MATHEMATICS 152 98-2 Solutions for Assignment 9
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2. Ifwerotate y2=4x+4, 0<x <8 about the x-axis we can ignore the lower half

y = —2+/x+1, paying attention only to the upper half y =2+x+1. (The two halves of
the parabola produce the same surface, one-half turn out of phase with each other.)

dy_ 1 _ 8 ‘ _10\2 _
If y=2x+1, == and S—J'OZT[DZ«/X+1 1+((x +2)72)" dx =

:Io AT/x +2 dx :?”(x+2)3/2é§ = 16?”(5@ —1).

Alternatively x = % and @ = % so S = J’2 2ny\ %g dy =

6. Ifwerotate y=cosx, 0<x<1/3 aboutthe x-axis, g)% = —-sinx.

: 3 RTINS
Thus the surface areais S :IO 2T1C0S X+ 1+ (—sinx)2 dx.

If we let u =sinx, du=cosxdx; u=0 when x=0 and u=+/3/2 when x = 1/3.

. w2 +1 3/2 o7 -
So S :Ios/z 2m/u2 +1du = T U2 +1+|”(U+Ju2—+1)%/ :nDV21+|n@+V7E

Ha 2
. . dx 1 -
Alternatively if we solve for x = cos~1y, then ===-——_ and the surface area is
y y dy \,/1_)/2
2-y2 [1_y2 =—_Y
S= _Il/2 2le\, - dy. Put u=41-y2, so du= \;ryZdy'

Then u=+/3/2 when y=1/2 and u=0 when y=1. Once again

_ 3/ 032_ D21, N3+y7 0
S—J’O 21u2 +1du = nah/u2+1+ln(u+\u2+1)[ao U +In > b

14. Ifwerotate y=1-x2, 0<x<1 aboutthe y-axis, ﬁ =-2X.

S =J’(l) 2TX/1+ (= 2X)2 dx =J’; 21x(1 + 4x2)12dx = g(l + 4x2)3/2] 3(5«/5 1)

. dx 1
Alternatively x=.1-y and ===- )
y y dy 2\/1-y

/ 1 el 1 _ T 0 _ne e
S =[o2mi-y yﬁ“Eml By YT = Jomu/5 -4y dy=-£(6-4y75 =5(5/5-1),




24. Suppose the sphere is formed by rotating x2 +y2 = (g)2 about the x-axis in

3-space and the two planes are determined by y=c and y =c +h. We can pay

attention just to the right half of the circle, x=. %g —-y2, since the two halves of the
circle generate the same surface, one-half turn out of phase with each other.

: dx _ dx __y ds
Notice that 2xOly +2y=0 so dy = x and —= Il Q— g

SJ 2nxf —IzmnDdy:nDy]erh:nDh.

28. Let f(x) be positive, with a continuous derivative for a<x <b.
Let g(x) =f(x) + ¢ for some positive constant c.

Notice that g'(x) =f'(x) sothat /1+(g (x))? = Jl+ (f (x))2.
If St is the surface area obtained by rotating y = f(x) around the x-axis and
Sy is the surface area obtained by rotating y = g(x) around the x-axis then

Sq = I 21g(X)y/ 1+ (g (x))2 dx = I ° 21(f(x) + ¢)/1+ (' (x))2 dx =
= f DTH(X)/1+ (F (X))2 dx + 27tC f Y1+ (F ()2 dx = S + 2meL,

where L is the arc length either along y =f(x) or along y =g(x) between a and b.

The second term can be interpreted as the surface area of a right circular cylinder
whose radius is ¢ and whose heightis L. You could build such a cylinder, if either of
our curves were made out of non-stretching string, by taking one of the curves,

straightening it out, placing it along the line y = ¢, and then rotating about the x-axis.
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2. Ifmass my =2 islocated at P; =(5, 1), mass m, =3 islocated at P, = (3, —2),

3
and mass m3 =1 islocated at P3 =(-2, 4), then the total massis m = _Z m; = 6,
the moment about the x-axis is My = Z m;y; = 0, the moment about the y-axis is

i=
MF =0, and the centroid is at (17/6, 0).



8. The moment about the x-axis is

o7 o= =4

the moment about the y-axis is

My =

4 - 2 *_ 64
= / =2y52L =
My |Oxvx dx 5x / and

B 5’

i = 4 I :E 3/2[]4:E

the areais A onrxdx 3x 5,3
Y M- R T T

So x=—2Y=2.=24,

A % (0, 0) (4, 0)
— My _ 4 _ .
Y= 0 =0.75, and For Exercise 8
the centroid is at (2.4, 0.75).
10. The moment about the x-axis is y
My :J’ZZ % (sinx)2 dx :J’ZZ 1_4“25(@ dx = (m2,1)
(1. 1. w2 m _ o
—(ZX_ gsm(Zx))]O =g y =sinx

the moment about the y-axis is
T2 _ . w2
My _.[0 xsinxdx = [-xcos x + smx]]0 =1,

. w2 . 2
and the area is A:Io smxdx:—cosx]0 =1.

(0,0) (172, 0)

and the centroid is at (1, 1U8). For Exercise 10

26. From Example 3, the centroid of a semicircular region of radius r is on the axis of

4y

symmetry of the region, at a distance 5. from the straight base of the region. If we

rotate such a region about its base to form a solid sphere, the centroid travels through a

distance of 2”:%1 = gr. The region’s area is %T[I‘Z so by the Theorem of Pappus the

8

. : 1 4
volume of the solid sphereis V = 5 mr2-or= ;s
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In these exercises g is the acceleration due to gravity (approximately 9.8 m/s2 at the
surface of the earth) and p is the mass density of water (1000 kg/m3).

4. The width y m below the top of the tank is 2.,/100-y2 m, so the force is
10 [P 10 5
F=[, pglly—5)[2,100-y2dy =pg [, (2yV/1oo ~y2 -10,100 - y2 )dy =

- 2 2)3/2 100-y2 1Y E° =
=py i3 (100-y2)32 ~5y,100-y2 ~500sin-1L1 =



5001t

=pyB753 - H=1.23x10° N.

8. The width y m below the top of the tank is Ey m, so the force is

h b ngh2
F=[opoy-pydy="3P% 0= N.

16. The width of the gate y m above its bottom is 2./4-y2 m and the corresponding

depth below the water surface is (10 —y) m, so the force is
F =j'0 pg 10 -y)[2\4-y2 dy = pg_[o(20¢4—y2 -2y, /4 -y2 )dy =

=pg @1qu/4 —y2 +405in—1§ +§(4 —y2)3/2% =pg @OH—%Qz 5.63x105 N.

30. x=t- % y:t+tl describes the

rectangular hyperbola y2 - x2 =4. The
hyperbola meets the line y =2.5 where
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(1.5, 2.5)

t+1 =25, or 2-25t+1=0, when

t=0.5 or t=2, atthe points (-1.5, 2.5)
and (1.5, 2.5). The region’s area is

A= 105%5 (t+— Ddt(t— )dt—
—J'05(25—t— )El. 1Ebltz

(-1.5, 2.5)

ey
- [P0 -r-2425 _ggd

0
% 5t——t2 2Int - —+i%§ For Exercise 30
5

=3.75-2In4.



32. The astroid x =acos36, y =asin30 is

traversed completely for 0 < 0 <271 Notice
however that the upper half of it is traversed
from right to left while the lower half is traversed
from left to right, since the motion along the
curve is counterclockwise (assuming a > 0).

X =acos30,
y=asin30

X

So we must calculate —Iény ?T)t( dt
to find the area A.
A= —J’ (aS|n39)( 3aco0s20sinB)do =
—J'o 3a2sin46co0s206d6 =
_ 2 cos (20) 1+ cos (20) _ For Exercise 32

T T [ e
= [ 2 a?[1 - cos(26) - 0052(2 0) + cos3(26)] de =
_Ié” 2 a2 [1 - cos(28) - 1240 111~ sin2(26)] cos (2 e)] d6 =
—Ié"g 2[7 ~ 2 cos(46) - sin2(26) cos(ze)] d6 =

. 1 . 2 3
sa2[ ;8- 5sin@6) - §sin*(20)]] "= S ma2
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2. x=t2, y=1+4t, 0<t<2. The integral is easy to evaluate, so I'll do it.

L:I(Z) (21)2 + 42 dt:IéZx/mdt:(t\,ﬂtZ +4 +4|n‘t+\'t2+4‘) ’ = 12+ 4@+ 2).

6. x=a(cosb+06sinB), y=a(sin@-06cosB), 0<OB<TL

L:Ig\/(aecose) +(a8sin6)* de = |a|foed9-—la|92§——laln2

14. x=cos?t, y=cost, 0 <t<4rm is part of the parabola x =y2 traced out from

(1,1) to (1,-1) to (1,1) to (1, -1) to (1,1). The distance traveled is

D :Iénv”(—z costsint)2 +(-sint)2 dt :ISHV/40052 tsin2 t+sin2 t dt :J’én|sint|v’4 cos2t+1dt.
The easiest way to handle this is to integrate from 0 to 1 (thereby obtaining the arc

length) and then quadruple the answer. Let u =cost so that du =-sintdt.

D= 4J’Ssinw4cos2 t+1dt= —4I_1 V4u? +1du = 8J’i1 \‘{'u2 +%du =

—
=4u u2+4 +In

| D =45 +In(9+4+5).

4181

u+.| u2+1

\




16. x=acos36, y=asin30, 0<0<2m
L= énw/(—Ba cos2 BsinB)?2 +(3asin? 8cos0)? do :I§n3|a|\/cos4 Bsin2 0 +cos20sin40db =
= J’O"3|a|\/cosz Bsin2 B(cos? 6 +sin2 6) d6 = I§n3|a|xf"cosz Bsin20do =

2 : 2 : 2 :
:J'on3|a||cosesme|de :I0"1.5|a||sm(26)|d6 =, 6|a||sin(20)|d6 = —3|a|cos(26)](T)V2 = 6lal.

22. x=3t-13, y=3t2, 0<t<1 rotated about the x-axis has surface area
S= J’é 2TIIBI2. (3 - 3t2)2 + ()2 dit = I; 6TH2+/9 —18t2 + 9t4 + 3612 dt =
:I; 6T24/9 + 1812 + Ot4 dt :J'(1)6nt2(3 +3t2) dt :fé 187I(t2 + t4) dt =

1 1 1 48
— =43 = 15 — 20
—18T[[3t + St]]o_ 5 T

26. x=et-t, y=4el2, 0<t<1 rotated about the y-axis has surface area
S= Ié 2nifet - t)y/(et —1)2 +(2et2)2 dt =I(1) 2mi{et - t)ve2t - 2et +1+4et dt =
= J’; 2Tt[ﬁet - t)\/'e2t +2et +1dt = J'; 2m(et —t)(et + 1)dt = I(l) 2mfe2t+et—tet-t]dt =

= 2n(%e2t+ 2et—tet- %tZ)];:Zn(%e2+e —3) =T(e2 + 2e — 6).



