2
=_ X .0 as n - o forallreal x.
2n(2n+1)

16. If up = (hmxen then
(2n-!

Un

Thus Z [ S converges absolutely for all real x, and R = c.
n=1 (2n-1!

The convergence interval is (— oo, + ).

— (=3)n(x-1n Un+t | — In+1
20. If up T then - =3 n+2|x :q 3|x :L| as n - .
Thus Z M converges absolutely for |x—]4<—, diverges for |x—j4>1,
nS0 n+1 3 3
1
and R= 3.
2 (o] 1 (o] 1 A )
When x = 7, the series becomes —= —, adivergent p-series.
3 zo x/n+1 n=1+n ngl nos gentp
When x = % the series becomes Z (1T which is conditionally convergent by the
n=1 n

alternating series test. The convergence interval is (2/3, 4/3].

28. If un:%mmzmxn then |Yn+ :2”+2|x|_. IX| as n - c. Thus
1B (2n-1) Un 2n+1
> 2MBL [2n) converges absolutely for |x| <1, diverges for |x|>1, and
n=11BOBL (2n-1)
R=1.
2 2:4-6--(2n) 2:4:6::(2n) 2 _
When x =1 the series becomes Z 01.3.5..(2n-1) But 135 (2n-1) = 1 =2,

2:4-6----(2n)
1-3.5----.(2n - 1)

_ 2:4-6---(2n)
- — —1)n

When x 1 theterms (-1) 1.35.-@2n-1)
in absolute value and thus do not approach 0, so again the series diverges.
The convergence interval is (-1, 1).

the terms of the series do not approach 0, and the series diverges.

of the series are at least 2

x3 x6 x9

32. A =1+353+ 7356235680
3 3
If un= xT then |Yn+t|= X - 0 forallreal x so the
2B GO [(3n-1){3n) Un (Bn+2)(3n+3)

domain of A(X) is (— oo, + ).
Plots are omitted; the Airy functions available in Maple are defined in a slightly different
way. You might plot a few partial sums over the intervals [-1, 1], [-2, 2], and [-3, 3].

36. If 3 cyx" has radius of convergence R then Y c,x2" =3 c,(Xx2)" converges
absolutely if [x2|<R, i.e.if |x|<+R, anddivergesif |x2|>R, ie.if [x|>+R

So ¥ c,x2" has radius of convergence +R.
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2. § chX" converges when x = -4 and diverges when x=6, so 4<R<6.
n=0

(@) nzo Ch = nzo cnl" converges absolutely, since [l <4<R.
(b) ngo cn8n diverges, since (8/>6=R.

(c) nzo cn(=3)" converges absolutely, since |-3|<4<R.
(d) i (-1)nc,9n = § cn(-9)" diverges, since |-9|>62=R.

5
o

Un+1

=3 " x|~ |x| as n - o.

— (=9nxn
4, If up= then Tnel

i

Thus Z ﬁxn converges absolutely for |x| <1, diverges for |x|>1, and R=1.

> %: Z i is a divergent p-series while Z Qn converges by the alternating
n=1n n=1n¥3 n=1 In
series test, so Z - 32’( diverges at x =—1 and converges conditionally at x = 1.
n=1 n
The convergence interval is (-1, 1].
C I un =2 then |Ynit|= X| - |X n - oo,
6 Up = - the m (n+],)2| | - |X|] as 0

Thus 3 ;(—2 converges absolutely for |x| <1, diverges for |x|>1, and R=1.

n=1
> niz is a convergent p-series so ) ;(—2 is absolutely convergent at both endpoints.
= n=1

The convergence interval is [-1, 1].

12. |If un_n_x then M:Mm_,m as n - o
10n Un n2 10 10
Thus ZOTTX: converges absolutely for |x| <10, diverges for |x|>10, and R = 10.
n=

For x==+10, |uy|=n2 - @ as n - o« and since the terms of the series do not
approach 0, the series diverges.

The convergence interval is (-10, 10).



o /X —ox—ax -4 _1 . @ n
Y2 dx = lim —(g ——O, so the series S —~— converges.
1 evx t 5o e\x o € n=1 evn

Note: One might be tempted to try the ratio test or the root test. But in this case both
yield the useless limit value of 1.

S|

20. The divergent p-series i

[o0] - 1 n
to show that 21 (rﬁT)znnTZ)

may be used in the limit form of the comparison test

is not absolutely convergent.

n S n+1
(M+1)(n+2) = (n+2)(n+3)

Since n(n +3) = (n+ 1),

1
shows that Z (ﬁjﬁ

so the alternating series test

does converge. Thus the convergence is conditional.

22. The divergent p-series §1 % may be used in the limit form of the comparison
n= n

n2

test to show that Z ——— diverges.
n=1n5+n2 +2
23x-1 . 3.In2.23x-1 ) (3-In 2)2.23x—1 ’ L )
30. )(“Enoo ey S gm = XI|£n00 5, =+ (L'Hospital's Rule twice).
00 23n—1 . .
So Y 1 diverges to +o with a vengeance!
n=1
23(n+1)—1
. . (n+1)2+1 n2+1 ® 23n-1
i = ——:8=8>
Alternatively, nI|£n00 223111 nlla00 (412 +1 -8=8>1, so ngl 24, diverges by the
n
ratio test.
. . 3n-1 \ 1/ : . .
Alternatively, lim (521 1) "=8>1 since lim 23-1n =8 and lim (n2+1)¥n=1
n - oo n - oo n - o
(The latter can be seen by taking the limit of the logarithm, using L’'Hospital’s Rule when

0 23n—1
necessary.) So
y-) ngl nZ+1

diverges by the root test.

34. The divergent p-series Z may be used in the limit form of the comparison test

{

to show that 2 (J Vi is not absolutely convergent.
j_

ot Jf5 z \l’+6 for j=5 because j(j+6)?=(j+1)(j+5)? for j=5, so the alternating

series test shows that Z (]?SJ converges conditionally.
&1



34. Since -1l<cosn<1, 0<_Lg2*cosn 3 Consequently a, >0 forall n.
\/‘ \rm ’\/ﬁ

If we define a series Y b, by by =1, bn+1— bn, then 0 <a,<b, forall n.

lim bt')”l- lim T:0<1, so Y by is absolutely convergent by the ratio test, and thus
n - oo n — 00
> an is absolutely convergent by the comparison test.
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(i+1)*
. Mmoo 1\4 1 © 4 .
4. lim = lim , (1+ T) =, <1 s0 } 4 S convergent by the ratio test.
| » I | » o i=1
0 4
Alternatively lim %@ lim |1/') n -14 <1l; 5 IZ is convergent by the root test.
| - oo [ i=
(To see that limil/i=1, take the logarithm and observe that lim InTX =0 by
| - 00 X —» ©
L'Hospital’s Rule.)
. ( )2 (n+1)3 2 _ _ _a 00 _
6. lim (0Tl " = Jim (01 g-3n2-3n 1=0<1, so > n2e~" converges by
n- o n2e-n n - o n2 n=1

the ratio test.

(o]
Alternatively, lim (n2e-m)1/n = |im (nl/n)2e-"*=1.0=0, so 3 n2e~" converges by
n - o n - oo n=1

the root test.
Alternatively, 3 x2ex*=(2x - 3x4)e**=x(2 -3x3)e x*<0 for x=1, so x2e~** is
decreasing on [1, +®). Since lim x2e~x*=0 by L'Hospital's Rule, we may apply the

X — 00

integral test. SlnceI x2e~x*dx = I|m (— e- X3)] g <+, Y n2e-" converges.
n=1

. nZz+1 nZ+1 1 i nz+1
12. lim %QQ = - <1, so Q converges by the root
n- oo n_.002n2+1 T2 n§1 n2+1 9 y

test.

14. 4 “f EF +LE<O for x>1, so 2% is decreasing for x = 1.
dx e\X e\X 2 evx

Also lim v =0 by L'Hospital’'s Rule, so we may use the integral test.
X — 00 @VX

Integrating by parts and using L’Hospital’s Rule once more we see that



5. 3 CL

nS1 n2+1

to the

. ® 1
convergent p-series Z ;2 .
n=1

[~

10. > n\—fl diverges, using the limit form of the comparison test to compare it with the
=1

divergent p-series ) i Thus 3 (—])n—lﬂ is not absolutely convergent.
n=1+n n=1 n+1l

But niflz vnn++21 since n(n + 2)2 = (n + 1)3, so the conditions of the alternating series

test are met, and the series is conditionally convergent.

n

12. Since lim — =+o0 and lim (- 1)n does not exist at all,

naoon +1 n- o +1

||M8

( 1)n i1 diverges.
2n+1

2 2
Alternatively lim "% = lim J—L(inl):il = 2. By the ratio test the series diverges.
n-— oo n - o

n+1
[ on —
Alternatively I|m " 2" = |im nL:Z since lim Yn2+1=1.
ooVn n-o+n2+1 n - co
One way to see that lim «/n2 +1=1 isto change to a real variable x. Observe that
n- o
5 2X
. . In(x2+1 . 2+1 .
lim In((x2 + 1)¥) = fim "¢+ - iy X1 =0, sothat lim (x2+1)Yx=e0 =1,
X — X — 00 X X - 0 X - oo
(n+1)!

. : (n+1)n*1 (n+1)n" _1 @ nl

20. Since Im —— = lim = I|m = <1, —
n- o % n_,oo(n+1)(n+1) n- n+1 e z:I_nf'l
absolutely convergent.
, _ 1 : : X
To see that n“[.noo(n-'_l = o+ hotice that Jim X+l
11
= fim MXTNOHD) o iy X Ty JX H——l so fim (
X — 00 % X — 00 —% Xool] X+1 ' x+1

o dx _ t 0
24. [ sinx = im In@nx)], = +e, hence 3

S, ninn

diverges by the integral test,

and Z ﬁ% does not converge absolutely.

The condltlons of the alternating series test are met, so the series is conditionally
convergent.



(Inn)P (In(n + )P . (Inn)p _
no 2 41 forall n=1, and n“_moo n =0.

24. For p<O,

So % (-1)n-1 Un—nnﬁ converges by the alternating series test when p < 0.
n=1

In fact the series also converges for all values of p > 0.
. (nxp _ Inx)p-1.x~1 . (Inx)P-t
By L'Hospital’s Rule, lim nx)° lim P XS (nxP=2ox= _ p lim Inx .

Xoo0 X X - 00 1 X0 X
The exponent on (Inx) decreases by 1, and a constant coefficient p appears.

Now if (p — 1) <0, we observed that Iim (nxpP=2

« =0 inthe first part of the exercise.
X — 00

(P _ o gy i (DP72
X - p(p 1))(II£n°° X "

Continuing until the exponent has finally been reduced to 0 or less, we see that

(Inx)P

X

If (p—1)>0, repeatthe argument to see that lim
X — 00

lim

X - ©

=0 regardless of how large p may be! Changing from a real variable x to

. . . Inn)P
an integer variable n, lim ﬁ_nL

n — o
. P . . .
function ﬂn—XXL is not decreasing for all x> 1, itis decreasing for x > eP (take the

first derivative to see why). So by chopping off the first part of the series (where the
terms may be temporarily increasing in size) we can use the alternating series test on
the rest of the series to see that it will converge regardless of the size of p. Once we
know that, we can put the early terms back, changing the final sum but not the
convergence status of the series.

=0 for all values of p. Although for p >0, the

00 —1\n+1
26. To approximate 3 e
n

4 with error less than 0.001, we use the partial sum
=1

_ n (_ 1)i+1 i . . . _
Sh = igl " with (n+ 1) < 0.001. This first occurs with n =5.
Since sg = % = 0.947539429, the desired approximation is 0.948.

30. To approximate ZO g(;_% to four decimal places the error must be less than
n= :

n —1)i
0.00005. We use sp= 3 u(Zil), with
i= :
_ 389

n=3. Since s3= ,,; =0.540277777, the desired approximation is 0.5403.

2m+10p < 0.00005. This first occurs with
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2. > % Is a divergent p-series so > (_Qn is not absolutely convergent.
n=1+/n n=1 «n
The conditions of the alternating series test are met, so the series is conditionally

convergent.
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S .5 _5,5 _ 5 - ¢ (1t5
2. =5-L5+ts gt 1 +---—n:l an_a converges.
: . _ 5 5
Except for the first term, the signs of the terms alternate; 5 ", 2 3n+1)-4 for
n=1; and nli[,noosn_‘]' =0.
1 01 1 1 1 < (1"
4. In2 n3 * ina ns ¥ ine 22 nn COMNVErges.
: 1 1 1 _
The signs of the terms alternate, |\ 2 |77y for n=2, and n“_moo inn = 0
0o —1\n-1
8. gn—t,% converges by the alternating series test.
n=2
. 1 B
The signs of the terms alternate, ann 2 (n+1)In(n+1) for n>2, and I|m YT =0.
10. S ()0 i
. ngl( ) 2., diverges.
Although it is an alternating series, the other two conditions are not met, since
n2 (n+1)? . B 0 .
Al S ne12el’ and r]Ilinm 24, —1#0 sothat r]Ilinm( n ., doesnotexist.
sin o k-1
< 2_1,0_1_o0_,1_0_1_ 1 _ ~_ & (It
6. 2w Tuta~sa - atste et T2 (2k-1) CONVerges.
. . . , 1 1 1 _
It is an alternating series with 2k - 1)! > 2k + 1)! forall k=1, and I|moo @k-1)1 = 0.
22. For p>0, 1, 1 and lim L =o.
nP (n+1)p n- o NP
00 —1\n-1
Thus kz L?p— converges by the alternating series test.
=1
For p=0, lim Lo im L= I l =1#£0, so lim G does not exist, and
n- o NP n_,oon0 n- o nP

worse yet for p<0, lim Lp =+oc and lim e does not exist.

noohn n- o nP

00 —1\n-1
Thus kzl %‘pL diverges when p <0.



