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ABSTRACT. The fairly recent proofs of the irrationality of log2, 72, ((3) and
various values of polylogarithms are re-examined by using a particular family
of orthogonal forms. This allows us to give a uniform and arguably more
natural treatment of these results.

1. INTRODUCTION
Apéry’s astonishing proof of the irrationality of {(3) amounts to showing that

0 < |dyar¢(3) — bg| — 0

=2 (3 ()

dp :=1lem{1,2,... ,k}.

Here and throughout the paper lem denotes the least common multiple. This is
entertainingly proved in van der Poorten [15] and given a very elegant treatment by
Beukers [4], [5]. In [5] Beukers puts the proof in the context of Padé approximants.

Many, maybe most, irrationality proofs may be based on approximation by Padé
approximants and related orthogonal polynomials ([8], [9], [14]). Sometimes this is
very natural, as with e, where the Padé approximants generate convergents of the
simple continued fraction. This is, however, an exceptional case.

It is the intention of this paper to try to put the well known proofs of the
irrationality of the constants log2,((2), and ((3), as well as certain values of
polylogarithms into the framework of orthogonality. This reproduces results of
Apéry, Alladi and Robinson, and Chudnovsky in a unified fashion ([15], [2], [10]).

where by is an integer,

and
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In [7], the authors considered orthogonalization of the system
{zro gr gAe ),
and from this point of view orthogonalization of the system

.0 .0 .0 1.1 1
{2 2%,...,2°, 1‘,1‘,...,1‘4,...}

~ ~

n times n times

is very natural to study (the repeated indices are taken to be in a limiting sense).
This leads to orthogonal functions that generalize Legendre polynomials and are of

the form
n—1

Z Aji(x)log! =
§=0
where each A;(x) is a polynomial of degree .
Legendre polynomials are closely tied to irrationality questions concerning logarithms
([2], [6, Chapter 11]) and higher order analogues prove to be the basis for dealing

with the irrationality of the polylogarithm Z ;—m ([12]).

n

We argue that the irrationality proofs flow quite naturally from this point of
view. A nice feature of this approach is that the non-vanishing of the estimates,
which is essential for the proofs, comes very easily from the orthogonality.

This paper is organized in the following way. First we produce a contour integral
which generalizes the Legendre polynomials and consider the properties of this
function. We then specialize this form for particular cases in order to prove the
irrationality of log2,((2),((3), and some values of the polylogarithm in general.
The approach to ((2), ((3), and log(2) eventually reproduces the estimates of Apéry
and Alladi and Robinson [2]. In the case of {(2) and ((3) we end up with the
integrals of Beukers [4]. The results for irrationality of polylogarithms are very
similar to those of Chudnovsky [10] but the estimates are different.

In all cases, the estimate allow for inequalities of the form

‘ 1
a— = > —
q q°

for all integers p and ¢ > 0 for some ¢ > 0. So in all cases the stronger conclusion,
that the numbers in question are not Liouville is possible.

2. THE CONTOUR INTEGRAL

The orthogonalization of repeated monomials can be expressed by contour integrals.

Theorem 1. Let k, I, m, and n be positive integers satisfying (I + 1)n — km > 1.
Define

2w

(n—1) @) [Tl t+0)m
F(z;k,l;m,n) = ) ((k‘gm j{ Hé_o(t_]’)"m dt
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where v 15 any simple contour containing the poles at t =0,1,... 1. Then
n—1 )
F(x;k,lym,n) = (=1)™ ZA“(J:) log’
=0

where A; 1= Ai 1 k,mmn 15 @ polynomial of degree 1. So,

Apyg(z) = zl:(_l)m- <z 4]; k) m (i) nzi

i=0
and

l

Ap_g(z) = Z(_l)m‘ (l -Z k) " (i)n(n -1) z: Z,T]. - zl: i z!

i=0 J=0,j#1 J

Furthermore, this function enjoys the orthogonality relations
1
/ F(x;k,l;m,n)z' log! xdx =0, i=0,1,...,k—1, j =0,1,...,m — 1.
0

The polynomial A,,_1; has integer coefficients. If k = 1 and n > 2 then the
polynomial diA,.—o 1 also has integer coefficients (dy :=lem{1,2,...,k}).

Proof. The representation of F' is just the evaluation of the integral at the poles
t=20,1,...,1 by the Residue Theorem. The orthogonality conditions follow by
interchanging the order of integrations and observing the behaviour as the contour
is allowed to become arbitrarily large.

The fact that A,_;; has integer coefficients is obvious from the above forms. To
show that A,_»; has integer coefficients whenever k = [ and n > 2, we need to
observe that if p is a prime and « is a positive integer so that k < p® < k 4+ ¢ then
p divides (l:k) This is straightforward from Euler’s formula for the largest power
of a prime dividing a factorial. O

It is interesting to note that the orthogonality relation stated above encompasses
an m-dimensional orthogonality conditions on the m-dimensional cube I"™. That

1s,

/ F(rm(z);k,l;m,n) Hm‘fida} =0, s;€4{0,1,...,k—1}

i=1

m
where m,(z) 1= H z; and where & := (z1,%2,...,%y,). Here and throughout
i=1

This can be deduced from the following theorem.
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Theorem 2. We have

/n F(r,(z))dz = ( L I /01 F(u)|logu|" ™" du.

n—1

Proof. 1t is straightforward to verify by using the change of variables

wi=wy, vi= (2" —y?)

2

that the double integral can be transformed as

11 1
/ / F(zy)dzdy = — / F(u)logudu.
o Jo 0

In the general case, the proof follows recursively. [

Various specializations of the parameters give us the results we are looking for.

3. IRRATIONALITY OF LOG 2 AND ((3)

For these cases we set [ = k and n = m in Theorem 1, so
k

-1 _
F(x;k,k;m,m) = (m - ) % Hi_l(
271 I N

=0

t—|—j)m/t

t—j)m

which are orthogonal in the sense that
1
/ F(z;k,kym,m)F(z; k', k'sm,m)dz =0
0
for any two distinct positive integers k and k’. Also

@F|$:1=0, ]=0,1,...,m—2

and
dmfl
The above equations can be easily verified by using the results of Theorem 1.
When we set m = 1 and m = 2 these are in fact the polynomials needed in the
proof of the irrationality of log 2 and ((3) respectively. Both proofs are very similar
and we outline them below.

Theorem 3. We have

LV F(zk, k1,1
0< / FlaikkiL1),, = |Ag r(—1)log2 + Ry < (V2 — 1)**1og 2
0

1+

where Ao x(—1) is an integer, Ry is a rational number, and dpRy is an integer
(d :=1em{1,2,... k}).
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Proof. We decompose the rational function as follows

F(z;k, k;1,1) _ (_1)k Ao r(-1) N Ao r(z) — Ao (-1)
1+=x o 1+ 1+=x )
The first term of the right-hand side integrates to Ao,k(—l) log 2 while the second

integrates to a rational number which can be integralized by the factor dj introduced
by the integration process. To establish the inequality we note that

k

=0
which is the shifted Legendre polynomial of degree k. By making use of the above
Rodrigues’ formula for these polynomials, and integrating by parts, we find

Pz k,k;1,1) Lkl —2)k 1 dx
M e = i S A P P (V2 = 1)%F
/0 T‘ /0 T+ o) l‘_/o | (V2D

1+=2
0<M§(\/§_1)2
142

0<

since

for every x € (0,1). O

The irrationality of log2 now simply follows by multiplying both sides of the
inequality by dj, which by the prime number theorem is of O(e(l"'&)k) for any
6> 0.

For ((3) we proceed as follows.

Theorem 4. We have

z*y,k F(ay k. k;2,2)

0< drdy| = [241 x(1)¢(3) + Re| < 2¢(3)(V2 — 1)**

where Alyk(l) is an integer, Ry is a rational number, and dsz 1s an integer.

Proof. As in the proof of Theorem 3 we write

F($y,k,k/2.2) — ‘41’0(1) IOg(.Z"I/) + ‘41,k(1'y) - ‘41,k(1)
1—2y 1—2y 1—2y

Ao k(zy)
1—zy

log(zy) +

Note that F(1;k,k;2,2) = 0 implies that Ay (1) = 0. Hence the third term above
is a polynomial in xy, while the second term is log(xy) times a polynomial in zy.
(Both polynomials are of degree k — 1.) Now recall that

S Lo

/ 1 / ' (ay)" log(zy)de dy = e

This accounts for the form of the double integral above. The right-hand inequality
and the non-vanishing follow from the next lemmas and the comment after them.

since
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The next detail is that d% Ry is an integer. For this we use the explicit form of
A1 x and Ag in Theorem 1 to see that A; ; and dpAo i have integer coefficients
and observe that each integration introduces a dy.

The final detail is to verify the inequalities of the theorem. This can be easily
done by Lemma 3 below. This yields

Ty,k F(ay; k. k;2,2) dzdydv ik
(1-(1—ay)p) (V2-1

1)4k

0< ——————dzdy

INA

since zyo(l—)(1—y)(1 =) <(V2-1)"

0< 1-(1—zy)

for every z,y,v € (0,1).
The irrationality of ¢((3) now follows directly by multiplying by d} and invoking
the estimate dj, = O(e('*9*) for every § > 0. [

Lemma 1. (Padé Approximation.) For each n there ezist polynomials p, and
qn of degree n so that

— (p_1)2nH ! v (1 —v)"dv
B A e A e e
= pa(2)logz + gu(z) = O((x — 1)***)

where v is a simple contour containing all the poles. (In fact p,/q, is the (n,n)
Padé approzimant to logz at v =1.)

Proof. An expansion of both integrals about the point 2 = 1, and a comparison of
coefficients verifies the identity. O

Lemma 2. (Rodrigues-Type Formula.) With v as in Lemma 1,

¥ d* x zy)!
Playik k2,2) = dy* dz* 27'z %H
B 1 dF gk 1 (%‘y) (.Z”y— )2k+1vk(1_v)kd‘
IR (= (T = eyt

Proof. This follows directly from the definition of F'(z; k, k;2,2) and differentiation
in Lemma l. O

Lemma 3. We have

.Z"l/,k k;2,2) zyv(l —2)(1 —y)(1 - v))*
/ / dxdy— / / / (1= (1= o))k dxdydv.
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Proof. For i,k nonnegative integers

[ [ w0 - o0 - i

dk dk k+i 2k+1
/ / 1 — 2y dyk d:l’]” (‘Ty) (‘Ty - 1) dxdy.
(Both sides are equal to
K(k+i)! ]
[(2k +i4+ 1)!]
though this is not completely transparent. One can verify this by induction.) So

1 1,1 1 dk gk i o
(k!)2/0 /0 1__:,;3!@@(@) (zy — 1) dxdy

_/0 /0 (zy(1—2)(1 —y))(zy — 1)'dzdy.

1 /1 /-1 1 d*  qk (xy) (zy — 1)2k+1 iy
(k)2 1— 2y dy dzk (1— (L= zg)o)+ zdy

zy(l—z)(1—: k
/ / ly— 1—)fvy) )?”)31 trdy

which together with Lemma 2 completes the proof. [

Hence

4. IRRATIONALITY OF ((2)

In this section the values of the parameters are [ = k, m = 1, and n = 2. Then
I (t+7)
i)?

F(:ka'l? fitdt
270 H

and the orthogonality relations
1
/ F(z;k, k;1,2)F (a3 k', k31,2, )dz = 0
0

hold for any two distinct positive integers k and %'.

Theorem 5. We have

/1 F(z;k,k;1,2)
———dx
0

0
< 1—=

\/3_1 5k
2

= A1 (1)C(2)+ Re| £ C <

where Alyk_l(l) is an integer, Ry is a rational number, d%Rk s an integer, and C
18 an absolute constant.



8 PETER BORWEIN, WILLEM DYKSHOORN, TAMAS ERDELYI, AND JOHN ZHANG

Proof. The proof proceeds in an entirely analogous manner as the two previous
ones. The inequality of the theorem is derived by making use of Lemma 1 again.
Here, the Rodrigues-type formula has the form

k! dak

F k _ k
/ (T kyk;1, 2 / / v¥(1—v) dvds
0 1—=2 (1—¢( 1—ar) e+l

and the inequality of the theorem follows by estimating the the maximum of the
integrand on the unit square. [

1 dFk 1 vE(1 = )k
F(rik,k;1,2) = ———— [rk(l _:c)?"‘“/ . i ”) dv.
0

This yields

0<

The irrationality of ((2) now follows easily as it did for {(3).

5. IRRATIONALITY OF POLYLOGARITHMS

The parameters we use in this case are m = N and n = 1 where NV is an arbitrary
positive integer N. We also set k = [{/N] throughout this section, that is k is the
smallest integer not less than I/N. Using the results of Theorem 1, we now write
the contour integral as

Fi(z) := F(x;k,[; N, 1)

% Hi-“zl(t+ z);v St

2 (’”) )

We use this form to prove the irrationality of some values of the polylogarithm
function [13] defined as

o0

L
Liy(z) == Z 5 |2] < L.
—J
j
Theorem 6. Let N and « be fized positive integers. With mn(x) i= x122--- 2N
and k := [I/N], we have
Fi(ny ()

dw‘

1 1
—Fi(a) Liy (—) + Bk
(0% (0%

v TN (Z) —
k

1/1 1\’ 2N(N+2)

- | —=+

(s ()
where Ry i, s a rational number and (dl)NRNyki 1s an integer. The integral does
not vanish for infinitely many positive integers . Note that Fi(a) is an integer.
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Proof. Using our standard decomposition, we write

Fi(rn(z)) — F(a) +Fl(7TN($))—Fl(a)_

an(@)—a wn(®) -« an(z) —«a

Integration of this form shows the structure of the terms as stated in the equality
of the theorem.

To prove the inequality of the theorem, note that the orthogonality conditions
satisfied by F' and Theorem 2 imply that

/1 Mdm - /IN (; - Pk—l(WN(a’))) F(rn(z))dz

~ Tn(®) — a an(z) —«a

where P;_1(z) is any polynomial of degree & — 1. Proceeding on, we obtain

F 1
/ Mdm‘ <  max — Py (x)| max |[Fi(mn(x))]
v N () — 0<z<l|x — & TeIN
. 1
< WHRINHL ax — Pi_y(x)
0<z2<1|ox — <

< 2N(]V+2)k‘ ~ — Pi_
- 0213;1 r— o k 1(z)

where the upper bound of the second maximum is derived from the explicite form
of the coefficients of the polynomial Fj.

To have the best possible upper bound for the remaining maximum in the above
estimate, we wish to find a polynomial of degree k—1 such that the deviation of mi—a
from Py _; is minimized. This problem was solved by Tchebysheff and is discussed
by Akhieser [1] as in the next lemma from which the right hand-side inequality of
the theorem follows.

The non-vanishing of the integral follows from the orthogonality conditions. Each
F; is a polynomial of exact degree [. So, with g(z) 1= 1/(2 — a),

./[N FI(WN("I’.))Q(WN(-’IJ))dJ: =0
implies

/0 Fi(z)g(z)(logz)N~'dx = 0.

So vanishing at all large ! implies that g(z)(logz)™ !

contradiction. [

is a polynomial, which is a

Lemma 4. The (k — 1)-th degree polynomial

Pk,1($) =

1 % |:ka_1 a—v 4ok 1—av

r—« 2 1—av a—v

1 1 1 1 4qht1
1'125(’0"‘;)7 Oz:=§(a+g), |(l|<1-; Al:m

where
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and

1
max

— Pk_l(l‘) = ]\4—7
|l2|<1|Z — o

deviates the least from —— on the interval [—1,1] in the uniform norm.
r—

Proof. See [1]. O

From these we obtain, on using k¥ = [{/N], and transforming the above Lemma
to [0,1], that

F, 1/1 1) 2N(N+2)
[ B4 ) i)
v Tn(E) — 2 a a—1 (Va+ Va —1)2
Theorem 7. For positive integers a the polylogarithm function values Liy(1/a)

are irrational provided
> (2 (VE+ 2
o i el
2 Vi

where 3 1= 2N(N+2)e(1.0388...)N2'

k

Proof. We multiply the form in Theorem 6 by (d;)"¥ and demand for large k that

k

(w;:(;%v) (@)”

» k
( 2N(V+2) H((1.0388..)IN /)
(

Va+Va —1)2

9N(N+2),(1.0388... )N? k
) < 1.

IA

(Va+ Va1

For this is suffices that
9N(N+2),(1.0388...)N?

(Va+Va —1)?

where we have used the sharp global estimate d; < e(193%8%:)! (see [15]). The
theorem now follows by solving the above inequality for a O

<1

We can extend our results in Theorem 6 to show the irrationality of the function

oo i
®(z, N, u , zl <1, u#0,-1,-2,...
=St Mo
7=0
(several properties of ® may be found in [11]) whenever IV is an integer, u is a
rational number, and z = 1/a, where a is an integer greater than a constant

depending only on N and w. This follows from
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Theorem 8. Let N and o be fized positive integers. Let w = q/p be a rational
mumber where p and q are nonzero integers. Then there emists a constant Cy
depending only on N and u so that

1 /q N 1 q
= |= (—) F(a)® (—,N, —) + Ry
r @ r

«

/ Fy(my(2))?/)dz

(wx (@)1~

1

r—Q

< ("N,u)]C — P_(x)

max
0<z<1

where Ry 48 a rational number, di)VHqRN,k is an integer, and Pp_i(z) is an
arbitrary polynomial of degree k — 1. The integral is not zero for infinitely many
positive integers [. Note that Fi(a) is an integer.

Proof. This follows analogously to the proof of Theorem 6 with the substitution

T (@) — (m ()",
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