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Abstract

We consider bounds on the smallest possible root with a specified argu-
ment ¢ of a power series f(z) = 1 + Zzo:laizi with coefficients a; in
the interval [—g, g]. We describe the form that the extremal power series
must take and hence give an algorithm for computing the optimal root
when ¢/27 is rational. When g > 2v/2 + 3 we show that the smallest disc
containing two roots has radius (/g + 1)7! coinciding with the smallest
double real root possible for such a series. It is clear from our compu-
tations that the behaviour is more complicated for smaller g. We give a
similar procedure for computing the smallest circle with a real root and a
pair of conjugate roots of a given argument. We conclude by briefly dis-
cussing variants of the beta-numbers (where the defining integer sequence
is generated by taking the nearest integer rather than the integer part).
We show that the conjugates, A, of these pseudo-beta-numbers either lie
inside the unit circle or their reciprocals must be roots of [—1/2,1/2)
power series; in particular we obtain the sharp inequality |A| < 3/2.
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1 Introduction

We are interested in studying the shape of the zero-free region for power series
with restricted coefficients by finding the smallest root of such a power series
that can lie along a specified ray.

Given a g > 0 we let F,; denote the set of [—g, g] power series

Fq = {f(3)= 1+Zaili Da; € [—979]}-

=1

For a given argument ¢ we let J,(¢) denote the set of positive real numbers a
such that ae'® is a root of a power series f, in F,, and define r,(¢) to be the
infimum of this set. Because of symmetry (u +— =u,=+u), we can restrict our
attention to ¢ in [0,7/2]. For a general (not necessarily symmetrical) interval
I we similarly use r;(¢) to denote the smallest root with argument ¢ possible
for a power series with lead coefficient one and remaining coefficients a; in I.

Solomyak [3] has extensively studied the corresponding problem for the in-
tervals I = [0,1] in connection with conjugates of beta-numbers; in several
places we shall refer the reader to his excellent manuscript when the proof of
the corresponding result requires only minor adaptations. We should remark
that the related problem of zero-free regions for integer polynomials has been
considered by Odlyzko & Poonen [2] in the case of {0,1} coefficients and by
Yamamoto [4] for norm-bounded polynomials; the regions they obtain clearly
having a different, more fractal looking, appearance than ours.

We first note the following sharp bounds on r4(¢):

Theorem 1 For all g > 0 and ¢ in [0,7/2]

1 1
— < <
g1 ST S 7

with equality achicved for ¢ =0 and w/2 respectively.

Of course the angle ¢ = 0 should really be regarded quite separately from
the remaining arguments (0,7 /2] (since we are dealing with real power series
and vanishing at a « thus entails vanishing at @ it is readily seen that ry(¢)
tends to a real double root and not 74(0)). Hence omitting zero we might hope
to improve the lower bound slightly. For g > 1 this is certainly true:

Theorem 2 For all ¢ in (0, )

1
VIi+1

rg(¢) >



RooTs oN A RAy 3

For g > 2\/§+3
li (0) .
imr = —,
om0\ =

where (\/g + 1)~! is the smallest double root of a power series in Fgy; namely
fle)y=1-(2/g+ 1)x+g2xi.
i=2

More precisely, for g > 2v/2+3 and ¢ in (0,m), r4(@) is the positive real oot of

o0

1—g2

i=2

sin(éi — 1)¢

sin ¢

2 =0.

For g < 2v/2 + 3 the location of the smallest value rq(¢) (and hence the
radius of the smallest disc containing two roots of a power series in F,) will
generally occur away from zero and seems much harder to determine.

A standard compactness argument shows that the infimum is always achieved.
We next show that the series for the minimal root must take a very specific form.

Theorem 3 For a gwen g > 0 and argument ¢, there exists a umique [ in
T4(9) such that, for some 6 in (0,7/2), the coefficients of the corresponding
power series 1 + Z;‘;l bjx? in F, satisfy

p.o=d 9 if jo — 60 € (0,7) (mod 2m)
1T -9 ifjo—0¢€(-m,0) (mod 27)

Moreover
B=ry(0)

and the coefficients of any additional power series fg i Fg with a root at Bei®
must be of this form (taking the same 6 ).

Notice that if ¢/27 is irrational then the corresponding series for r,(¢)e'® in
Fy is certainly unique (with at most one coefficient, namely a; where J must
satisfy J¢ = 6 (mod 7), not taking the value of an end-point +g). If ¢/27 = ¢t/s
is rational then (by the discreteness of the arguments n;¢) we can assume that
6 = J¢ (mod =) for some J and the series will not be unique unless all the
remaining aj4js = ay = g (and aj4.5/24js = —ay if k is even).

However in the rational case ¢ = 2wt/s, setting [ = s if s is odd and s/2 if
s is even, we observe that by setting

Aj= <Z aj+isréf> (1-r;) j=1,...5 sodd

i=0
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o0

Aj= <Z aj_i_isréf - aj+s/2+isr;5+s/2> (1+ 7";/2) J=1,...5/2, s even
i=0

we can replace any optimal series 1+ Y a;2% by a series 14+ 3 A;z¢ in Fg where

the A; are periodic with period s and A;,,/» = —A; if s is even. Notice that in

the rational case we can therefore (on multiplying the series by (14 (—1)%z!))

replace the infinite series by finite polynomials of the form

-1
p@) = 1+ (—)*(g + Dol + 3 Az, &
i=1
Henceforth we shall regard the periodic extremal series as being the canonical
form when ¢/2 is rational, and will use A;(¢) to denote its coefficients, and
the coefficients of the unique optimal series when ¢/27 is irrational.
We are often forced to single out a set of awkward angles ¢;

Uy :={0: Aj(¢) = £g for all j},

including those ¢ with rational ¢/27 and a unique series. Although for a given
g it is difficult to decide whether there are rational ¢/27 with ¢ in U, they
certainly can occur. For example when ¢ = v/3 the point /4 is in U 5 with
unique extremal sequence 1 — \/§($ — 2% — 2% —2') /(1 + 2); indeed it appears
from Figure 3 that Tﬁ(w/4) = (\/g — l)\/§/2 may well be the minimum.

For ¢ not in U, we shall define

J(6) :=min{j : 4;(6) # ).

For ¢ in U, we can similarly define J(¢) to be the smallest j such that § =
J¢(mod 27) can be taken as the argument of the dividing line in Theorem 1.3;
where J(¢) is potentially co for some irrationals.

2 Other Intervals and Polynomial Versions

Although we have concentrated upon fixed symmetric intervals many of the
results can be easily extended to a broader class of power series (with varying
intervals) and to polynomials (constructed from a given set of exponents):

Given a set S of exponents £¢ = {0 < ny; < ny < ---} and intervals I; =
[ui, vi] each containing zero, we consider the power series

Fg = {f(z)=1+ > ai az'G[Ui»vi]}v

n;€€s

the set Js(¢) of positive real a for which there is a root ae’® of a power series

go in Fs and define rs(¢) to be the infimum of this set. Solomyak [3] considers
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in detail the case when the intervals are all [0,1]. We prove the following gener-
alisation of Theorem 3, in particular recovering Solomyak’s Structure Theorem

3.3 for the intervals [0,1]:

Theorem 4 If Js(¢) # O then there exists a unique 8 in Js(¢) for which there
is @ 0 in (0,7/2) such that the coefficients of the corresponding power series
1+ E;}il bjz™ in Fg satisfy

po— v if njo —6 € (0,7) (mod 2m)
T wi ifnje—6 € (—m,0) (mod 2x).

Moreover
B=rs(9)

and any additional power series fﬁ in Fs must be of this form (for the same ).

3 The Computations

When ¢/27 = t/s is rational, 0 < ¢ < m, Theorem 3 and the polynomial form
(1) provide a method for computing ry(¢). Appealing to Theorem 4 we actually
give here the algorithm to find r,(¢), the smallest root with argument ¢ of a
power series having lead coefficient one and remaining coefficients in I, for any
fixed interval I := [m — g, m+ g¢] containing zero. In this more general setting we
can still assume that the coefficients of the extremal power series are periodic,
aitjs = Ag, with (Aj —m) = —(Aj1s/2 — m) if 5 is even.
For a trial 1 < J <1 one assigns coefficients

sin(J — i)¢

A;j:=m —gmgn( S0 7o

), 1<i<i—1,i#J,

and, using the vanishing of the real and imaginary parts at re’? to eliminate Ay
(as in the proof of Theorem 4), solves the resulting equation

s (i (M) - ) =

for a root 0 < r < 1; increasing J until one reaches an r that yields

m(1—rl)p =7 sin ¢ s (sin(J—=i)¢\ [ sinip
Aj—m = — . , i
ST = T S arcosa 40 \sin(de) ) 0 17" R N sin Jo
1 =
it

~

with |A; — m| < g, and hence r = r/(¢).
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The graphs at the end of the paper illustrate the results for the symmet-
rical intervals m = 0, g = 1/2, 1,v3,2V2 + 3 and the corresponding values
of J(¢) and A4 for g = 1. For g = 1 the smallest value we encountered
was rq(2037/684) = .63560642..., the precise minimum (giving the radius of
the smallest disc containing two roots of a [—1,1] power series) appearing to
lie between 2037/684 and 2497 /839. Figures 7 and 8 show r;(¢) for the one-
sided intervals I = [0,1] and [—1,0]. For [0, 1] the smallest value we found was
r7(2297/310) = .73295789... (the minimum apparently lying between 2297 /310
and 3767/509). For [—1,0] the minimum appears to be r;(27/3) = (1/2)'/3
corresponding to the series 1 — E;’;l 237 (this latter value is not the radius of
the smallest disc with two roots, 1— E;il x% giving (1/2)'/2, but is potentially
the smallest with three roots).

4 Some General Properties

Although r4(0) is necessarily a discontinuity we do otherwise have continuity in
the value of r4(¢). The curve however is certainly not smooth, with maxima
at all the ¢ in 7Q \ U;. We state several such properties below (the proofs of
Proposition 1 are readily reconstructed from the corresponding [0, 1] results of
Solomyak [3] and hence are omitted):

Proposition 1 (i) The function ¢ — r4(¢) is continuous on (0,7).

1 181N T enr 1s not smooth, more precise ere 1s a sector
) If ¢ Uy then y(¢ t th, P ly th t
with vertex Tg(¢)el¢ and angle greater than w outside of the curve.

(111) If ¢/m is irrational, not in Uy, and not a Liowville number, then the curve
has a tangent at the point ry(p)e™.

Away from U, the behaviour of J(¢) is quite predictable:

Proposition 2 (i) If ¢ is not in Uy and ¢/2w is wrrational, then for suffi-
ctently small 6 = 6(¢,g) >0

J()=J(¢) VOE(d—60+0).

(i7) If /27 = t/s is rational, set l = s or s/2 as s is odd or even, and define
(if possible) non-negative integers n,m such that

sign(sin J(0)¢) Ay 4)(¢) € g (1 ~ 2y (¢)™ 1 — 2Tg(¢)(m+1)z>

or

—sign(sin J(¢)¢)Aj(4)(9) € g (1 ~9r,(é), 1 — 27,9(@(““),) _
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Then for a suitably small 6 = 6(¢,g) > 0

o [ T(®)+ml VO E (6,0 +0)
W)—{ J(9)+nl Vo€ (6-50).

Conversely, suppose that there is an interval (¢, +0) (respectively (¢—06,¢))
with J(0) = J constant on the interval and set

At = 91_1)12+ Aj(¢)  (respectively A~ = GEI;L A;(9)).

(a) If ¢/27 is irrational then J(¢) = J and Aj(¢) = AT (respectively A~ ).

(b) If ¢/27 is rational (with | = s or s/2 as s is odd or even) then J(¢) =
J1 <l where J = J; +tl and

Ay ()= ATr(1 = r') — g sign(sin Jy¢)(1 — r'" — p DY)
(respectively
45,(6) = AL = #!) 4 g sign(sin J;6)(1 - ' - r(+DD)
where r = r4(p) = ;i_rgﬁrg(g),

Notice that (even if the value of J(#) remains constant in an interval about
¢) the value of A;)(#) is discontinuous at rational ¢; observe also that the
value of J(§) away from elements in Uy remains constant around rationals if
Aj(9) is in (—g(1 = 2ry(¢)),9(1 — 2ry4(¢)")) (ie. far enough away from the
endpoint +¢ to absorb the necessary discontinuity). These discontinuities at
the rationals are clearly visible in Figure 5 together with the necessary jump
from J =1 to 4 at w/3.

Theorem 2 relies on the fact that J(¢) = 1 for all ¢ > 0if g > 22 + 3.
For g < 2/2 4+ 3 we must have certainly have at least two different values of .J
(since J(¢) > 2 as ¢ — 0 and J(¢) =1 as ¢ — 7/2); in fact it seems plausible
that .J is always unbounded when g < 2v/2 + 3.

Notice that for rational ¢/27 in addition to elements in U, we are forced
also to avoid ¢ with A;(¢) = £(1 — 2r,(¢)'") for a non-negative integer n (for
which potentially limg_.4+ Ay (#) = £g). Similarly observe that if ¢ is in U,
and ¢/2r rational then ¢ cannot be the end point of interval with constant .J
(since (b) forces |47, (9)]| < g)-

5 Three Roots on a Circle

For a given argument ¢ Theorem 3 gave us a way to characterize the radius r4(¢)
of the smallest circle containing two roots re'?,re”'. One natural extension
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would to be to ask for the radius of the smallest circle 74(¢) containing the
three roots r,re!®. re~'®. In this case there is a Structure Theorem resembling

Theorem 3:

Theorem 5 For a given g > 0 and angle ¢ in (0,7) there is a unique 3 > 0
with (3, Be'?, Be™'® all Toots of a power series

falz) =14 b’
i=1

wn Fg such that for two arguments 61 < 0, the cocfficients of fa satisfy

—g ifjo € (62 —2m,61) (mod 27)

g if j¢ € (01,02) (mod 27 ).
Moreover

B =74(0)
and any series fg must be of this form.
It is not hard to see that a Theorem 4 style generalisation holds for power

series with coefficients b; lying in varying intervals [u;, v;] containing zero.

Now in the rational case ¢/27 = t/s, s > 3, we can once again reduce to a
periodic series, hence reduce to a polynomial

s—1

plz,¢)=1—-(14+g)z°+ Z Az,

i=1

and again obtain an algorithm for computing 7,(¢):
For a trial pair of integers 1 < I < J < s one solves the polynomial

s—=1 . . . .
1—(g+1)z° - gz o %(I._—l])¢s.m %(J‘_])qﬁ e
ot sin 5I¢sin 5J ¢
(that is the polynomial that would result if I¢ and J¢ gave the correct 6,
and 6, (mod 27) and we eliminated A;, A; from the equations p(r,¢) = 0,
p(re’?, ¢) = 0) for the real root = = r (0 < r < 1), changing I,J until one
reaches a pair that, with

sin(L(I = j)¢) sin(2(J — j)o)
sin %I(]ﬁ sin %I(j)

Aj:=—gsign< )a ]?éLJa
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yields “missing coefficients” |4;|,|4s| < g, where

s—1 .
sinJ¢ —sin0 . .7 sinJ¢ —sinj¢ ._;
A = —mmm— Hre—-1 — Aj—F7—F—r/
g sin.]qﬁ—sin[¢“g+ ) ) : ]sinngS—sinIgﬁT
J#1,7
s—1 .
sinI¢ —sin(Q _J sinf¢p —sinjo ,_;
A, = ple-smy Drs—1)r — A RO T II9
/ sinI¢-sinJ¢(~(g+ = 1r X_: isinlg —sinJo
P

when sin(I¢) # sin(J¢) (if sin(I¢) = sin(J¢$) one simply replaces the sines by
cosines in the formulae for A; and Aj).

Figure 9 shows 74 (¢) for g = 1, Figure 10 showing the successful values of I, J
against ¢ in this case. The smallest value we encountered was 71 (2217/497) =
.71615109..., the minimum lying between ¢ = 47 /9 and 2217 /497.

Clearly power series with coefficients in totally positive intervals (such as
[0,1]) can have no positive real roots. Similarly for totally negative intervals it
becomes uninteresting to ask for roots r and re’® with r > 0. For example a
power series with lead coefficient one and remaining coefficients in [—1,0] can
not have such a pair of roots when ¢/27 is irrational, and when ¢/27 = ¢/s is
rational the smallest r is simply (1/2)1/5 with extremal series l—z;il x (since
the equations resulting from vanishing at r and re’® clearly require cos(ng) =1
for any non-zero coefficients a, in the series). Hence for a general interval I
it is perhaps more natural to define 7;(¢) to be the smallest 7 such that there
is a power series with coefficients in I and three roots —r, —re’?, —re™*®. We
give the corresponding curves for I = [0,1] and [-1,0] in Figures 11 and 12.
The smallest value found for [0,1] was 7;(77/58) = .79794300..., the minimum
lying between 77/58 and 1087 /895. For [—1,0] the minimum appears to be
ri(m/2) = (1/2)1/4 from 1 — E] 1 .

Unfortunately it is no longer clear that this approach necessarily leads us
to the smallest disc containing three roots or what is the correct extension of
this to four or more roots. Concerning Ry(k), the radius of the smallest disc
containing k roots of a [—g, g] power series, one may obtain the following bounds

1\ /2 1 1
(143) s <R < Gy

the lower bound a consequence of Jensen’s Theorem (see [1]), the upper bound
arising from the power series 1 — gz -1 Rk

Alternatively one could ask for r (¢ k) the smallest value of a such that we'®
is a k-fold root of a series in Fy. In [1] we gave a procedure for computing r,(k,0)
and it is clear that ry(k,¢) > rg(k,0). It is also easy to see that ry(k,7/2) =
\/7¢(k,0), but it is not clear whether 7/2 remains the worst argument as when
k=1.
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6 Pseudo-beta-numbers, an application

For any real 6 we can define a variant of the integer part function
[z]ls:=ZN(z—(1=6),z+ 6
and for a real 6 and 6§ a mapping Ty(z,6) : R — [-6,1 — 6) by
Tp(x,6) : x — Oz — [fz]s.
For a given 6 and § > 1 we can define a sequence of integers d = d(6,6) =

(d;)$2, by
o [gpi-1yg
dj = [aTg (1’6)]5'

Writing
k
0="> dif~"V 4 T(1,8)07*

i=1
this sequence can be thought of as giving us a “é6-6-expansion of 17:

1=§:d]-9*9'.
j=1

We shall call the number § a é-beta-number (respectively a simple é-beta-
number) if the sequence d is eventually periodic (respectively finite). The most
natural cases to consider are of course § = 0 (the traditional beta-numbers)
and 6 = 1/2 (the analogues where one takes the nearest integer rather than the
integer part).

Notice that if d = dy ... dgdg41 - .. dg+m then 1/6 is a root of

o0 k k+m
1= "djzl =1=3 djzd = (1=2™)7t Y~ 2
j=1 j=1 j=ht1

and so an algebraic integer, all of whose conjugates 1/X with |A| > 1 must also
be roots of

1= djzd = (1= 0z2) [ 14+ > TJ(1,8)2
j=1 i=1

and hence roots of power series with coefficients Tej(l, ) in [—6,1—6). Thus for
6 = 1/2 the value of ry /»(¢) illustrated in Figure 1 yields a bound |A| < 7y, (¢)~!
for any conjugates A of a 1/2-beta-number having argument ¢. Solomyak [3]
has shown for § = 0 that the set of zeroes of [0,1]-power series is in fact exactly
the closure of the set of reciprocals of the conjugates of the standard beta-
numbers. It is not clear to what extent this remains true for these more general
pseudo-beta-numbers. However we still certainly obtain upper bounds on the
conjugates from studying the roots of power series with appropriately restricted
coefficients:
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Theorem 6 If X is a conjugate of a 6-beta number, with 0 < 6 < 1, then

I < 146 if1/2<6<1
F(1—6+V5+25+6%) if0<6<1/2.

Further, this inequality is best possible for 0 < § < 1/2.

7 The Proofs

ProoF oF THEOREM 1. The lower bound is trivial:
If o is a root of a series in F,; then

Zaa <g2| |' = 1—|0i|01|

i=1
For the upper bound we show that for any angle ¢ there is a power series in F
with a root at (g4 1)~ /2e,
For a given argument ¢ in [0, 7/2] we define

a = a(¢) := arccos (1 i-t 9 cos ¢))

1=

and set

hg(z,¢):=1- chos(joz)zj € Fy.

i=1

Now for |z| < 1 we can write

9

[\D|I—‘

hy(z,6) =1- i (ze ")) = (1+9)2* - (2+g)(cosa)z +1

22 —2(cosa)z + 1

and h,(z, ¢) plainly has the required zero at z = (14 g)~'/2e™.

To see that the upper bound cannot be improved at /2 observe that van-
ishing of the real part of a series in F, at ir amounts to r being a root of a
power series f(z?) with f in F,. 1

We postpone the proof of Theorem 2 until after the proof of Theorem 4.
Theorem 3 is a special case of Theorem 4.

Proor or THEOREM 4. We first show that such a configuration of coefficients
would lead to the extremal rs(¢):
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If & = re®® is a root of ga(z) =1+ Zniefs a;z" then, separating real and
imaginary parts, we have

1+ Z a; cos(n;)r™ =0, Z a; sin(n;¢)r™ = 0.

n;€€s n;€Es

For sinf # 0 we set
Sp:={j:njé¢=0(mod m)}

and use the second equation to eliminate any aj,j € Sp from the first;

Clearly then if
Ty={i : ni¢g—0€(0,m)}, To={i: ni¢p—0€(—m0)}
r can be no smaller than the smallest positive real root of

1= 3 [ e 5 | )

- i - z" =0
e sin J ¢ sin J¢

n; €Ty

and that this is plainly achieved for a configuration of the type given in the
statement of the theorem and for no other.

It remains to show that the extremal polynomial achieves this form (this is
in fact already clear if there is an ny € Sy with a,, # uy or vy; since if there was
an a,, , ny ¢ Sy not in the claimed optimal position we could perturb a,,, very
slightly to reduce r at the cost of a new a,, still within the required interval).

We shall need a couple of lemmas:

Lemma 1 We suppose that g(z) = 1+ 37, o a;z™ in Fs is a power series
with a root at w = re'® with r minimal, then g(z) has at least one non-zero

coefficient at an endpoint a; = u; or v;.

ProOF. Suppose that g(x) has all its non-zero a; in (u;,v;). Note that g(x)
cannot be a polynomial; otherwise for some suitably small A > 1, g(Az) would
still be in Fs contradicting the minimality of the root. If g(x) has infinitely many
terms we let a7, ay denote the first non-zero coefficients with sin(nI - nj)¢) #0.
Such coefficients must exist, since if sin(n; —n;)¢ = 0 for all the non-zero a;, a;
then (for the real part of f to vanish) cosn;¢ = %1 for all i and we can construct
a power series g}(l) =1+ z w4 Z v;x™ with a smaller root.
cosn;p=1 cosn;p=—1

Hence for any u = Re'* setting

Rsin(A —n;¢)

r*sin(ny —ny)¢’

Rsin(ny¢ — )

r™ sin(ny — ny)¢

Br(u) =

Br(u):=




RooTs oN A RAy 13

we have

Brw™ + Gyw™ = u.

In particular we can take

with NV so large that the corresponding §;(u) < min{a; —u;,vj—a;} forj =1,J
and
g(z) = Z a;x™ + (ar + Br)x"™ + (ag + B5)x™
i<N AT
is now a polynomial in Fg with a root at w and all its non-zero coefficients in
(u;,v;) (in contradiction to the above). l

Lemma 2 We suppose that f(z) =143 o a;z™ in Fs is a power series
with a root at the minimal w = re'®.

(i) If ¢/27 =1 /s is rational then

I if n; = 78 for some j
Tl vi ifng = js+ s/2 for some j if s is even.

(i) If ay € (ug,vy) then

vi if(ni—ny)¢p €(0,7) and ny;¢ € (0,7)

or (n; —ny)¢ € (—m,0) and ny¢ € (—m,0) (mod 27)
wi if (ni—ny)¢ € (—7,0) and n;¢ € (0, )

or (ni —ny)¢ € (0,7) and ny¢ € (—x,0)(mod 27)

a; =

(i) If ay = vj then

v; ifnig € (nyo,m) and ny¢ € (0,7)

or ni¢ € (—m,n;¢) and ny¢ € (—m,0) (mod 27)
u;  ifnigp € (—ny¢,0) and n;¢ € (0,7)

or ni¢ € (0,—ny¢) and ny¢ € (—m,0) (mod 27)

a; =

(w) If ay = uj then

vi  ifnig €(—m,ny¢p—7m) and n;¢ € (0,7)

or ni¢ € (—ny¢,w) and ny¢ € (—m,0) (mod 27)
u;  ifnig € (0,n59) and ny¢p € (0,m)

or ni¢ € (ny$,0) and n;¢ € (—m,0) (mod 27)

a; =



14 BeEAucour, BOoRWEIN, BoyD AND PINNER

Proor. (1) If there exists an ny = js with ay # uy then there is a small positive
8,0 <6 < (ar —ur)r™ such that

ge):=14 Y (1=8)a™ 4+ ((1—6)ay - br ™)a™
n;€€s\{nr}
is a series in Fg vanishing at a but with all its non-zero coefficients a; strictly
inside the intervals (u;,v;) in contradiction to Lemma 1.
Similarly if there is an n;y = js + s/2 with a; # vy then for 0 < § <
(vr —ar)r™” we form

Q(L) =14 Z (1 - 5)az~zni + ((1 —8)ar+ or~ "),
n;€Es\{ns}

(ii)—(iv) Given two I, J with (n; — n,)¢ ¢ wZ it is readily seen that there
exist . . ‘
1 sinnj¢ 1 sinny¢o
ar = — T _ ayi=—

_TTISiIl(n] —ny)o’ r™ sin(ny — ny)¢

such that
arw™ + ayw™’ = 1.

Hence for any 0 < 6 < 1 the series

g(z) = Z (1=8)aiz" "+ ((1=6)ar—bar)z™ + ((1—6)ay — day)z"
n;€EEs\{nr,ns}

will certainly have a root at @ and we shall gain the by now familiar contradiction
to lemma 1 if (for a suitably small positive §) we can make an adjustment that
puts

((1 — 6)(1[ — 604[)2’"1 S (’LL[, ’l)[), ((1 — 6)@] — 60(])2”J € (’LL],’UJ).

That is, if ay € (uJ,vj), orifay=wvyand ay > 0,orifay =uyand ay <0
we cannot have

ay >0 and ay#uy or ar<0 and ay # vy.

The rest is just a matter of checking the signs of sin n; ¢, sin n;¢ and sin(n; —

ny)o. W

Theorem 4 readily follows from the latter lemma with the angle § marking
the line of transition from angles n;¢ with a; = u; and those with a; = v;.

Proor or THEOREM 2. From the inequality

sin me

. _ 2 m_1
ezmd) —e zmqﬁ‘

— (2j9)i
0id _o—id | Ze <m
i=0

sing |
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for ¢ in (0,7/2), it is clear that any real root 0 < r < 1 of

' =0 (2)

must satisfy

2

i =y i r
r SQZ(Z—UT =gm
i=2

1=g )

and hence 1

VI+1 (3)

Now if J(¢) = 1 (that is one can take § = ¢ in Theorem 3) then, setting the
coefficients of the extremal series to satisfy A; := —g sign(sin(1 —7)¢/ sin ¢) for
(i —1)¢ £ 0 (mod 7) and, in the manner of the proof of Theorem 4, using the
vanishing of the real and imaginary parts of the power series to eliminate the
remaining coefficients, we obtain an equation of the form (2) and r = ry(¢). If
J(¢) # 1 then r still provides a lower bound for r4(¢) (since, by Theorem 4, r
becomes extremal if we weaken the problem by allowing the coefficient A; to lie
in some suitably larger interval).

To show that J(¢) = 1 when g > 2v/2 + 3 it remains only to check that
the value of the missing coefficient A; required to cause vanishing of the power
series at re'® satisfies |A;| < g. Using the vanishing of the imaginary part
of the power series (arbitrarily assigning values |A;| < ¢ for any ¢ > 1 with
(i —1)¢ =0 (mod ) ) and (2) we have

= risinig =
A; —| <
Z " rsing _g;

=2

r >

|[4:| =

for \/g > V2 + 1.
It is easy to check that z = 1/(,/g + 1) is a double root of
2

(1-2)

and from the form of the series it must actually be the smallest double root (see

Theorem 4 of [1]).

1-(2VG+1)z4g

Proor or PROPOSITION 2. Recall that for an angle § we have J(§) = J iff the
root r =7(0,J),0<r <1, of

sin(J —1)f
sin J@

i =0




16 Breaucoupr, BORWEIN, BoyD AND PINNER

gives
. = . (sin(J —4)8\ sinif ,
Aj(0) = i
s(0) ;S‘gn ( sin 76 ) sin J6
in [—g,9]

Now if ¢/27 is irrational and |A;(¢)| < g then we can take 4 sufficiently

close to ¢ that
. sin(J —i)0) : sin(J —i)¢
S\ TSinge ) T UM T sinJo

for all j < N, with N sufficiently large that r(#) is also close enough to r(¢)
that A,;(0) = A, (¢) still satisfies |[4,(0)| < g.
If ¢/2m = t/s rational (with | = s or s/2 as s is odd or even) and 6 > ¢
(respectively 6 < ¢) we set
Ji=J4+ml (respectively Jy =.J 4+ nl).

Oberve that for 6 sufficiently close to ¢ we still have r(8) = r(¢) and

) sin(J; — )0\ . sin(.Jy — )¢ , .
sst ( sin J1 0 = st sin Jy ¢ o S <N # J(mod ),

while for j = .J 4+l < N we have

} sin(J1 =)0\ . ... [ —sign(sinJ¢)sinJo i <m (resp. i > n)
sigh ( sin J1 6 sin(j6) ~ sign(sin J¢) sin J ¢ i >m (resp. i < n).

Hence we obtain

. 1 — plm _ pl(m+1)
Y s 0= g st gy (L)
(respectively
i N
20) 45,0 + g sign(sin 7o) (T))

with Ay, (8) safely inside (—g, g) when A;(¢) lies in the stated range and 6 is
sufficiently close to ¢.
Properties (a), (b) follow from a similar appeal to continuity.

PRroOF OF THEOREM 5. Given two arguments wy,ws in (0,7) we let

A 1.
S(w,ws) := {]:§]¢Ew1 or §]¢Ew2}.
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Henceif f = 14+).2, a;z" in F, vanishes at r and re'® we can use the equations

14+ Z airt =0, 1+ Z a; cos(ig)ri = 0, Z a;sin(ig)ri =0
i=1 =1 i=1

to eliminate any terms a; with j in S(w,w,) obtaining

1+ > g (Sin(wl — 270)sin(uz - %j¢)) ri = 0.

o sin wy sin wo
JE€S(w1 ,wa)

Hence r can be no smaller than the real root of

1—g Z

JES(w1,wa)

sin(wy — %j¢>) sin(wy — %jﬁf’)

- - x’
SIn wq SIN Wy

achieved for a configuration

sin(wy — §7¢) sin(w, — %N’))

sin wy sin wy

aj = —g sign <

of the type given in the lemma (with 6; = 2wy ,6s = 2ws) and no other.

It remains to show that the series f, for r = 74(¢) must be of this form.
A slight adjustment in Lemma 1 shows that an extremal series f, must always
contain at least one a; = %g.

The following variant of Lemma 2 then completes the proof (with §; and 6
marking the point in the arguments j¢ (mod 27) where a; first changes from
negative to positive and from positive to negative respectively). l

Lemma 3 Suppose ji1,j2 are two integers such that %]1(]) = A\ (mod w) and
3720 = Ay (mod ) satisfy 0 < A; < Ay < 7.

(1) If /2w = r/s is rational then aj = —g for j =0 (mod s).
(i) If aj, # —g and a;, # —g then
1.
a; =g for §]¢ € (A, X)) U (A + 7,0y +7) (mod 27)
(i) If aj, # —g and aj, # g then
1
aj = —g for §]¢ € (0,A\)U(m, A\ +7) (mod 27)
(w) If aj, # g and aj, # —g then

1 ) .
aj =g for 5]95 € (A2, M) U (A2 + 7, 27) (mod 27)
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The proof is similar to that of Lemma 2 and relies on our ability (given any
three exponents # = (n, m,7), to construct a real polynomial

-1 -1
sin ;m¢sin 57¢ x

p(x, 1) := <sin Ln —m)psin +(n — 1')¢) (;)"

B < sin %mp sin %7‘(]) ) (l)m+ ( sin %mqﬁ sin %n(]ﬁ > (1)"
sin §(n — m)¢sin %(m -r)¢ r sin 2(n — r)¢sin %(m -r)¢ T

2 2

which takes the value 1 at z = r and z = re’?. If an a; with %](}) in the given
interval did not take the stated value then for a sufficiently small § we could
perturb the supposed extremal power series f,.

Frl@) =1+ (1= 8)(fr(x) — 1) — p(as 1, j2.5)

to obtain a new extremal series vanishing at 7 and re’? but no coefficient a; = =%g
contradicting the minimality of r. H

Proor oF THEOREM 6. Observing that any root a of a power series with
coeflicients a; in [—§,1 — 6] (and hence |a; — (1/2 — 6)| < 1/2) satisfies

Q 1 o
1 1/2 -6 < =
‘ +(1/ )l—oz ~21—|q
we obtain
1 146 ifl1/2<6<1
|a| S 1 2 :
(=04 V5+26+ 6% if0<6<1/2

(with equality achieved for the series

1—5§:z", 1+(1—5)§:x2"—1 —6§:x“
i=1 i=1 i=1

respectively). This then gives an upper bound on || for any conjugates X of a
6-beta-number, 0 < § < 1. For 0 < é < 1/2 we show that this latter bound is
best possible:

For large integers k, N and M =~ é6 N we take § > 1 to be the real root of

k k-1
fr=M o NG (N = M) T MY
i=1 i=0
Writing
k k
O=N+(N-M)Y 67D ) o=

i=1 =1
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and observing that (for large enough N)

j
=56 < 3 (¥ = M)~ = M=) < (1~ 0)6
i=0

J
86 < =M+ Y (V= M)o~ 0 — Mo~ < (1-6)6
i=1

for 0 < 3 < k —1, it is not hard to see that # has a finite expansion d =
N,N—-M,-M,...,N —M,—M,0,... and hence is a simple é-beta-number.

If N and M are chosen to have a prime p with p| N, M but p?> JN, M then f is
irreducible (by Eisenstein’s criterion) and it is not hard to see that as N,k — oo,
with M /N — 6 the polynomial f must have a root 1/ with

N (V5426 +62—(1-106)) =
B 2(1+4 6) .
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