) = g Uttt - gl
q "Ti, yd " Tm - qj1+...+jm+1_1
1 dm=0

e’} 14+ jm+1 14+ m+1Y) .0 fm
(1_qJ1+ +jm+ +q11+ +im+ )xll...wgn

= Z qir T (g b im L 1)

jla"'ajm:O
_ o0 qx‘{l .. -m-]zﬁn 0 x‘il . --xi'f”l’l
- Z m - Z gt tim
jlv"'ajm:(] jla"'vjm:O
T (=g lzy) - (=g lay,)]
we have
k k k - g7
L*(q "z, ---,q" "z = L*(xq1, -+, Zy) — _ _
(q 1, »q WL) q ( 1, ) M) ;(1—q_7371)(1—q_’$m)
= :¢"L*(z1, +,2m) — Sk(@1, ),
where i
k—j
q
Sk(@1,- -, Tm) = Y

j=1 (1—qizm)---(1—-gqizm)

From (2.2), we have

q*j
(]_ — q—jxl) - (]_ — q—]'xm)7

L*(mla o 'Jxm) = qikL*(qikmla o qukmm) +

k
j=

1

and then

L*(x15“"xm) = lim qikL*(qi xla"'aqikxm)

Now let ¢ > 1, z1,- -+, #¢%, 7 =1,2,---, and integer m > 1, and let

L(Z'la' . 'amm) = Z (1 — q—jwl) - (1 — q*J,Z'm)

j=1
Then L(z,- -, ) is an extension of L*(xz1,---,Tm), i.e.
L(zy, -+, 2m) = L*(z1,- -, 2m), for |z1], -, |zm| < q.
It is easy to see that we also have the following functional equation for L(zy,---,Zxm) :

L(qikxl) o '7qik$m) = qu(Z'l, o 7$M) - Sk(ﬂl’l, e ,.Z'm),

(2.5)

(2.6)

2.7)



where k > 1 is an integer and Sg(x1,- -+, %) is defined by (2.3). Now we prove some properties
of the function L(z1,- -+, Zp).

Theorem 2.1: Let n > 0 be an integer, L(x1, -+, m), Sk(z1, -+, %m) be defined by (2.5)
and (2.3) respectively. Let

n
Rn(mla T ;mm) = H ((1 - qijxl) o (1 - qijmm)) ) (28)
Jj=1
and R ) [ Lt ta )t
xl .- .. xm a:'l ... :Em
I(zy, -, opy) = 2 / ” , 2.9
(o150 2m) i e Mot —a m) ot 29
where T is a circular contour containing 0,¢~ ™, --,q°, and let
n(n+1)/2 n bak(ki1)/2
n
Q(xla"'axm) = 1_q [n]'z |: :| R (.'L'l,"',.’li'm), (210)
n(n+1)/2 n
P(z1, %) ‘ {Z q"k+k(k+1)/2Rn(x1, o Z ) Sk, T
k=
. L . m
n! [Ti= 0( ) )i
Then
(i)
I(xly" '5$‘m) = Q(xla" '7xm)L(x15' o axm) +P($17' ,IL‘m), (212)
(ii)
n .
q(mfl)n(n+l)/2 H(qJ - 1) Q(xla Ty xm) S Z[qa L1, JZ.’ITL]J (213)
j=1
where Z[q, x1,- -, Zy,] is the set of polynomials in g, z1,- - -, z,, with integer coefficients;
(iii)
n+1 ]
q(m—l)n(n+1)/2 H (q'7 - 1) P(.'L'l, Tty zm) S Z[qa Ty, 7$m]; (214)
j=1
(iv) For n € N fixed, and 0 < |z1],- -+, |zm| < g,
c
[I(@1, -, 2m)| < m’ (2.15)
where ¢, is a constant depending only on g,m, and 1, -, Zy,.

Proof of Theorem 2.1: Proof of (i). We can see that the integrand in (2.9) has simple
poles at ¢t = ¢° ¢~ ,---,¢~™, and a pole of order n + 1 at ¢t = 0, inside the contour I'. By the

residue theorem and the functional equation (2.7), and (1.6), we have

Rn(xl,---,xm)/ L(tzq,- -, txmy)dt
2mi r ([Th=o(t — g %))ttt

(a1, 2m)



n —k
= R .'171, Z 4 mm
k=0 (Hh —0 _q—h ) —k(n+1)
+Rn(x1,---,xm) d® (L(tx1,---,tTm)
n! dtn Hk ot —q7F)
nntD)/2R (zy, - - - ) — [ ]
_ 49 n\T1, """, Tm )= k|7 nk+k(k+1)/2 k
= q L -, T
oD D A (1o m)
qn(n+1)/2Rn(m17”.7mm) n kL ktk(k+1)/2
— )y n S e T
TEmT T SR L (@, e, om)
+Rn(m1,---, m) d"” { (tml,---,txm }
n! dtn | Tl (t—q %) —o
= Q(Z‘l,"',xm)L(.Tl,"',xm)+P(.Z’1,"',Z‘m.
Proof of (ii). As [}] is a polynomial in ¢ with integer coefficients, and
n
Rp(z1,-+om) = J[(A-q¢72)--1=q2p))
j=1
n . .
— qun(n+1)/2 H ((qJ _ xl) - (qJ _ iL‘m)) , (2.16)
7j=1
we have (2.13).
Proof of (iii). From (2.3) and (2.8), for 1 < k < n,
Rn(mla"'axm)sk(mla" » L qu h H ]-_ ]:L'l (1_q7]$m)) ;
J#h
so from (2.16),
qmn(n—f-l)/QRn(xl, o '7xm)Sk (wla e ,.Z'm) € Z[q7 Ty, Z’m] (217)
Now for t < ¢~¢, where £ > 0 is an integer such that |q*£$,-| <gq foralli=1,---,m,
0 J1 Jm 41+ +Im
L(tml,..-vtxm) = L (tz‘l,-..,tmm) = Z lqj1+...-7+$m+1 ) ) (218)
J1y5Jm=0
then from (1.7) and (2.18), for ¢t < min{q™",¢~*},
L(i{[;l, .. ;tmm) _ (_1)n+1qn(n+1)/2 i [n + l:| _’L'{l _'L'#L” ?j1+"'+jm+l
[Ti—o(t —q7%) 1y rjm =0 l ittt —1
So
1 d" [L(tzi,- -, tzm)
nldt™ | [T—o(t —a7%)
J1 . pim
_ _1\n+1 n(n+1)/2 n+1 Ty Ty
= ()" Z [ [ | gnttimtl — 1’ (2.19)

Jit-t+im+l=n
0<j1, 5 m,l<n



and (2.14) follows from (2.11), (2.17) and (2.19).

Proof of (iv). For R > 1 and I := {z : |2| = R}, we have from (2.9),

Rn sy T ydm = Lt a"';tm
Hor, - szn)| < R el ool e —n [LU, 2 o)
R [Ti—o(R—q|77)
max—g |L(tx1,---,tx
o JommXio|L o o) (2.20)
R [Tj—o(R—q %)
Now for 0 < |z1],---,|zm| < g,
|Rn($1a T 7$m)| = H |(1 - q_jml) T (1 - q_jwm)|
=1
o
< [Ma+a9)™:= 1, (2.:21)
=0
where f, is a constant depending only on ¢ and m.
Let R = q¢™". As
‘n‘lax |1 — g 9t >max 11— g7 [t] |zg]| > [1 — g™,
t|=R
forl1<i<m, j=1,2,---,and
‘ . . 1.
¢ —1=¢ (1-¢7) > 3¢,
as ¢ is an integer greater than 1, then
qu
L(tzy,---,txy)| < :
|ItI|1§X| (.’L'1 T )l = 21 1_q ]mlt (l—q—Jxmt)‘
mn 5 o
q]—mn—l q—mn—l q—]—mn—l
< : + I S
;(qf—l)m A—=z1/q)---(1—zm/q) ]; 1—g )"
mn—1 gm 1
< —mn—1 o+ + L(1,---,1
- D (o R ey I R
1
S q—mn 1(2m+ +L1,-'-,1>
G=ar/)A=znfg Y
= :Cig ™, (2.22)

where C := 2™q + (1_m1/q).f{(1_zm/q) +qL(1,---,1) is a constant depending only on ¢, m, and
L1, T NOW

n

R™ H(R _ q—k) — R2ntl H —n k

k=0
R2n+1 H (1
7=0

Cag™m D), (2.23)

vV

v



where Cy := H;‘;O(l — q77) is a constant depending only on q. Putting (2.22) and (2.23) into
(2.20), we have

|I(-'L'1; T mm)| < qu72mn(n+1)7
where
Cq = fq01/01.
This completes the proof of Theorem 2.1. O

3 Proof of Theorem 1.1

We first prove that for 0 < 21, -+, 2, < ¢, and ¢ > 1,

[I{z1,- -, zm)| #0, (3.1)
where I(z1,---,2zm,) is defined by (2.9). Note that if we choose the contour in (2.9) to be
I'={z € C:|z| =1+¢€}, where € > 0 is small enough such that 0 < [tz1],-- -, [tzm| < ¢, for
t €T, then

L(tzy, -, txm) = L*(tz1,- -+, txm), t €.
Now "
R.(z1,  ,2m) = H q ) - (l—q_jxm)) >0
j=1

for0<zy,---, 2, < ¢, and

_ Rp(z1,-,7m) L(txy,- -, tx,)dt
I(.’Ul,"‘,xm) - : 2n+2 n k
2mi r 2742 ([T}= (1 — 1/(¢"1))
Rn(z1, - 52m) [ Lz, tTm)
- 2 /I‘ {2n+2 Z H dt
Jo, rtydn >0 k=0
n . 1
— —k=okir . _—_ - -
- R"(xl’ ,.’L'm) Z q =0 Qi /F{t2n+2+(.7'0+"'jn)
Jos5Jn 20
0 i1 i 4114 Fim
T -yttt
R LYY
A girtotimtl 1
i1, im =0
Zn k . xil .. mlm
_ - oki 7 T m
= Rn(-fb’l, 7-77m) Z q k=0 Mk Z q,'1+...+z'm+1 1
Jos++1in >0 i1t —(2n+jo+in+2)=—1
i1 im
= g Sheokin 1 Tm
= Rn(-’li'la ;-'L'm) Z k=0 Bk qi1+"'+im+1 -1
t14--+im =2n+jo+-jn+1
Jos+33n 20
> 0, (3.2)
as 1, -+, Tm > 0, ¢ > 1, and as infinitely many terms above are positive, so (3.1) holds.
Now let r1,r2,- -,y be any fixed positive rational numbers such that r1,72,---,ry, # ¢’ for
all j =1,2,---. From (2.7), we can see that the irrationality of L(ry,rs,---,7y) is equivalent



to the irrationality of L(g=*ri,q *rs,- -+, ¢~

k

0<ry,re, -, rm < ¢, and then

b J1

rm,) for any integer k£ > 1, so we can assume that

_ /r‘l ... /,"]m
L(Tl;T‘z,"',Tm)— Z q]l"l"‘l‘,]—m":?_]_>0
jl,...,]‘m:(]
Now let
n+1 )
Hpon(q) i= ¢ "2 [ T] (@ - 1) (3:3)
j=1
Then
0 < [Hin,n(g)| < gt D/2, (3.4)
and
Hm’n(q) ’ {Q(rla te aTM)a-P(Tla e ,Tm)} C Z[q’rl, e ,’I‘m]. (35)
Now as
Am,n = |Hm,n(Q)Q(Tla ) Tm)L(Tla e 7’rm) + Hm,n(Q)P(Tla Tt arm)l
= |Hm,n(Q)| |I(r15 T arm)l
> 0, (3.6)
and from (2.15) and (3.3), we have
(mn+2)(n+1)/2 Cq
Am’" < g qun(n—i-l)
_ Cq
- q3mn(n+1)/271
c
< qm"nZ : (3.7)
Finally, if .
1 12 tm
N — 2 . = 3.8
T1 ll ; T2 l2 ) y T'm lm 3 ( )
with d1,---,4,, and lq,---,l,, positive integers, then
Q*(Th e 7Tm) = (ll e lm)zn Hm,n(q)Q('rl, e 7Irm)7 (39)
and
p* (T17 Tt 7Tm) = (ll o lm)2n Hm,n(q)P(Tb T Tm)a (310)
are integers, and by (3.6) to (3.10),
0 < |Q*(T17"'7Tm)L(,r17'"7TM)+P*(T17"'7rm)|
= (b 1) [ Hun@1Q(r1, -+ rm)L(r1, -+, mm) + P(r, -+ 1)
c
S (ll ot lm)zn mqnz 9
which tends to zero as n — oo, This shows that L(ry,---,r,,) is irrational, that is
o0 ""‘]7-1 ... ’r‘gr"ln
Z gt Timtl 1
Ji,dm=0



is irrational for ¢ > 1 integer, r1,732, - - -, 1y, positive rationals less than ¢ and integer m > 1, and

Z (1 —g7r) (1 —q7ira)--- (1 —q77ry)

Jj=1
is irrational for ¢ > 1 integer, ry,75, - - -, r,, positive rationals such that ry,ry,---,r,, # ¢ for all
7 =1,2,---, and integer m > 1.

int

for

This completes the proof of Theorem 1.1. O

Now by the standard methods (as in chapter 11 of Borwein and Borwein [1]), the estimates

he proof of Theorem 1.1 gives that, under the assumption of the theorem,
s 1
|L(T‘1,"',’I‘m)—¥ >t_a7

some constant o and all integers s and ¢, and hence

o I g
T T
z gt Fim L — 1
J1,0Jm=0

is not a Liouville number.
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