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ABSTRACT. Sharp extensions of some classical polynomial inequalities of Bernstein
are established for rational function spaces on the unit circle, on K := R (mod 27),
on [—1,1] and on R. The key result is the establishment of the inequality

n n 2
o laj? —1 1—|a;l]?
Flo) <maxd S a1 ooss Iolal Uy
j=1 |aj - ZO' j=1 |aj _Z0|
|aj|>l |aj|<l

for every rational function f = pn/qn, where py is a polynomial of degree at most n
with complex coefficients and

an(2) = [ - ay)
Jj=1

with |a;| # 1 for each j, and for every zo € 9D, where 0D := {z € C: |z| = 1}. The
above inequality is sharp at every zp € dD.

1. Introduction, Notation.

We denote by P) and P;, the sets of all algebraic polynomials of degree at
most n with real or complex coefficients, respectively. The sets of all trigonometric
polynomials of degree at most n with real or complex coefficients, respectively, are

denoted by 7, and 7,*. We will use the notation

Iflla = sup|f(2)|
z€EA

for continuous functions f defined on A. Let
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and

K :=R (mod2n).

The classical inequalities of Bernstein [1] state that

|pl(:0)| S n”p”aDa p € Prcz* 20 € aDv
[t'(60)] < nl|t]| &, te7;, #6p€ekK,

D € ,Prcn To € (_171)

n

I (z0)| £ ——=—=lIpll{=1.11,
1-= xﬁ

Proofs of the above inequalities may be found in almost every book on approx-
imation theory, see [4], [5], [6] or [8] for instance. An extensive study of Markov-
and Bernstein-type inequalities is presented in [3] and [7].

In this paper we study the rational function spaces:

Pr(ar,as,... ,a,;0D) = % 1pn €PF
I1 (= —q;)
J=1
on 9D with {ay,az,... ,a,} C C\ dD;
Ti(ar,az,... a0 K) := tn(0) 1t, €717

'ﬁ1 sin((6 — a;)/2)

on K with {ay,as,... ,a2,} C C\R;

Polar,az,... ,an;[—1,1]) := npni i pn € Py
[1(z—a;)
j=1
on [—1,1] with {a1,a2,... ,a,} C C\ [-1,1];
Pﬁ(alaa@v"' 7an,R) = npnipneprcz
_H(z—aj)
j=1
on R with {ay,as,... ,a,} C C\ R, and
Prlar,azy... ,an;R) = Pn(2) n €P,
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on R with {ay,a2,... ,a,} C C\R.
The spaces

tn(0)

Ty (a1, a2,... azm; K) = o it, €T,
[T Isin((6 — a;)/2)]
j=1
on K with {ay,as,... ,a,} C C\R and
r . _ Pn(-L) r
pn(alaa27"' 7an5[_171]) - T DPn Ep

H |w—a]|

on [—1,1] with {ay,as,... ,a,} C C\ [-1,1] have been studied in [2] and [3], and
the sharp Bernstein-Szego6 type inequalities

F'(60) + Bu(6o)* £(60)* < B(6)*|fll%. 6o € K
for every f € 7,7 (a1, as,... ,asn; K) with
(a1,a2,... yaz2,) C C\ R, Im(a;) >0, ;=12,...,2n
and
(1= 2)f'(w0)” + Bu(x0)*f(0)” < Bu(wo)’(flf_1 s 70 € (=1,1)
for every f € Ph(ay,as,... ,a,;[—1,1])) with
{a1,a2,... ,an} C C\ [-1,1]
have been proved, where

_ |ezaJ|2

Z |eza] _ ez9|2’ S A”

and

B,(z):=Re Z — 1, z € [-1,1],

=1 (lj — T

with the choice of ,/a? — 1 determined by
— 1/a§ — 1‘ <1
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These inequalities give sharp upper bound for |f'(#)| and |f/(z¢)] only at n points
in K and [—1, 1], respectively. In this paper we establish Bernstein-type inequalities
for the spaces

Pr(ay,az,... ,a,,0D) and 77 (ay,as,... a0, K)

which are sharp at every z € 0D and 6 € K, respectively. An essentially sharp
Bernstein-type inequality is also established for the space

Po(ar,az,. .. yan;[—1,1]).

A Bernstein-type inequality of Russak [7] is extended to the spaces
Polay, az,... ,an;R),
and a Bernstein-Szegd type inequality is established for the spaces

Pray, as,... ,an;R).

For a polynomial

(z —ay), 0#£ceC, a; € C,
1

m(z)=c

n

J

we define

(z)=7¢ H(1 —Tjz) = 2"u(z7h).

J

It is well-known, and simple to check, that
lgn(2)| = lg;(2), = €D,

We also define the Blaschke products

n

Sn(z) — 1—[ 1 —a;z

Z—Qaj
i=1 J

associated with {ai,as,... ,a,} CC\ 8D, and

n

§n(z) = H 4

Z— aj
j=1 J

associated with {a1,as,... ,an} C C\ R.

2. New Results.
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Theorem 1. Let {ai,as,... ,a,} CC\ 8D. Then

- a;jl? =1 "1 —a;?
T D M Y
=1 =1
laj|>1 laj|<1
for every f € Pi(ar,az,... ,an;0D) and zo € dD. If the first sum is not less than
the second sum for a fized zg € 0D, then equality holds for f = ¢S}, ¢ € C, where
S}t is the Blaschke product associated with those a; for which |aj| > 1. If the first
sum s not greater than the second sum for a fizxed zg € 0D, then equality holds for
f=1¢c8,, ceC, where S is the Blaschke product associated with those a; for
which |a;| < 1.

Theorem 2. Let {ay,az,... ,a2,} C C\R. Then

2n 2n

Lo lefai|? — 1 1— ']
Pl smaxy Y Cr——ms Y e (Ml
=1 =1
Imgaj)<0 Imgaj)>0
for every f € T.%(a1,az,... ,asn; K) and 6 € K. If the first sum is not less than the

second sum for a fized 0y € K, then equality holds for f() = ¢Sy, (e'?), c € C. If the
first sum s not greater than the second sum for a fixed 0y € K, then equality holds
for f(8) =¢S5, (e!), c€ C. Si and Sy, associated with {e'®, e ... el%n} are
defined as in Theorem 1.

Theorem 3. Let {ai,as,... ,a,} C C\[-1,1] and

e g 2 _
cj 1= a; a —1

-1 gl <1

with the choice of root in ,/a? — 1 determined by |cj| < 1. Then

|L | 1 —ej|?
|fl(l'0)| < \/— max Z L — Z |c — ;Olz “f”[—l 1]
for every f € Pi(ay,az,... ,an;[—1,1]) and x¢ € (=1,1), where z¢ is defined by

zo := 2o +1iy/1 — 23, zo € (—=1,1).

Note that

Bn(l'o) — Re zn: V a. Z |C]|2

_ — 2
= aj— o = 20|

T € (—1, 1)

Our next result extends an inequality established by Russak [7] to wider families
of rational functions.
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Theorem 4. Let {aj,as,... ,an} C C\R. Then

n

) 2| Im(a; n 2| Im(a;
Pl smaxd 3 2mle)l s 2l

bl
= -l = e — g
Im(a;)>0 Im(a;)<0
for every f € PS(ay,as,... ,an;R) and xg € R. If the first sum is not less than the

second sum for a fized xy € R, then equality holds for f = cg;f, c € C, where 5’;1‘
18 the Blaschke product associated with the poles aj lying in the upper half-plane

Ti={2€C:Im(z) >0}.
If the first sum is not greater than the second sum for a fixed xo € R, then equality

holds for f = cSn , ¢ € C, where 5’5 1s the Blaschke product associated with the
poles a; lying in the lower half-plane

H™ :={z€ C:Im(z) < 0}.
Our last result is a Bernstein-Szeg6 type inequality for
Pray,az,... a2,;R)
which follows from the Bernstein-Szegé type inequality for
Priay,az,... ,an;[—1,1])
mentioned in the introduction.

Theorem 5. Let
{ai,az,... ,an} C C\ R, Im(a;) >0, j=1,2,...,n.
Then
F(20)? + Bn(20)” f(z0)” < Bn(wo)’|| f]I7 zo € R,
for every f € Ph(ai,az,... ,an;R), where

n

Imaj
Z|w—a|2 x € R.

We remark that equality holds in Theorem 5 if and only if z, is a maximum
point of f (thatis, f(zo) = || f||r) or f is a “Chebyshev polynomial” for the space
Pr(ai,az,... ,an;R) which can be explicitly expressed by using the results of [2]
and [3].
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Note that Bernstein’s classical inequalities are contained in Theorem 1, 2, and 3
as limiting cases, by taking

{a(k), as ,... ,aPlcC\D

in Theorems 1 and 3 so that hm |a( )| = oo foreach 7 =1,2,... ,n, and by taking

k) k) k)
ag ',ag T, gn} Cc C\R
in Theorem 2 so that afﬁ] = a(}") and klim |Im(a§.k))| =oo foreach j =1,2,... ,n
— 00
Further results can be obtained as limiting cases by fixing a;,as,... ;am, 1 <m <

n, in Theorems 1 and 3, and by taking

{ay,az,... ,am,a(nlj_),_l,airlfiz,... , ilk)} cC\D
so that hm |a( )| = oo foreach j = m+1,m+2,... ,n. One may also fix the poles
al,az,... am7 pt1, G2y --- »Aptm, 1 <m < n,in Theorem 2 and take
{a,... ,am,agﬂ_l,... ) g, ,an_,_m,aglk_gm_,_l,... (k)} CC\R
so that afﬂj = Eg-k) and leH;o |Im(a§k))| = oo foreach j=m+1m+2,...,n

Several interesting corollaries of the above three theorems can be obtained. We
formulate only one of these.

Corollary 6. Suppose {a1,az,... ,a,} C C and

1 < R < aj], j=12,...,n
Then
R+1
| (z0)| < 71" Ilfllap, zg € 0D,

for every f € Pi(ay,aq,... ,a,;0D). For a fized zy € 8D equality holds if and only
of

g =ay='=a, = Rz

and f = ¢Sy, ¢ € C, where S, is the Blaschke product associated with the poles
aj, j=1,2,...,n

3. Proofs.

To prove Theorem 1 we need the following result (see [9, p. 38], for instance).
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Interpolation Theorem. Let V be an n + 1 dimensional subspace over C of
C(Q), the linear space of complex-valued continuous functions defined on a compact
Hausdorff space (), and let L # 0 be a linear functional on V. Then there exist
distinct points x1,z2,... ,z, in (), where 1 < r < 2n+1, and nonzero real numbers

€1,C2,... ,Cr SO that
r

L(f)=> c¢jf(z;). feV
j=1

and

1E) o= max EOL_$~ )

#rev Iflle 4

Proof of Theorem 1. For the reason of symmetry it is sufficient to prove the theorem
when z = 1. Without loss of generality we may assume that

(1) Re21.¢%

the other cases follow from this by a limiting argument. Let @) := 0D (with the
usual metric topology),

V:i="Pi(a1,as,...,an;0D)
and
L(f)=1'(1), feV

We show in this situation that n+ 1 < r in the Interpolation Theorem. Suppose to
the contrary that r < n. By the Interpolation Theorem there are r distinct points
T1,T2,... &y on 0D so that

. PaDn(1) = £, Upnl1) _ N~ o) :
) (D’ “YolES men

j=1

where

(3) an(2) = [[ (= = a))-

=1

We claim that z; # 1 for each j = 1,2,... ,r. Indeed, if there is an index j so that
z; =1, then the Interpolation Theorem implies that

r

pn(z)i=(z+ )" H(: —z;) €Py

j=1

has a zero at 1 with multiplicity at least 2, a contradiction. Applying (2) to the
above p,, we obtain

p;z(l)QH(l) - q;(l)pn(l) = 07
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and since p, (1) # 0 and ¢, (1) # 0, this is equivalent to

or in terms of the zeros of p, and ¢,

n

. 1 n—r 1
) Zl—a,-z 2 +21—x,-‘

j=1 “ j=1

Since x; € 0D and x; #1, j=1,2,... ,r, we have

1 1
(5) Re< ):5, j=1,2,...,r

1—2z;

It follows from (4) and (5) that

1 n
Re Zl—aj 25

i=1

which contradicts assumption (1). So n 4+ 1 < r, indeed.

_A simple compactness argument shows that there is a function f € V so that
|fllop = 1 and |L(f)| = ||L||- The interpolation Theorem implies

|f~($j)|:13 J=12,...,7

Hence, if
r3 ﬁn ~ c -
f = Pn € pn? Qn(:) = (; - a‘j)’
dn j=1
then
(6) h(z) = [pn(2)* = lan(2)[* <0, 2z €0D
and
(7) h{z;) =0, j=12...,r

Note that ¢(8) := h(e'?) € 7,7 vanishes at each ;, where #; € [0,27) is defined by
zTj= ei, j=1,2,...,r. Because of (6), each of these zeros is of even multiplicity.
Hence, n 4+ 1 < r implies that ¢t € 7,, has at least 2n + 2 zeros with multiplicities,
therefore ¢(#) = 0. From this we can deduce that h(z) = 0 for every z € D, so

(8) n(2)] = lgn(2)
‘We have

2"pn(2)B(2) = pn(2)]* = lan ()" = 27 "qn(2)an(2), 2 € D,

, z € 0D.
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so by the Unicity Theorem of analytic functions
PP, = ndp-

(From this it follows that there is a constant 0 # ¢ € C so that

with some m < n and
aji=ar, j=L12,...,m, 1<k <ky<-<kn<n

A straightforward calculation gives

: (1) = 1 1
FOl=1==1=D_ = 1=
(1) = - 1/a; Y
 logl? —1 la;|* =1 1 — |a;|?
= et B Bl = - S b I
Z lo; — 12| =M Z la; — 1]’ Z la; — 112
J=1 J j=1 J j=1 J
laj|>1 laj|<1
which finishes the proof. [
Proof of Theorem 2. Observe that if
2n
ha(0) = [ sin((6 — a;)/2) € T2
j=1

and t, € 7,¢, then there are py, € P5,, and g2, € Ps,, so that

tn(ﬂ) _ p2n(‘6i9)67in9 _ pzn(eiG)
hn(g) q2n(ei9)67in9 q2n(ei9)’

where
2n

@n(z) =[] (2 = )

i=1

with some 0 # ¢ € C. Therefore the theorem follows from Theorem 1. O

Proof of Theorem 3. The result follows from Theorem 1 by the substitution

1 -1
m=§(z—|—z ).
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Proof of Theorem 4. The function

maps 0D\ {1} ={z€ C:|z| =1, =z # 1} onto the real line. A straightforward
calculation shows that the inequality of the theorem follows from Theorem 1 by the
above substitution. [

Proof of Theorem 5. By Corollary 3.3. of [2] we have
(9) (1= 93)9'(50)* + Bn(y0)*9(30)* < Bn(y0)*llgllf 1 11
for every g € Pl (by,b2,... ,bn;[—1,1]) and yo € [-1, 1], where

{b1,b, ... by} € C\ [=1,1]

Bn(yo) := Re i E

bj—yo

and

) Yo € [_1’1]7
=1

with the choice of root in 1/b']z- — 1 determined by

bj — /02— 1] < L.

Let {ay,as,... ,a,} CC\R, =z € R, and
f € Pn(a17a27"' 7an;R)

be fixed. Let a € R be chosen so that |zo| < a, let yo := zo/a € (—1,1), bj :=
aj/a, j=1,2,... ,n, and

g(z) := flazx) € P (b1,b2y. .. ,bn;[—1,1]).
Applying (9) with the above g and yo, we obtain

(1= y0)%a®f'(20)* + Bu(y0)* f(x0)* < Bu(yo)* Il flIf-0 o

SO

2 2
a~ — Ty

7 f'(@0)” + (@' Bu(y0))* f(w0)* < (a” ' Bu(yo) Il fIIZ

(10)

a
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where
no i1
11 lim @ 'B,(y) = lim Re A
(11) et (%0) a—+oo ; a(b]- — yo)
. via;/ay — 1 (a]/a)z
=1 R
i e§3 p—
. v(a]/a) —1-aj/a
=1 R
A&;CE: p—
" i i sign (Im (“a? -1 —aj>> (@; — o)
= Re — -
2 a7 = 2ol
~ Im(a]) ~ :
- - B,
Z |a] — x|? (20)

note that the map a — y/(a;/a)? —1—a;/a is a continuous map on (0, co) takin
hat th ) —1-a; 0 king

only nonreal values, and
Im (\/a? - 1—aj) <0

follows from ‘aj — @/ai — 1‘ < 1 and Im(a;) > 0.) Therefore, taking the limit in
(10) when a — 400, we obtain the theorem by (11).

Proof of Corollary 6. The inequality follows from Theorem 1 since R < |a;| and
|z0| = 1 imply
|(JL]'|2 -1 < R+1

j=1,2,...
|aj_ZO|2_R_17 .] ) ) 7n
Now assume that f # 0 satisfies
~ R+1 <
Fel= 2t 2n Wfln=1

for some zy € 9D. Then we obtain from Theorem 1 that

|aj|2—1 R+1 .
= 1 =1,2,...
|a]'—:0|2 R_17 .] b) b) 7n7

therefore
a; = Rz, 17=12,....n

Now observe that 1 < R <|a;j|, j=1,2,...,n, implies

n

fe Zl—a] Z_ 2

Jj=1
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so the proof of Theorem 1 yields that f = ¢Sy, |c¢| =1, where S, is the Blaschke
product associated with {ai,az,... ,an,}.

On the other hand, if zg € 0D, ay =ay =--- = a, = Rzy, S, is the Blaschke
product associated with {aj,as,... ,a,} and f =¢S,, ¢ € C, then
R+1
|7 (z0)l = =g nllfllon

and the proof is finished. [
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