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IO x3+/4 —x2 dx :J’O (2 sinB)3(2 cos B)(2 cos B8dH) :J’O 32sin30c0s206d6 =
:,[3232 sinB(1 - cos?6)cos?6de =J':232(c052 0 — cos40)sinBdo =
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—32(—3cos3e+ 500556)]0 =15

2. If x=2sinB, dx=2cos0dO and 8 =sin-1
4 —x2
2

and tan9=

Note sinezg, SO cosO=

X
: : 1, 1+3
Alternatively if x =2tanhu, dx =2sechZudu, and u :tanh-lg =5ln x =
-2
1, 2+x (4 —x2 . X
= S1In . Note sechu=2 , coshu=-— , and sinhu= )
27 2-x 2 VA -x2 A4 -x2

When x=0, u=0. As X -2, U— +oo,
J’é x3+/4 —x2 dx :J’;oo (2tanhu)3(2 sechu) (2 sech2udu) = J’;wSZtanh3 usech3udu =
= J’;m32 tanh2u sech2u (sechutanhudu) = J';w32 (1 - sech2u)(sech2u)(sechutanhudu) =

:18“32(sech2u — sech4u)(sechutanhudu) = ‘32(%sech3u _ %sechS u)] ;oo _ %.

8. If x=tan®B, dx =sec28dB and 6 =tan-1x.
When x=0, 6=0; whenx=1, G:E.

Note cosez# and sin6=—>*___ while tan 0 =x.

Vx2+1 Jx2+1’

I(l)xe/XZ +1dx :Igmsec B (sec20d6) :I:4sec3ede =

=%(secetane+ln|sece+tan9|)g4 :%%ﬁ +In(w§ +1)Er

Alternatively if x =sinhu, dx =coshudu and u=sinh-1x = In(x +4/x2 +1).

Note coshu=+/x2+1. When x=0, u=0 and coshu = 1.

When x =1, u=sinh-11= In(1+ N12 +1) = In(ﬁ +1) and coshu=+2.

1nm Py 0
5%2 +In(J2 +1) H

sinh-11
0

sinh-11
0

J'cl) VX2 +1dx :J' coshu (coshudu) = % (coshusinhu + u)]
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12. If x= §sece, dx = > secBtan0dB and steC‘lgx.

4 4
L 16x2 - o2 =9
Note sec8=2X cosB=—, sing=22°"% andthus tang=218""9
3 3 4x 4x
42secOtan0d6 4 4 . 16x2 -9
I Z—LXZ :I 2 5 =J'§C089d6: §s|ne+C:\16;(—9+Q
X2y16x% -9 (zsece) .3tan X

Alternatively if x = %cosh u then dx = %sinh udu.

O N 2 —
Note coshu = ﬂ, so u=cosh-1%* =intfx+ f@%@z—lmzlnw.
3 3 ERSE A 3
. . / 2 — / 2 —
Since sinhu=Y1%"9 " {anhy=216x2-9
3 2 4x
2 Sinhu du / _
I@%=I 3 K 2 :IgsechZUdu:gtanhu+C=M+C.
X24/16x2 -9 (Z cosh u) -3 sinhu 9x
16. If x=2tan®, dx =2sec26d6 and B:tan—lg.
. 2
Note tanezf, smezL, and cosf= .
2 VX2 +4 VX2 +4
X _ r(2tanB)(2sec?6dB) _ 1 . _ 1 _
Ii(xz + a5z AX —J’ 32 56050 = 8Ic052 0sin@de =~ ;cos36 +C =
10 2 O 1
=—— +C=———___+C.
24H/x2+40 3(x2 +4)7°
Alternatively if x =2sinhu, then dx =2coshudu, sinhu = %
g g 7 a >
u=sinh-1X =In* + %gﬂmzlnw, and coshu=2*4
2 R \ g 2 2
X _ ¢(@sinhu)(2coshudu) _ ~1 sinhu _ 1 -3 _
[ oevapr dx= (2 cosh u)s = [ & (coshuy® =~ 24 (COShU)™3+C =
_ 1
- 3(x2 +4)372 +C.

Alternatively just make the substitution u =x2 + 4, du =2xdx, and integrate directly.



26. Notice that 5-4x —x2=9 - (x + 2)2.

If x+2=3sin®, dx=3cos06dO and G:Sin‘lxgz.
. - 2 5 —A4x — x2
Note smG:% and cosg="2 (§+2) =35 43X X
dx 3cos0db 1 1
[ E-ax-x292 = [ (3cosp)s = J a1 5€c*0dO =[5 (1 +tan?6)sec?6db =
=i§an9+1tan39§+C:iD x¥2 L (x#2P¢ o,
81 3 81H/5-ax-x2 3 (5-4x-x2)32H
2 _ 1 1+ %57 1, 5
. . _ _ g x+2 _ 1 3 _ 1 +X
Alternatively if x +2 = 3tanhu, then u =tanh 3 = ,In Lo % =5In7 =5
— —x2
dx = 3sech2udu. Note tanhu=**2 sechu= ‘1—@“2@2: (5= ax=x2
3 \ 3 3
3 . X+2
coshu=—— and sinhu=——— .,
N5 —4x —x2 V5 —4x - x?
dx 3 sech?udu 1 1 .
= (= 3 -+ 2 -
[ E=ax-x052 = [ @sechuys = J a1 c0sh®udu =[5 (1 +sinh2u)coshudu =
=i§inhu+isinh3u§+cziD xt2 1 (x+2 O
81 3 8105 -ax—x2 3 (5-4x-x2)32

30. (@) If x=atan®, dx =asec26d6 and B:tan-lg.

Note tan6=%, sind=—*__ and cosf=——2 .
a \x2 +a2 VX2 +a2
X2 _ (atanB)?(asec?0dB) _ ~sin?6 _ 1 -cos?0 _
J'(x2+a2)3/2 dX_I (asec6)3 _Icose de _I cos 0 de =
=I(sece—cose)d6:In|sece+tane|—sine+C:In\xz+a2+X—‘ X _+C.
a VX2 +a2
. . X O \} O X +4/X2 +a2
(b) If x=asinht, t=sinh-1X=In+ 1+%@2 O=In2—"22"% and
a R \ H a
_ . _X _Vx2+az2 _ X
dx = acoshtdt. Note slnht—g and cosht= SO tanht—ﬁ.
X2 a?sinh?t
Im dx :Imacoshtdt:J'tanthdt:I(l—sechzt)dt:
X+4x2+a2 _ X

=t—-tanht+C=In
VX2 +a?2

and



32. The upper half of the hyperbola

2_4y2 = 3.
Ix2-4y2=36 is y=5 X2 —-4. We can Ox2 — 4y2 =36 -
take the area of the reglon between the 7 I
upper half of the hyperbola and the x-axis, aan|
between x= 2 and x =3, and double it. 2,0/ @

Area = ZI x/x2 —-4dx= BI VX2 -4 dx.

If x=2secH, dx=2secBtan06d6 and

2
ezsec-lg. Note sece——, cose:;,
. AIx2 — Ix2 —
sin@ = XX 4, and tang=2% 5 4

3 2 For Exercise 32
Let a =sec™1 5= cos~1 3

Area = 3[‘2 VX2 -4dx = SIg (2tan ©)(2 sec 6tan 6d6) :12Ig tan20sec0d6 =
= 12‘[3 (sec26 —1)sec0dO = 12-[8 (sec30 —sec0)dd =
:12%secetane+%In|sece+tane|—ln|sece+tan9|% =

o _g35 |3+N5D

=6(secetane—ln|sece+tane|)§) Ta E:§v§—6ln3+£.

Alternatively if x =2coshu, dx =2sinhudu and u =cosh-1 g =

0 O +dx2-4 X : x2 -4
=In + %g—lmzm“—. Note coshu==Z and sinhu= .
2 \ H 2 2 2

In3+«/5

Let B= = cosh-lg.

Area = 3{2 VX2 -4 dx = 3{5 (2 sinhu) (2 sinhu du) = 1ZIEsinh2 udu =

3+\5 U_9

H__V€—6|n3”'5.

—12%smhucoshu——u E\ig -In



36. We need to look at the circular disk forming a y
vertical cross-section of the cylindrical tank. If the disk
is described by x2 +y2 <25 then we must find the
ratio of the shaded area to that of the whole disk, 251t
It is easiest to integrate with respectto y and

determine A = 2J’f5 \25-y2dy.

If y=>5sin@, dy=5cos@d6, and 8=sin"1{.
When y =-5, e:—’zl.

When y =2, 6 =sin"1 % =q.
Notice that sina =0.4 and cosa =+/0.84, For Exercise 36

while sin(2a) = 2sinacosa =0.80.84.
A=2[" (5cos@)(50059d6):ZSIa (1+cos(ze))de:25(e+ %sin(ze))]‘_‘m—
‘25H]+T[ 08«/08

The ratio of this area to the total disk area 251t is

or about 75%.

One can find the area A using geometry. It is easy to find both the area of the circular

sector with central angle 2a + 1t below the isosceles triangle and the area of the
triangle itself. If you do this, compare the various terms involved to those in the answer
obtained above.

s 08w/0 840

—ZSBsm 10. 4+

sin~10.4 +0.4+/0.84 ~0 74768412,

Tt
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4. (x—g(;iz)s = xéG + 5xB+3 + (5XE3)2 + (5x?-3)3'
8. X4+X3x;§2x_x+l =x+1+ x31—x =x+1+ X(x+11)(X—1) -
= x+1+ % + )(IBTl + Xc%l
12. (2x+3)(x1++51)§()§<2+x+1) = 2xA—3 + xE5 + (XES)Z + xzD-):;El'
16. xﬁl—x3:x3(xg—1) x3(x - 1)(1x2+x+1) %+%+%+x?l xff;fl



— — 2 — — 2
32. x:3ls+4f(;(+:i(6 = (xi)(ffz)é(lxx—l) = xé3 + xfz + xc—:l'
So 18 -2x-4x2=A(xX+2)(x - 1) +B(x +3)(x = 1) + C(x + 3)(x + 2).
Put x=-3 to seethat A=-3.
Put x=-2 toseethat B=-2.

Put x=1 toseethat C=1.
18 - 2x —4Xx2 _ -3 -2 1 _
Ix3+4x2+x—6 dX_J.(x+3 T x—1)dx_

=-3In|x+3|-2In|x +2|+In|x -1 +K :In%+K

3 - 2 _ -
36. (x)-i(-1)3 =1+ % =1+ Gq (xEl)Z + (xfl)3'
So -3x2-3x-1=A(x+1)2+B(x+1)+C.
Put x=-1 toseethat C=-1.
Differentiate to obtain —6x -3 =2A(x +1) + B, and then put x=-1 to see that B = 3.

Differentiate again to obtain —6 = 2A; thus A =-3.

x3 _ 0 3 3 1 O, _._ _ 3 1
I(X+1)3 dX_J’% x+1+(x+1)2 (x+1)35dx_x 3injx+1 x+1+2(x+],)2+K

For an easier way to get the partial fraction expansion write

x3 _[(x+1)—1]3_(x+1)3—3(x+1)2+3(x+1)—1_1_ 3 + 3 _ 1

(x+1)2 — (x+1)3 (x+1)3 - x+1 (x +1)2 (x+1)3"
X3 _ 1. 1 _ A Bx+C

46. a1 =l- e =1 (x+1)(x2—x+1)_1+x+1 X2-x+1"

So —1=A(X2-x+1)+(Bx+C)(x+1).
Put x=-1 to see that A:—l.

3
Replace A by -3, obtaining £x2- 2x~- 2 = (Bx+C)(x+1)=Bx2+ (B +C)x+C.
Then itis clear that B = % and C :—%.
1y-2
Bu Xg’_ 3_ is unpleasant to integrate. Replace it by
8(@x=9-5 1 2x-1 1 1 _12x-1 _2 1
X2 =x+1 6 x2-x+1 2 (x-052+0.75 6 x2-x+1 3?(2X—D/\/§)2+1.
x3 141 ,1-2x-1 _2 1 =
[rerg dx=[A-S0 -+ 02 -2 ——Hdx =
B 3 x+1 6 x2-x+1 3 (2X—1)/'\//3) +1B
1 1 1 2x-1
=X—Z=In[x+1+>In(x2 -x+1) - —tan-1==——+K.
3n| 1| 6”( ) ,\/g \/3



1
2x+1 _4(Bx+12)-2 8x +12 1 1

1 8x+12 1 1  _
60. 42 +12x -7 ~ 4x2+12x-7 ~— 4 4x2+12x -7 2'x2+3x— 271 -
_1 8x +12 _
T 4 74x2+12x-7

NCHE
1
X 5 pa—

de——ln|4x2+12x 7|~ —In —2 K——In|(2x+3)2 42| nl-2X 1‘+K
4x2 +12x -7 ot 7

3
If |2x +3|<4, this can be rewritten as %In(42 —(2x+3)2)+%tanh-1X+TZ+K =

= lIn(42 -(2x +3)2) +1tanh123 4k
4 4 4
3

If |2x+3|>4, this can be rewritten as %In((2x+3)2 —42)+%coth-1x+77+K =

= lIn((2x +3)2 —42) +lcoth-1243 4k,
4 4 4

64. Using the method of disks, if the region under the curve y = from x=0

X2 +3x+2
to x =1 is rotated about the x-axis the resulting volume is

V= e — 2d D S— d
_njo (x2+3x+2) X_njo (X + 1)2(x + 2)2 X
1 - A + B + C + D

(x+1)2(x+2)2 = x+1 (x+1)2  x+2 (x+2)2"

So AX+1)(x+2)2+B(x+2)2+C(x+1)2(x+2)+D(x+1)2=1

Putting x=-1, B=1, putting x=-2, D=1.

Differentiating, A(X +2)(3x +4) +2B(x+2)+C(x+1)(83x+5)+2D(x+1)=0

Putting x=-1, A+2B=0 so A=-2B=-2; putting x=-2, C-2D=0 so C=2D=2.

1 -2 1 2 1

Thus e+ = x+1 F xe12 T x+2 t x+ 22

Integrating, the volume is
1
122 - ) ]p=n(in g + %),

V= T[(—2 In(x +1) -
The method of cylindrical shells could also be used, but one would have to treat the

subintervals 0<y < % and % <y< % separately, and for the latter region expressing
x as a function of y would involve a square root with radicand containing )% an
unpleasant prospect.
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2. If u=%¥x, x=ud and dx =3u2du.

1 1 _cl 1 L5 _ A1 _ 3 _(3,5_ )]1_
J'01+y;dx__[01+u 3u dU—IO(3U 3+ 1+u)du—(2u 3u+3in(l+u))|,
=-2 +3In2.

6. If u=+x+2, x=u2-2 and dx=2udu.
1 _ 2udu 4/3 2/3 _4 2 _
[ = 20 = (05 + B du=2inju-2)+2iju+1+c=

X—X+2

=%In‘v'm—2‘+§ln‘\m +q+c,

10 If u=+/x, x:u2 and dx =2udu.

g V3 2du _ 1 ]w/3 _ T
1/3 X2+X IJ/ 3u4+u22ud I]/ ,3 u2+1 Ztan u ]/N/g_

14. If u=%x, x=ué and dx =6usdu.
6
\T —=—dx= J’ 3U,2-6u5du=J'uGl_J'1 J'G@H5+u4+u3+u2+u+l+ ! Hiu=

\X wX
=ub +§u5 +gu4 +2u3 +3u2 +6u+6Inju-1+C=

:x+gx5/6 +§x2/3 +2xV2 +3x13 +6x¥6 +61In|¥x —1+C.

18. If u=sinx, x—sin-lu and du = cosxdx.

% _ _ _ sinx
Iymx+smx M+u I( u+1)du mﬂ”|ﬂu+q+C Insmx+1+C'
20. If u=~/1+ex, x=In(u2-1) and dx = 2ud$

Jitex -1

2udu _ , 2du _
Ix1+w I@J‘lﬂl_ uz-1 I%TE a_igmjlnw |MU+H+C InU¢eX+1

26. If t—tan*, x=2tan"1t and dx = 12+dtt2.

2t
-2

COSX = and tanx = 1

2 1-t2
1+t27 1+t2°

“l2dt _ (@-t)dt _ -
Ismx+ﬁnx I(1+t2+ —F) YHZ_I 2t ZI( -_odt_

=—gn|t|——t2§+c :—In‘tan— ~LtanzX+c.
2 2 2 2| 4 2

Then sinx =




