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1
6. = xn for (x| <1, so
nZO X 1-x2

= § (x2)n = § x2n for |x|<1.
=0 n=0

Multiplying by x2, = § X2n+2 = § x2n for |x|<1.
n=1

l_XZ n=0

+ X2 [ 00 [
, = Y X2+ 3 xn=1+ y 2x2n for |x|<L
0 n=1

Adding, f(x) = 1

X -1 2 1 1 ® © fx\n_ 2 1
= = = - = n- 2 - = oo
10. f(X) 2 — 3% +2 X -1 + X =2 1-X 1_5 ngox nzo(z) nglgl 2”%

2
for |x|<1. (The n=0 terms in the two series cancel.)

The series expansion for is valid for |x| <1 and the series expansion for

1
1-x
—L s valid for x| <2. The common portion of these two intervals satisfies |x|<1.
1-3

1 1 1
Tox = 2 X" for X< s0 ;3 =gy = Z (=x)n = Z (=1)nxn for [x|<1.

14.

Integrating, In(1 + x) = Z K—Lx”‘fl for |x| <1
(_L n+2_ z (_L
n+1

In fact, this series converges (condltlonally) at x= 1, representlng In2 correctly.
It diverges however at x =—1, and of course there isno In0 for it to try to represent!

Multiplying by x, f(x) =xIn(1 + x) = Z xn for |x|<1.

20. f(X)= o~ = = % g Z CO on for |-¥2|<1
X2 + 25 ( ) 25n+1 25 d
, 1 1 1
or in other words for |x|<5. Notice that so(x) = 255 S1(¥) = 55 ~ 525 X
1 1 1 1 1 1 1
1 _ 1 5, 1 4 _ 1 _ 1, 4_ 6
$2(X) = 25 ~ 625 X° + 15625 X% S3(X) = 25 ~ 425 X* * 15625 X ~ 3090625 X+ and
1 1 1 1 1
= = - —— 2 4 _ 6 8 —
$a4(X) = 25 ~ 625 X° * 15625 X* ~ 300625 X° * 9765625 X Here sn(x) = Tan(x).

On the next page is a Maple plot of y =f(X), y =so(X), ¥ =s1(X), Y =5S2(X), Yy =5s3(X),
and y =s4(x), all on the interval —6 < x <6, but with visible y values limited to
—0.01 <y <0.04. Inthe open interval -5 <x <5, the higher-order Taylor polynomials
do a better job of approximating the function f(x), butat x =+5 the error Rg(x5) is
always exactly 0.02 in absolute value, and for |x| >5 the higher-order Taylor
polynomials do a worse job of approximating f(x).
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For Exercise 20

1 1
1+x2  1-(- x2)

24. ( x)n="3% 0(—1)”x2n for |x|<1.

i_lL 2n+1 for |x|<1.

. _1 [y —
Integrating, tan-1(x) = ngo o +1 X

Replacing x by x2, tan—1(x2) = Z éle(xz)Z”’fl— Z én—ile““”f? for |x|<1.

. < 1
Integrating, [tan~1(x?)dx = 2 (@n +(1) (zm +3) X

As a matter of fact, the series given here for tan-1(x), tan-1(x2), and Itan‘l(XZ) dx

all converge at the endpoints x =+1 also, and correctly represent the functions there.
In particular, the one for tan-1(x) can be used to approximate 1/4 =tan-11, although
the convergence is very slow.

n+3 for |x|<1.

. 0.5 i —1)n 1\4n+3
26. By Exercise 24, IO tan~* (x?) dx = ngo @n +(1) (z‘rn +3) (5) '

This is an alternating series. Successive partial sums are
S0(0.5) = 0.041666667, s1(0.5) =0.041294643, s,(0.5) = 0.041303521,
s3(0.5) = 0.041303230, and s4(0.5) = 0.041303241.

To six decimal places, J_g.s tan—1(x2) dx = 0.041303.

Given the command
> eval f(int(arctan(x"2),x=0..0.5));

Maple provides the response
0. 0413032408.
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2. f(x) =sin(2x) so f@n)(x) = (-1)"22nsin(2x) and f@n+1)(x) = (-1)n22n+1cos(2x).

f2M(0) = 0, f@n+1)(0) = (-1)n22n+1 and the Maclaurin series for f(x) is %0%#”1.
n= :

If un =wx2ﬂ+1 then |Yn+t|= 4x? -0 as n - c forallreal x.
@n+1! Un (2n+2)(2n+3)
The radius of convergence is R = c.
4. fo=" = ~1+-1 so fMx)=—™ _ and fM(@©)=n for n>1, but f0)(0)=0.
1- 1-x (1-x)n+1

The Maclaurin series for f(x) is thus §1xn.
n=

If uy=xn then |Yn+t

=|x| so the series has radius of convergence R =1.

8. f(x)=cosx and a=-T174.
Since f(n)(x) =cosx, fAn+D(x)=-sinx, f4n+2)(x)=-cosx, and f4n+3)(x) = sinx,

we have f<4n>(a)=%, fénsd@)=—, fén2)(@)=-—, and fér3(a)=-—.
N N Y

The Tayl for f(x) ab 4 o i) )
e Taylor series for f(x) about -1/4 is Z 2 g @ * (2n+1)! H

m
:|x+4|

n+1

Un+1
Un

_ f(-174) m
If u”_T§<+Zg then

R = oo,

— 0 so the series has radius of convergence

g_lL 2n
@) *

Hence cos(x3) has Maclaurin series Z

20. cosx has Maclaurin series Z
(GO _
o (amp OO =2 () ¥

Since the series for cosx converges absolutely for all real x, so does the one for
cos(x3), and its radius of convergence is R = o,



(o] — 1 n
24. cosx has Maclaurin series Z K—LXZ”

(2n)!
Hence cos(2x) has Maclaurin series Z (2n)' (2x)2n— Z %XZH and
—1)n922n
cos2x = [1 + cos(2x)] has Maclaurin series 1 + 21 %
n=

All these series have R = oo.

. . © (=1)n . .
26. cosx has Maclaurin series Z E)L,XZ” so 1 - cosx has Maclaurin series

® (—)n- _2 (=1 _ (1)
3, Camy =3 e =R S g
If f(x) = % for x#0 and f(0) = % then f(x) has Maclaurin series § (Z%LZLNXZ

32. sinx has Maclaurin series § ér_]—il%, 2n

3° =160 radians, so to have 5 deC|maI place accuracy we can calculate

N —1)n
> @nray ()" where (&)™ <0.000005.
n= -

n+l an alternating series.

1
(2N +3)!

since 5 (g5)’>0.00002 and g (g5 )’ <0.000000004, using N =1 we conclude
that 0052335952 < sin 3° < 0.052335957.

My TI-36 calculator gives sin 3° = 0.052335956243.
Maple gives sin3° = 0.0523359562429438327....

36. eX has Maclaurin series Z ,x” with radius of convergence R = c.

1 .
So e has Maclaurin series Z ,(x3)” = Z  x3N also with R = co,
n! nSo N

1

m@En+p X+ C, againwith R =eo.

Thus Iex3dx has Maclaurin series Z

ED" o XXt X8
2 ey X" Tl Yo T 70t

1 5 . L
sec x has Maclaurin series 1 + *x + ﬂx“ + .-, using long division.

42. cosx has Maclaurin series 2 - SO



