MATHEMATICS 152 98-2 Solutions for Assignment 1
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8. Y j2=n2+(n+1)2+(nN+2)2+(n+3)2=4n2+12n + 14.
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There are other correct answers, for example 3 ——, or 21-45% +.
i=7 i=7

20. 1-x+x2-x3+-+(-1)"xn= éo (-x)' = éo (- 1)ixi.

n+1 .
Again there are other correct answers, for example 5 (-x)i~-1.
i=1

8
24, kZocos(kn):cosO+cosT[+ ~~+cos(8mM)=1-1+1-1+1-1+1-1+1=1.
8 8 —(-1)9
Or notice that cos(kT) = (-1)k. Then 3 cos(km)= 5 (-1k= -G =2 — 9
k=0 k=0 1-1 2

n . - +1
(This uses the finite geometric series formula ) a'= 11 fa , validif a#1.

i=0

n .
To prove it, multiply _ZO a' by (1 -a) and notice how all the terms cancel except the 1
1=

at the beginning and the —an+1 at the end.)

4
28. > 2371=25+24+23+22+21+20+2°1=635,
i==2

4 .6
Alternatively, putting j=4 -1, 2223-1 = _2021—1 -1
== 1=

21 =
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34, Si(i+1([+2)=3 (3+3i2+2)=3 B+33 2423 i=
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= Mn4—+l)(f12+5n +6) = n(”‘”1)(n4+2)(n +3)-

44, lim g ) + 1= jim B Z i3+ Z 1D— lim M) Lnte

n-oj= j_ |:| n_,oo|:h4 n_,oo|:h4 n D_
— lim L 1 (L5
= dm, (1+n) tlgm s

52. (a) 2sinucosv =sin(u +v) +sin(u — v), as can be seen by expanding
sin(u + v) =sinucosv + cosusinv, sin(u — V) =sinucosVv — cosusinvinu,

adding, and noticing the cancellation. So putting u = %x and v =ix,

25|n( )cos(.x)_s.n(;x+.x)+s.n( |x)—S|n(|+*)x sm(l— )

Summing the result of part (a) from i=1 to i=n,
L 1 _ 1\, _cinf1
iglzsln(2 x) cos (ix) = Z %In(l + )x sm(l )x = sin (n + 2)x sm(2 x),
because all the terms cancel except the second part of the first term, —sin(% x),

and the first part of the last term, sin (n + %)x

If x is not an integer multiple of 21, so that ;x is not an integer multiple of 11, then
sm@-wggx—sm%x@
25in%x§

Putting u= %nx and v = %(n + 1)x in the formula 2sinucosv =sin(u + v) +sin(u - v),

25in(% nx) cos(%(n + 1)x) =sin (n + %)x + sin (— %x) =sin (n + %)x - sin(%x).
2sin %nx@cos %(n +1)x§ _ sin %nx@cos %(n + 1)x§
Zsin%xg sin%x@

o (1 . :
we can divide by 25|n(5x) # 0, and obtain '21 cos(ix) =
i=

So __§1 cos(ix) =



2. f(x) =16 —x2,

[a, b] =[O, 4].

P is defined by {0, 1, 2, 3, 4}.

X* is the right-hand endpoint Xx;

of the ith subinterval [xj-1, Xi].

(@ |P|=Max(1-0,2-1,3-2,4-3)=
=Max(1119)=1

(b) glAi:f(l)-1+f(2)-1+f(3)-1+f(4)-1:

=15-1+12:1+7-1+0-1=34.
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/N (@, 15)

S (2, 12)
ey = f(x) =16 —x2

3.7

(4,0)

(c) See graph to the right.

4. f(x) =2x + 1.

[a, b] =[O, 4].

P is defined by {0, 0.5, 1, 2, 4}.

x* is the left-hand endpoint X;-1

of the ith subinterval [xj-1, Xi].

(@) |P| =Max(0.5-0, 1-0.5,2-1,4~-2) =
=Max(0.5,0.5,1 2) = 2.

4

(b) _zlAi =f(0)-0.5 + f(0.5)-0.5 + f(1)-1 + f(2)-2 =
1=

=1-05+2-05+3-1+5-2=14.5.

(c) See graph below and to the right.

For Exercise 2
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For Exercise 4



6. f(x) = +1

[a, b] =[O, 2].

P is defined by {0, 0.5, 1.0, 1.5, 2.0}.

Xf=0.25, x5=1, x5=1.25, x;=2.

€) |P| = Max (0.5, 0.5,0.5,0.5) = 0.5.

(b) % A, = [f(0.25) + f(1) + f(1.25) + f(2)]-0.5 =

(08+05+ o +3)05= jg5 =1088.

(c) See graph on the right.

12.  f(x) = x3.

[a, b] =[O, 1].

The ith subinterval is [(i— 1)/n, i/n].

Its left-hand endpoint is (i — 1)/n; its right-hand
endpoint is i/n; its midpointis (2i —1)/2n.
See graphs below and on the next page.

(@) Using the left-hand endpoints y

. . . i-1)3

(i - 1)/n, with f((i - 1)/n) = (—)
i—

we have A_n“[,noo. 1( )
(gn -1)n ) _

lim = 3=lim =
nﬁoon‘lZJ n-olhl

= lim *(1 )

n- o
Here (i—1) has been replaced by |,
which goes from 0 to (n—1) when

s A A
. // s s s s
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For Exercise 6

(1, 1)

Left-hand
endpoints used.
Illustration for
n=3.

///////
///////

i goesfrom 1 to n. The j=0 term (0, 0)
(which is 0) has been dropped.
See graph to the right.



(b) Using the rlght hand endpoints Yy 1, 1)
. N —_—
i/n, with f(i/n) = (i this time )
= Right-hand RIS
we do not need to make the change endpoints used.
of index j=i-1 and the calculation Illustration for
IS more straight -forward. n=3. )
A— Ilm ( ) 1 = ,",’ R ,.'A"‘
nﬁoo. 1 At
= lim 7 Z i3=lim = (M) 2,
n-on n-oN L7 ',I"I )y AL, ’,;'e';
= f X :XS '.',,—',' - e Kafte ,",' P ",l'
= ||m n (1 + H) " y' — (‘ )‘l' ':/ '/i/:/':/:/l e I:I! "I 'lr" ~
N 4 (0, 0) =X
See graph to the rlght. '
(c) Using the midpoints (2i-1)/2n, y
. ) Midpoints used. 1,1
with 1((2i - 1)/2n) = ( ) we lllustration for
o n 72i- n=3.
have A = nllrnmiz1 on ) h =
L 3 /
IIEnoo 8n 4 z (2| 1) ' :/:/, )t/////,:/
Now the problem is to evaluate S
this sum of cubes of all these odd y = f(x) =x3 ey
numbers. One way to do that is to N
sum the cubes of all the integers from 1 P
1 to 2n, and then subtract the sum /M) A
of the cubes of all the even integers (0, 0)
between 1 and 2n. Thus ) (2i-1)3
i= 1
= [13 +23 + ... + (2 n)3] — [23 +43 + ..o + (2n)3] =

=[13+23+ - +(2n)3] - 23[13+ 23 + - +n3] = (@M%))Z 3 23(Mn2_+1))2 _

=n2[(2n+1)2-2(n+1)?] = n2(2n2 -1).
So A= I|m 87n2[2n2—1]

. See graph above and to the right.



18.  f(x) =x4+3x + 2. y

Our interval is [a, b] =0, 3]. | (3,92)
The ith subinterval is y=f(x) =x4+ 3x+2 A
[3(1—1)/n, 3i/n] and has Right-hand
a width of > endpoints
_ _ used.
Since f(3i/n) = lllustration
:(3_i)4+3(3_i)+2: for n=3.
81| ’
=2+ 4 , the areais 0,2 )
— e 9i  8lif[]3 _
A-,:'znwi;% 0w On”

DB, 27i , 243 b 27 n(n+1) 243 n(n+1)(2n+1)(3n2+3n-1)[_
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24.  One way to interpret the expression Iim > = "
n-wi=1n

between the x-axis and the curve y =+/1+x and between the lines x=0 and x =3.

/1+F is as the area of the region

Here x;= % and x* is the right-hand endpoint x; of the ith subinterval [xi-1, Xi].

There are other correct interpretations.



